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Dr. E 3 7 EL © 


PRE FAC E. 


YOUNG Mathematician may. be 
ſurprized to ſee the old obſolete Ele- 
ments of Euchd appear 3 in Print; 
and that, too, after ſo many s 
as have bans bo lately 5 publ bed; 
eſpectally thoſe who gave us the Elements 
of G „ in à new Manner, would 
have us believe they have detected a great 
many Faults in Euclid. Theſe acute Phi- 
loſophers pretend to have diſcovered, that Eu- 
clid's Definitions are not perſpicuous enough ; 
that his Demonſtrations are ſcarcely evident; 
that his whole Elements are ill-diſpoſed ; and 
| that they have found out innumerable Fal- 
fities in them, which had lain hid to their 
Times. 
But, by their Leave, I make bold to 
affirm, that they carp at Euclid undeſerv- 
edly : For his Definitions are diſtinif and 
clear, as being taken from firſt Prinsiples, 
and our moſt eaſy and fimple Concepttons ; 
and his Demonſtrations elegant, perſpicuous, 
and conciſe, carrying with them ſuch Evi- 
dence, and ſo much Strength of Reaſon, that I 
- am eafily induced to believe, that the Obſcu- 
4 rity Scioliſts ſo often accuſe Euclid with, 7s 
rather to be attributed: to their own per- 
' i i plexed 


Dy. Kzitt's PREFACE. 


Ideas, than to the Demonſtrations 
themſelves. And, however 
— with the Diſpoſition Löt 
Elements, yet, notwithſtanding, I do not find 
any Method, in all the Writings of this Kind, 
more proper and eaſy for Learners than that 
of Euclid. 
I is not my Buſineſs here to anſwer, ſepa- 
rate, every 8 of theſe Cavillers; but it 
will eafily appear to any one, moderately 
verſed in theſe Elements, that they rather 
ſhew their own Idleneſs, than any real Faults 
in Euclid. Nay, I dare venture to ſay, 
tbere ts not one of theſe new Syſtems, wherein 
there are not more Faults, nay, grofſer Pa- 
ralogiſms, than they bave been able even to 
imagine in Euclid, 
After ſo many unſucceſsful Endeavours 
n of Geometry, ſome very 
— ee not daring to make new 
Elements, bave deſervedly preferred Euclid 
to all athers; and have accordingly made it 
their Buſineſs to publiſh thoſe of Euclid. 
But they, for what Reaſon 1 tuo not, have 
entirely omitted ſome Propoſitions, and bave 
altered the Demonſtratiins of etbers, for 
worſe. Among whom are chiefly Tacquet 
ang Dechales, both of which have unhap- 
fily rejetted fame elegant Propafitions in the 
Elements (which ought to have been re- 
tained), as imagining * triſſing and uſe- 
leſs AN for E, as Prop. 27, 28, 
— of the foxth Book, and other 55 
whoſe Uſes they Angle nat know. Farther, 
be e- 


Dy. Keitt's PREFACE. 


wherever they 
own, infiead of Euclid's, in thoſe Demon- 
ftrations, they are faulty in their Reaſoning, 
and deviate very much N the Conciſeneſs 
of the Antients. 

In the fifth Book, they have wholly re- 
| Jefted Euclid's Demonſtrations, and have 
given a Definition of Proportion different 
from Euclid's, and which comprebends but 
one of the two Species of P on, taking 
in only commenſurable Quantities. Which 
great Fault, no Logician or Geometrician 
would ever have pardoned, bad not thoſe 
Authors done laudable Things in their other 
Mathematical Writings. Indeed, this Fault 
of theirs is common to all Modern Writers 
of Elements, who all ſplit on the ſame 
Roc; and, to ſhew their Skill, blame Eu- 
_ clid, for what, on the contrary, be ought 
to be commended ; J mean, the Definition of 
zonal Quantities, wherein be ſhews an 
eaſy Property of theſe Quantities, taking in 
both commenſurable and incommenſurable ones, 
and from which all the other Properties of 
Praportionals do eaſily follow. 

Some Geometricians, forſooth, want a 
Demonſtration of this Property in Euclid ; 
and undertake to ſupply "the 2 by 
one of their own. Here, again, t 
their Skill in Logic, in requiring a Deman- 
ftration for the Definition of a Term; that 
Definition of Euclid being fuch as deter- 
mines thoſe Quantities Proportionals, which 
bave the Conditions ſpecified s in\'the ſaid De- 


A 3 finition, 


uſe Demonſtrations of their 


Dy. Keitt's PREFACE. 


fenttion. And might not the Author 
the Elements give 


fit to Quant 
A e 

cordingiy bas called them P 
But it may be bere to examine the 


Arate that Ar Which is by firſt af- 


ng a certain Aﬀettion, agreeing only 
one king of P 


rables; and thence, by a lng Circuit, and 
4 Series of Conclufions, do deduce 
that | 


have deduced that particular Property agree- 
ing to only one Species of P 
rejetting this Method, they 


24 
have taken the 


of * Dr. Barrow. 

As I have happened to mention this great 
Geometrician, I muſt not paſs by the Ele- 
ments publiſhed by bim, Lee enerally, 
be bas retained the Demon- 

ftrations of Euclid ime 15 not having 
omitted ſo much as one Propoſition. - Hence, 

his Demonſtrations "become more ffrung and 


, his Conflruttions more neat and 
elegant, 


" 
Do. Knit PREFACE. 


found in other Books of this Kind. To this 
he bas added ſeveral Curullaries and Scholia, - 
winch ſerve not only to the Demon- 


on of what but 0 
. of fallout, * 


this, Barrow's Demon- 
—— — 
—— and difficult to * 


ay as is, 

Prop. 13. Book I. And the 
which be lays down in Book II. 3 more 
— Euclid himſelf has done much bet- 
in ſhewing their Evidence by the Con- 
pair of Figures, as in Geometry ſhould 
always be done. The Elements of all Sci- 
ences ought to be handled after the moſt fimple 
Method, and not to be involved in Symbols, 
Notes, or obſcure Principles, taken elſewhere. 
As Barrow's Elements are too ſhort, ſo 
are thoſe of Clavius too prolix, abounding 

In ſuperfluous Scholiums and Comments : 
For, in my Opinion, Euclid is not ſo obſcure 
as to want ſuch a Number of Notes, neither 
do I doubt, but a Learner will find Euclid 
much eafier than any of his Commentators. 
As too much-Brevity in Geometrical Demon- 
| A 4 Atrations 
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Dr. K2II LI en 


ations begets Obſcurity, ſo. too much 
— d Cen. 
* 2 4 b for Book 
* to 
2 with the 1 ub and 1 ath, accord- 
ng to Commandinus's Edition; the ref 1 


dw, becauſe thoſe, - firfl- firfl-mentioned, | ave 
1 af Parts of 
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Mr. O U N N 
P R E F A C E, 


SHEWING, 


The UsSZFULNESS and ExXCELLENCY 
| of ths WORK. 
R. KEILL, in his Preface, hath 
ſufficiently declared how much 
ceeuaſier, „and more elegant, 
| the Elements of written by Eu- 
clid are, than thoſe written by others; and 
that the Elements themſelves are fitter for 
a Learner, than thoſe publiſhed by ſuch as 
have pretended to comment on, ſymbolize, 
or tranſpoſe, any of his Demonſtrations of 
ſuch as intend to treat 
of. Then how muſt a Geometrician be 
amazed, when he meets with a Tract * of 
the 1ſt, ad, 3d, 4th, 5th, 6th, 11th, and 
12th Books of the Elements, i in which 
are- omitted the Demonſtrations of all the 
ions of that moſt noble univerſal 
Mathefis, the 5th; on which the 6th, 11th, 
and 12th, ſo much depend, that the De- 
monſtration of not ſo much as one 
fition, in them, can be obtained without 
thoſe in the fifth! 


— Edition of the ugh Tacquet. 


— 


185 The 
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W. Cunn's PREFACE. 


The ch, 8th, and gth Books, treat of 


ſach Properties of Numbers which ate ne- 
ceſſary for the Demonſtration of the 10th, 
_ which treats of Incommenſutables; and the 
13th, 14th, and 1 5th, of the five Platonic 
Bodies. But though the Doctrine of Incom- 
menſurables, becauſe expounded in one and 
the ſame Plane, as the fisſt fix Elements 
were, claimed, by a Right Order, to be 
handled before Planes interſected by Planes, 
ot the more compounded Doctrine of So- 
lids; and the ies of Numbers were 
neceſſary to the Reaſoning about Incom- 
menſurables ; yet, becauſe only | 
poſition of theſe four Books, viz. the it of 
the 1oth, is quoted in the 11th and 12th 
Books; and that only twice, viz. in the 
Demonſtration of the ad and 16th of the 
12th; and that 1ſt Propoſition of the 19th 
is ſupplicd by a Lemma in the 12th; and 
becauſe the th, Sth, gth, 10th, 13th, 14th. 
and 1 5th Books bave not been thought (by 
by ſuch as deſign to make Natural Phile- 
ſophy their Study, or by fuch as would ap- 
ply Geometry to cal Affairs; Dr. 
Keill, in his Edition, gave us only theſe 
cight Books, viz. the firſt fix, and the 11th 
and 32th. 


And as he found there was wanting 2 
Treatiſe of theſe Parts of the Elements, 
as they were written by Euclid bi 3 


93 


one Pro- 


to be read 
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Mr. Conn's PREFACE. 

he publiſhed his Edition without omitting 
any of Euchd's Demonſtrations, except 
two; e ere up apr 
tration Propofition of the third 
Book; and the other a Demonftration of 


that Property of Proportionals called Con- 
fer ions (contained in a to the 19th 


Propoſition of the fifth Book ;) where, in- 
ſtead of Euclid s Demonſtration, which is 
univerſal, moſt Authors have given us only 
particular ones of their own. The firſt of 
theſe, which was omitted, is here ſupplied: 
And that which was corrupted is here ro- 


And fince ſeveral Perſons, to whom the 
Elements of Geometry are of vaſt Uſe, 
either are not fo ſufficiently ſkilled in, or 
1 Leiſure, or are not wil- 
g to take the Trouble, to read the Latin; 
and fince this Ld, r not before in 
Enghſh, nor any other which may properly 
de Dl > cingie the Demcadlatons Jef] 
down by Euclid himſelf; I do not doubt 
but the Publication of this Edition will be 
acceptable, as well as ſerviceable. 
Such Errors, either typographical, orin 
the Schemes, which were taken Notice of 
in the Latin Edition, are corrected in this. 
' '* Fids Page 55. 107. of Eudid's Works, publiſhed 
„ ? ** * 
11 0 | As 


Mr. Cunn's P RE FACE. 
AstotheTri Tract, annexed 


to theſe Elements, I find our Author, as 


1 the Solution of our cal and roth 
Caſes, by our Authors called the 1ſt and 
2d, where are given and ſought oppoſite 
Parts, not only the afore-mentioned Au- 
thors, but all others that I have met with, 
have told us, that the Solutions are ambi- 
| guous; which Doctrine is, indeed, ſome- 

times true, but ſometimes falſe: For ſome- 
times the Quefitum is doubtful, and ſome- 
times not; and when it is not doubtful, 
it is ſometimes greater chan 90 Degrees, 
and ſometimes let And fure T ſhall com- 
mit no Crime, if I affirm, that no Solution 
can be given without a juſt Diſtinction of 
theſe Varieties. For the Solution of theſe 
Caſes, ſee Pages 320, 321. 


In che Solution of our 3d and 7th Caſes, 
in other Authors reckoned the 3d and 4th, 
where there are given two Sides, and an 
Angle oppoſite to one of them, to find the 
3d Side, or the Angle oppoſite to it; all the 

W riters 


. Cunn's PREFACE. 
Writers of Trigonometry, that I have met 
with, who have undertaken the Solutions 
of theſe two, as well as the two — 
Caſes, by letting fall a Perpendicular, whi 
is — the ſhorteſt and beſt Me- 
thod for finding either of theſe Qyefita, 
have told us, that the Difference] of the 
Vertical Angles, or Baſes, ſhall be the 
ſought Angle or Side, according as the Per- 
pendicular falls vim; Thich cannot 


within ; ; 
be known, unleſs the Species of that un- 
known Angle, which is oppoſite to a given 
Side, be firſt known. 


Here they leave us firſt to calculate that 
unknown Angle, before we ſhall know 
whether we are to take the Sum or the 
Difference of the vertical Angles or Baſes 
for the Angle or Baſe: And in the 
Calculation of that Angle have left us in 
the Dark as to its Species; as appears by 
| the Obſervations on the two preceding | 
Cafes, 


The Truth is, the Qyæſſtum here, as 
well as in the two former Caſes, is ſome- 
times doubtful, and ſometimes not ; when 
doubtful, ſometimes each Anſwer is leſs 
than go Degrees, ſometimes each is greater; 
but ſometimes one leſs, and the other 
greater, as in the two laſt-mentioned 
Caſes, When oh is not doubtful, the Q- 


* 


Mr, Cunn's PREPAGE. 
fitum is ſometimes greater than go Degrees, 
and ſometimes leſs ; all which Diſtinctions 
may be made — 4 wk 
or the Knowlege of the Species of that un- 
known Angle, oppoſite to a given Side; 
or, which is the ſame the Falling 
of the Perpendicular within or without. 


For which, ſee Pages 323, 324. 


In the Sckition of car 18 and. gb Cake, 
called in other Authors the 5th and 6th; 
where there are given two Angles, and a 
Side oppoſite to one of them, to find the 
third Angle, or the Side oppolite to it ; 
they have told us, that the {pup = 
of the vertical Angles, or Baſes, according 


as the Perpendicular falle{ Win: | ſhall 
be the ought Angle 


or Side ; and that it 
is known' whether the P lar falls 
a 
Siren Angles. $f 


He thay ſeem to have as tho' 
the Qucfitum was always determined, and 
never I ; for they have here de- 
termined er the Perpendicular falls 
within or without, and thereby whether 
they are to take the Sum or the Difference 
S 


* 


* 


Miz Cunn's PREFACE. 


But, notwithſtanding theſe imaginary 
Determinations, I affirm; that the Lu- 
frum here, as in the two Cafes laſt-men- 
tioned, is ſometimes ambiguous, and ſome- 
times not; and that too, whether the Per- 
pendicular falls within, or whether it falls 
without. See the Solutions of theſe two 


Caſes in Page 322. 


- 'The Determination of the 3d Caſe of 
Oblique FORE * ſee in Page 
334+ 


Sam. CUunN. 


: Adver- 


| Advertiſement. u 155 


THE Reader is now p 


the five uent ones. Upon 
of the fot a Reviſiog of this 


Proprietors 
eviſor was favoured, g, Ft 
| — ory Rn 5 2 


printed Copy of the Sixth Edition, the Reviſor care- 
bully pranhne — —— — 
falſe References to the Plates, and ſome Errors in the 
| Plates themſelves (for they are not the ſame with 
n — frmay 
flagrant Errors appeared in the Alge- 
'l | braic Series, Sven in the Troutes'.on Trignentery | 
i \ and Logarithms, and demonſtrated in the Appendix; 
| for the greateſt Part of theſe were ſo badly dif] as 
to be unintelligible, even to thoſt who un nd the 
Subject; theſe are here rendered intelligible, and the 
Whole now is (as the Reviſor apprebends) in ſuch a 
State, as the ſeveral Authors of the Work and Appen- 
dix would have choſe to have put it into, had they been 


EUCLI D's 


EUCL1I Ds 
ELEMENTS. 


DEFINITIONS. 
L 11 which hath no Parts 


U. A Line y &, Jan without Breadth. - 
The Bus (ar . Bounds) of © Line are 


MTV. 4 Right Line is that which lieth cently be- 
Itween its Points. | 
V. 4 Superficies is that which bath only Length 
Vi. The d , a swat re Lins 
4 are 

VII. A plane Super ficies is that which lieth even- 


ly between its Lines. 
VIII. 4 fan is the Inclination of two 
Lines to one another in the ſame Plane, which 
touch each other, but do not both lie in the ſame 
= 6 the Angle be Ri bt 
containing g 
— then the Angle is called a bs rio 


X. When one Right Line, Jeng on another 
Rigbt Line, makes Angles on Lide * 
3 of, 


Euclid's ELEMENTS. * I. 
f, equal between themſelves, each 


A is a Right one; and that 205 Line, 


which flanids upon " the other, is called a Per- 
pendicular to that whereon it ſtands. 

XI. An Obtuſe Angle is that 8 is s greater 
ban g Right one. * 

XII. Au Acute Angle is that wwhich 1 (hana 
Right one. 

XIII. 4 Term (er Bound) is that which is the 
Extreme of any Thing. 

XIV. 77 is that which is contained under 
one or more Terms, 

XV. A Circle is @ plain Figure, Wenn caddy 
one Line, called the Cireumference ;, to which 
all Right Lines, run from a certain Point 
within the Figure, are equal. 

XVI. And that Point is called the Centre of the 


Circle. 

XVII. 4 Diameter of a Cort is a 2. Line 
drawn t [1 Te ed on 
both Sidts nr and divides 
the Circle into two equal Parts. RP 


fon duck 
Cireumfe; 


er. 


XVIII. A Semicirelt'is & Hure 
a Diameter, and that Part 4 
rente of 4 Oreld cut "ff by that . — 


XIX. A Segment e rc N Lys | 
and o Res LIK ad Pari 22 : 


ference of 2 Cel which is cut uf by that 
Right Line. mann, 
XX. Right-lined Figures are ſuch as are con- 
taineu der Right Lines. 
XXI. Ter hep Figures art fals Galt con- 
* tained under three Lines. 


XXH. Por fed + td ſth al are — - 


tained under n 


XXIII. Many 44 Fo Fixures are thoſe that ar 


contained under more than fe cur Right Tines. A 


XXIV. 


III 


Book I. Euclids ELEZEMU NTS. 


XXIV. Of bree fided Figures that is an Equi- 
lateral Triangle, which bath three equal Sides. 

XXV. That an Iſaſceles, or Equicrural one, 

 _ which bath only two Sides equal. 

XXVI. And a Scalene one, is that, which hath 
three unequal Sides. 

XXVII. Alſo of three-fided Figures, that is 
„5 Triangle, wich hath a Rig . 

XXVill. That an Obtuſe-angled « one, which bath 
an Obtuſe Angle. 

XXIX. And that an Acute angled one, which 
bath three Acute Angles. 

XXX. Of four-fided Figures, that is a. Square, 
2 e four Sides are equal, and its Angics all | 

bt ones. 

JS That an Oblong, or Rectangle, which 
longer than broad ; but its oppoſite Sides are 
0 ond all its — Right ones, _ 
8 That a Rhomb 2 which bath four 


be Sees aa e 


$5 Dae F Figures, befides 
4 Fr rapezia. 

ls are ſuch Each Right Lines, in the 
e, which, if infinitely produc'd both 
would never meet. 


XXX11l 
Sides an 
* 
eſe, are c 
x41 «Fi 


ſe Pe, 


POSTULATES. 


I. GEH4NT. that a Right Line may be drawn 
any one Point to another. 
II. That a finite Right Line may be continued 4 
' refily forwards. 
III. And that a Circle may be deſcribed about any 


Centre with any Diſtance. 
B 2 AXIOMS. 


Euclids ELEMENTS. Book I. | 


AXIOM 8. 
J. 77 25 * feme Thing, 


to one another. 
II. F. 


ual T bings are added 
the Whale gs nt . 
— be taken 


III. J 
** * E ee, will be equal. 


N If Ti be added to n 


the N Holes will be 1 
from unequal Things, 


2 


inders will be unequal. 

VI. Things which are double to one and the ſame 
Thing, are equal between themſelbes. 

VII. Things which are half one and the ſame 

„are equal between themſehves. 

VII. 7 bings <obich mutually agree together, are 

equal to one another. © 

IX. The Whole ii greater than its Parr. 

X. Two Right Lines do not clintain 1 

* Right Ag: are equal e dhew- 

elves. 

XII. If a Right Line, falling upon two other 

Right Lines, makes the inward Angles on the 
fame Side thereof, bath together, leſs than two 
Right Angles, thoſe two Ri 2475 infinitely 
—— Cd, will meet each — on that Side 
where the Angles are leſs than: Right ones. 


Note, When there are ſeveral Angles at one Point, 
any one of them is expteſ d * 77 - 
F which that at the Vertex of the 
the Midiile. For Example; in the oof Pro. 
XIII. Lis. I. che Angle contain'd ight 
ines A B, BC, is called the Angle ABC; 
the Angle contained under che Right Lines 'A > 
BE, is called the Ang de ABE. 26 


2, 4 i. i. 


Book I. 


* 


Euch ds ELEMENTS. 5 


PROPOSITION I. 


PROBLEM. 


To deſcribe an . Triangle upon — 
finite Right Line. 


ET AB be the given finite Right Line, upon 
which it is reguired to deſcribe an equilateral 


Tri 8 

About the A, with the Diſtance AB, de- 
ſcribe the Circle BC D; and about the Centre B, Pg. 3. 
with the fame Diſtance BA, deſcribe the Circle 
ACE“; and from the Point C, where the E 
Circles cut each other, draw the Right Lines 
CB4. SON 

Then becauſe A is the Centre of the Circle DHC, 
AC EP to — And becauſe B is the 1 D. 15. 


therefore both CA and CB are each equal to AB. 


Things equal to one ſame Thing, a 
between themſelves 2 Cis is A. 1. 


therefore the three Sides C A, AB, 


ween themſelves, 
"the Triangle BAC a Equilateral one, 
pan hs groep fonve Regt Lens wa, 


And fo, 
and ts deſcribed 


Which was to'be done. 


1 * 


PROPOSITION W 


ET the Point given be A, and the given Right 


Lin BC; 1 ere 


the Point A, equal $9 given 
B 3 Draw 


6 Euclids Elrments. Book 1. 


un Draw the Right Line A C from the Point A to Ce, 
+ 1 of this, upon it deſeribe the Equilateral Triangle DAC +; 
t Pe. a. produce DA and DC directly farwards to E and Gt; 
about the Centre C, with * Diſtance BC, deſcribe 
* Pf. 3. the Circle BG H#; and about the Centre D, with 
the Diftante DG, deſcribe the Circle K GL. 
Now becaaſe'the Point C is the Centre of the Circle 
+ Dy. ts. BGH, BC will be equal to CG +; and becauſe D 
— wen of the Circle Da” the Whole DL 


I 4x. 3. 


ho, fin. rhe and the dane Thing, „ are — 
* Ax. 1. rn L is equal 


Line AL is ke bis 
prom Right Line BC; wich 


PROPOSITION! m. 


Pl 


Lines being gives, - 
greater, equal to the 
Bight Lines 


LET N- 
; it is required 
to tft of > Line from the greater AB equal ro the 


® 2 of thi Put * a Right Line A D at the Point A, equal to 
TEIN the LineC; en with the Di- 


Two 
Part rom 


PRO- 


Book I, Euclids ELgmeyts. 7 


| PROPOSITION IV. 


THEOREM. * 


If there are tua Triangles that, have two Sides of 
the one equal to two Sides of the other, ecch to 
each, and the Angle contained by thoſe equal-Sides 
in one Triangle equal to the Angle contained by 
the correſpondent Sides in the other Triangle; 
then the Baſe of one of the Triangles ſhall be 

to the Baſe cf the other, the wholt Triangle 

equal to the whale Triangle, and the remaining 

Angles of one equal to the remaining Angles of the 

_ other, each ts each, which ſubtend the equal Sides. 


E T the two Triangles be ABC, DEF, which 
have two Sides AB, 'A C, equal to two Sides 
DE, DF, each to each, that is, the Side A B equal 
to the Side DE, and the Side AC to DF; and the 
Angle B A C equal to the Angle EDF. I gay, that 
the Baſe BC is equal to the Baſe E F, the Triangle 
ABC equal to the Triangle DE F, and the remain- 
ing Angles of the one equal to the remaining Angles 
of the other, each to its correfpondent, ſubtending 
the equa] Sides; viz. the Angle ABC equal to the 
2 F, and the Angle A C B equal to the An- 
's | | f | 
a For the Triangle ABC being applied to D E F, fo 
as the Point A co- incide with D, and the Right 
Line A B with DE, then the Pyiut B will co· incide 
with the Point E, becauſe A B is equal to DE. And 
fince A B co-incides with DE, the Right Line A C 
likewiſe will co-incide with the Right Line DF, be- 
cauſe the e BAC is equal to the Angle ED F. 
Wherefare alſo C will co-incide with F, becauſe the 
Right Line A C is qual to the Right Line D F. But 
the Point B co-incides with E, and therefore the Baſe 
B C co-incides with the Baſe EF. For, if the Point 
B co-inciding with E, and C with F, the Baſe BC 
does not co-incide with the Baſe EF; then two Right 
Lines will contain a Space, which is impoſible . . 10. 
"Therefore, the Baſe BC en incides with 2 EE, 
and is equal thereto ; ot the whole Tri- 
4 ang.e 
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angle ABC will cq-incide with the whald Triangle 
DEF, and will be equal thereto ; and the remaining 
+ 4s. 8. Angle will ev-incide with the remaining ABC 774 a 
ray} equal to them, A 

4 DEF, anus Anh CB op 

FE; which was to be demonſtrated 


PROPOSITION V, 


- THZORE N. 


The 2. at the Baſe of an 2 77 22 
are equal between themſelves : And, 1 E. 
Sides be produced, the Angles — 
Hall be — beteveen themſelves. 


ET ABC be an bſceles Triangle, havi the 
LETARE tous HERD 20048 the 


ual Sides AB, AC, be directly forwards 
1d D and E. 2 e 
CE. * and the Angle CBD equal to the An- 


For aſſume any Point F in the Line B D, and from 
* b. AE cut off the Line AG equal * to AF, and join 


is equa} to AG, and AB to AC, 

the two Right Lines FA, AC, are equal to the two 

Lines (i. AB, each to each, and contain the com- 

t 4 of this. mon Angle FAG; therefore the Baſe F C is equal + 
to the Baſe GB, and the Triangle AFC equal to 

the Triangle AG , and the 1 Angles of 

the one equal to the remaining Angles of the other, 
each to each, ſubtending the equal Sides, wiz. the An- 

gle ACF equal bd the A — ABG; and the Angle 

44 * 483 And becauſe the 

ole A F is equal to the Whole A G, and the Part 
"to the Part A C the Remainder BF ft is 
D att hte de But F C has been 
oved to be equal to GB; the wo Sides 


1. 3. 


F, FC, are equal ſto the two Sides CG, G B. 
each ec each, and the A ngle BF C equal to the Angle 
B; but they haves common Baſe Þ C. There» 

1 fore alſo the Triangle BFC will be equal to the 
29 Triangle CGB *, and the remaining Angles of Ow 
"Y 
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equal to the remaining Angles of the other, each to 
each, which ſubtend * equal Sides. And ſo the An- 
FOF on 2 equal o the Ang e GCB; andihe Angle 
CF e Foley ON * Therefore, becauſe 


Aar to the 
e Part & en 


Angle Ange ABG 
BEF. bee ABC weve $4. 3 
the remaining _— 

= the Bſe 0 — . GCB. 

yon ed, the — 

_ equal; therefore, the Ang les at the Baſe of 


e „ 
ee ole . e 


Coroll. bree: 
angular. * 


PROPOSITION vi. 


Ta In. 


two Angles of 4 Triangle be equal, hoe 
Tax 2, the oj al. will be equal 
between themſelves. 


LET ABC be a Triangle, having the Angle 

ABC equal to the Angle A C B. I lay, the Side 

AB is bkewiſe equal ta the Side A C. 

For if AB be not equaluo AC, let ons of them, as 

AB, be the greater, from which cut off BD equal u, 

AC #, and join DC. Then, becauſe BD is equal to + ; . 
AC, and BC is common, DB, ery warty ual 

10 AC, CB, each to each, and the Angle D * 

al to the Angle e 

1 the Baſe DC is equal 2 to the Baſe A8. 1 PR 
the Triangle DB C equal to the Triangle ACB, 4 
Part to the Whole, which is abſurd; therefore AB is 
not unequal to AC, and conſequent; is equal to it. 
Therefore, if two Angles of a-Trigngle be equal be- 
tween themſelves, the Sides g - the equal Angle 
1 — ones: 
de monſtrat 


—— = — — ——— — — — — — _ * — — — 
= 
— * - p 2 - 


—_ 4 


— = _ = 
= — 


f 


10 Euclid's ExzMenNTs. Book I. 
Coroll. Hence every Equiangular Triangle is alſo 
PROPOSITION vn. 


| THEOREM. Wo 
On the ſame Right Line cannot be conſtituted two 
.* Right Lines to two other Right Lines, 
each to each, at different Points, on the ſame 
Side, and having the ſame Ends which the firſt 
Right Lines have. 


ving 
equal to DB, having | 
D cannot fall in t 


eq 
= 
Angle ADC is equal to the 
conſequently the Angle AC D is gre: 
Moreover E C D is greater than A CD, the 
ECD is much greater than F DC. But it is 
that BD is equal to BC, and fo the 
* ; of ths, equal to FDC“; whereas it hath 
much greater, which is abſurd : Therefore D doth 
not fall within the Triangle. | 
i nee: 
* 0 Wn" w dF 
"Sins becauſe AC is equal to AD, the Angle 
? 5 / a, ACE) whip eggs whe Ang ABN, noon 
BED? eee de Ante BDC wal be much 
greater than the Angle BCD. Again, becauſe CB 
is equal to D B, the Angle BD © will be equal to the 
Angle BCD; but it has been proved to be much 
greater, which is impoſſible, Therefore, on the _ 
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be Line cannot be conſtituted two Right Lines 
bs he do de od to phe fn 
Paints, on the ſame Side, and having the ſame Ends 
which the frft Right Lines have ; which was to be 


PROPOSITION VIII. 
THEOREM. 


If two Triangles have two Sides of the one equal 
to two Sides of the other, each to each, and the 
Baſes equal, then the Angles contained under 
the equal Sides will be equal. 
LET the two Triangles be ABC, DEF, having 
two Sides, AB, AC, equal to two Sides DE, 
DF, each to each, viz. AB equal to DE, and AC 
to DF; and let the Baſe BC be equal to the Baſe 
* 1 fay; the Angle BAC is equal to the Angle 
For, if the Triangle A B C be applied to the Tri- 
ag ſo that the Point B may co-incide with E, 
Right Line B C with E F, then the Point C 
— — becauſe B C is equal to EF. 
And ſo, fince B C co-ipcides with E F, B A and AC 
will likewiſe co-incide with E D and DF. For it 
the Baſe BC ſhould co-incide with E F, and at the 
ſame Time the Sides B A, A C, ſhould not co incide 
with the Sides ED, D F, bur change their Poſition, 
as EG, GF, then there would be conſtituted on the 
tame Right Line two Right Lines, equal to two other 
Right Lines, each to each, at ſeveral Points, on the 
ſame Side, having the ſame Ends. But this is proved 


to be otherwiſe + ; therefore it is impoſſible for the Þ 7 of d 


Sides BA, AC, not to-co-incide with the Sides E D, 
DF, if the Baſe B C co-incides with the Baſe E F; 
whetefore will co-incide, and 

e BAC will co-incide with the Angle E DF, 

will be equal to it. Therefore, 7 te Triangles 
have two — apt, bo to roo Sides of the other, 
„ then the Angles con- 
fer will be equal which was 


PR O- 


vently the 
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PROPOSITION IX. 


PROBLEM. 


Lf. BAC be » given Right-lin'® Angle, which 
is required to be cut into twa equal P 
Aſſume any Point D AC ecu 
+ 3 of this, ent off A E from the Line AC 
ti of this. DE, and yay ang} ay 
DEF, and join AF. I 
e 
For, becauſe AD is equal to 1 
mon, the two Sides DA, A F, are 
S the Baſe D 
1 8 of this. the Raſe EF; therefore 4 the Angle DA 
the Angle EAF. 2 — 
2 BOY which was 


PROPOSITION *. 
PROBLEM. |» 
To cut a OO e 


LET AB be» ren ie Right Line, med 


Liam 
„ rof thn. Upon it make . e ABC, and 
+ 9 of this. biſect + 2 by ho Big ht CD. I 
fay, the Right \ Ap n Poine D. 
For, deczuſe AC is equal to CB, and CD is 
mon, the Right Lines AC, CD, axe equal 
tro Roh Lv vt, and the Angle A. 
14% ehual D. therefore f the 
is equal ta the DB. Aod ſo, the Right Line A B 
ON On r 


1798 


= 
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PROPOSITION XI. 


PROBLEM. 


To draw a Right Line at Right Avgles to a given 
Right Line, from a given Point in the ſame. 


LI AB be the given Right Line, and C thegiven 
Point. It is ired to draw a Ri Line from 
the Point C, at Right Angles to A B. | 
Aſſume any Point D in nAC, C, and make CE equa 
to CD; and upon DE make + the Equilateral * 3 
Triangle F DE, and join FC. I fay, — f 9 ab 
Line FC is drawn from the Point C, wen in the 
Right Line A B, at'R = neles to A 
or, eng Den oCE, and FC is com- 


mon, the two Lines CF, 14 > Bs 
two Lines EC, CF; 5 the Baſe D 
the Baſe F E. rere o2 yak 


to the Angle ECF ; and 


are t Anoles. 


But when a Right Line, ſtanding upon a Right Line, 

makes the oo each of the equal ; 

. es is 1 a Right ; and DC F, . this 
E, are both R — Ang gles. Therefore, The K oht 


Line FG: is drawn from the Point C at Right Sus te 
AB; Which was to be done. 


PROPOSITION XII. 


r 


To draw a Right Line perpendicular, upon a given. 
re MLA, frow 4 Nn out of i it. 


TITLES the gen kerle, and C the 

| given out of it. It is ir d to draw 2 

Lind perpendicular upon the ren Right Lin 

from the Point © given out of it. 

* Aline any Point D 2s thc other Side of the Rig ht 

Line AB; and about the Centre C, with the Diſtaxce 

CD, deſcribe ® a Circle EDG; diſect +E G in H. * Pol. y 3 

and join CG, CH, CE. I gay, there is ys 2 of 15 
2842 


„ 
* 


4 2 
= 4 — — _ 
. VO ASM VG : Ie Inyo ˙ ˙ m — — — 
— * b 


— 


14 


2 8 e. 
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Perpendicular C H on the given infinite Right Line 
AB, from the Point C given out of it. 

For, becauſe GH is equal to HE, and HC is com- 
mon, GH and HC are each equal to EH and HC, 
and the — — — 8 — to 9 1 
the Angle I t to the Angle z and 
they are adjacent Angles. But when a Right Line, 
ſtanding upon another Right Line, makes the Angles 
equal between themſelves, each of the equal Angles 
is a Right one ®, and the ſaid ſtanding Right Line is 
call'd a Perpendicular to that which it ſtands on. 


Dini 2 
infinite Right Line, from a given Point out of it; 
hh nn be . 7 


PROPOSITION XIIL 


THEOREM... _ 
I ben a Right Line, ſtanding upon @ Right Line, 
makes Airtel theſe ſhall be either du Right 
Angles, or together equal to two Right Angles. 
OR let a Right Line AB, Banding upon the Right 
F Line CD, wake the Angles CBA, A BD. 1 


the Angles CBA, ABD, are either two Right An- 


® Def. 10. 


+ 12 of this, 


2 Ax. 2. 


* 4s. 1, 


gles, or both together equal to two Right Angles. 
For if CBA be equal to ABD, they are ® each of 


them Right Angles : Butif not, draw + BE from the 
Point B, at Right Angles 'to CD. Therefore the 
Angles CBE, E B D, are two Right : And 
becauſe CBE is equal to both the Angles CBA, ABE, 
Angles CBE, EBD, together, are | equal to the 

ngles a „ are | to the 
2 Angles CBA, ABE, EB D, together. Again, 
becauſe the Angle DBA is equal to the two Angles 
DBE, EBA, together, add the common A 
ABC, and the.twa Angles DB A, ABC, are 
to the three Angles DBE, EBA, ABC. 
But it has been proved, that the two An BE, 
EBD, together, are likewiſe equal to three An- 
gles: But Things that are equal to one and the ſame, 


are * equal between themſelves. Therefore likewiſe - 


the Angles. CBE, EBD, together, are equal to the 
Angles 
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A DBA, ABC, together; but CBE, EBD, 
— Right Angles. Therefore the Angles DB A, 
ABC, ate both together equal to two Right Angles. 
Wherefore, when a Right Line, ng upon another 
Right Line, makes Angles, theſe ſhall be either two 


gh ether | les 
Right Angles, or tog 2 1 


- 


which was to be 
PROPOSITION XIV. 


THEOREM. 


If to any Right Line, and Point therein, two 
Right Lines be drawn from contrary Parts, 
making the adjacent Angles, both together, 
equal to two Right Angles, the ſaid two Right 
Lines will make but one ftrait Line. 


| let two Right Lines B C, BD, drawn from 
contrary Parts to the Point B, in any Right Line 

AB, make the adjacent Angles ABC, A BD, both 
together equal to two Right Angles. I fay, BC, 
BD, make but one Right Line. | 

For if BD, C B, do not make one ftrait Line, let 
CB and BE make one. 

Then, becauſe the Right Line A B ſtands upon the 
Right Line CBE, the Angles ABC, ABE, together, 
wil 


be equal * to two Right Angles. Bur the Angles ® 13 of this 


ABC, AB D, together, are alſo equal to two Right 
Angles. Now taking away the common Angle ABC, 
the remaining Angle ABE is equal to the remain- 
ing Angle AB D, the leſs to the greater, which is 
impoſſible. Therefore BE, B C, are not one ftrait 
Line. And in the fame manner it is demonſtrated, 
that no other Line but BD is in a ſtrait Line with 
CB; wherefore CB, BD, ſhall be in one ſtrait Line. 
Therefore, if to any Right Line, and Point therein, 
two Right Lines be drawn from contrary Parts, making 
the adjacent Angles, both together, equal to two Right 
Angles, the ſaid two Right · Lines will mate but one 
n Line; which was to be demonſtrated. 


p R O- 


15 


16 


® 13 of this, theſe both t 


+ er. 3. 
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PROPOSITLON XV. 
TrzoR _— 


If two Right Lines watually ext rach ether, the 
oppoſite Angles are equal. 


LET the two Right Lines A B, C D, mutually cut 
each other in the Point E. I tay, the Angle AEC 
is equal to the Angle DE By arid the Angle CE B 
equal to the Angle AED. 
For, ' becauſe the Right Line A E, ſtanding on the 
Right Line CD, makes the Angles CEA, AED; 
ſhall 1 equal * to two Right 
Angles. Again, becauſe the Right Line DE, ſtanding 
upon the Right Line A B, makes the Angles AED, 
DEB; theſe Angles are equal to two Right 
Angles. But it has been proved, that the es CEA, 
AED, are likewiſe together equal to two Right An- 
gles. Therefore the Angles CEA, AED, are equal 
to the Angles AED, DEB. Take away the common 
Angle AED, and the Angle remaining CEA is + 
equal to the Angle remaining BED. For the fame 
Reaſon, the Angle CE B hall be equal to the Angle 
DEA. Th i two Right Lines m cut 
zach other, the op fit Angles are equal ; which was to 
be demonſtrated. | 


Carell. 1. From hence it is manifeſt, that two Right 

Lines, mutually cutting each other, make 
at the Section equal to four Right Angles. 

Corall. 2. All the Angles, conſtituted about the ſame 
Point, are equal to four Right Angles. 


PRO- 
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PROPOSITION XVI. 


THEOREM. 
If one Side of any Triangle be produced, the out- 
ward Angle is greater than either of the inward 
oppoſite Angles. 


LET ABC 0 and one of its Sides 

2 a wa. I fay, the outward 
Angle A is ter either of inward 
2 CBA, or BAC. * 

or biſect A C in E“, and join BE, which pro- » 10 in. 
duce to F, and make E F equal to BE 4. Moreover, 3 of «his. 
join F C, and produce AC to G. 

Then, becauſe AE is equal to EC, and BE to 

E F, the two Sides AE, E B, are equal to the two 
_ 1 NN 
+ to the ; are te + rg of this, 
* wh Therefore the Baſe AB is? equal is the f 4 of thit. 


; there- 
fore the Angle ACD is than the Angle BAE. 
After the ſame manner, if the Right Line BC be 
biſected, n As and 
conſequently its equal, the Angle A , is greater ® x5 of bu. 
than the Angle ABC. Therefore, one Side of any * 
Triangle being produced, the outward Angle is greater 
than either of the inward oppoſite Angles 3 which was to 
be demonſtrated. 


PROPOSITION XVII. 


THEOREM. 


Two Angles of any Triangle together, howfocver 
| taken, are leſs than two Right Angles. 


ET ABC be a Triangle. I ſay, two Angles of 
it together, howſoever taken, are leſs than two 


Right Angles. 
** C For 


& © Eutlids ErxMrnts, Book 1. 


For produce BC to D. 
Then becauſe the outward Angle ACD of the 
* 16 of this. Triangle ABC is greater * than the inward oppoſite 
Angle ABC; if the common Angle ACB be added, 
the Angles ACD, ACB, together, will be greater 
than the Angles ABC, ACB, : But ACD, 
+ 13 T. AC B, are + equal to two Right Angles. Therefore 
ABC, BCA, are leſs than two Right Angles. In 
the ſame manner we demonſtrate, that the Angles 
BAC, ACK, as alſo CAB, ABC, are leſs than two 


Right Angles. Therefore, two Angles of any Tri 
— * = taken, are 47 in | 4 Nen K. 
gles; which was to be demonſtrated. 


PROPOSITION XVIII. 
THEOREM. 


The greater Side of every Triangle ſubtends the 
greater Angle. 


LET ABC be a Ti ; having the Side AC 
greater the Side A B. the Angle A 
is than the BCA. * 
| For, becauſe AC is than AB, AD may be 
t 3 of this. made equal to AB , and BD be joined. | 
| Then, becauſe ADB is an outward Angle of the 


. 


® x6 of tb. Triangle _ will be * greater than the inward 


is equal to the Side AD. 
Angle ABD is likewiſe greater than 
the Angle ACB; and y ABC ſhall be 


much greater than A C B. Wherefore, the greater Side 
of every Triangle ſubtends the greater Angle; which 
was to be dem a EY 


PRO- 


.. 
* 


* 


41 
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For produce B C to D. 
. * * outward Angle ACD 2 
16 of this. Triangle is greater than the inward oppo 
1 ABC; e 
the Angles ACD, ACB, t „will be 
than the Angles ABC, ACB, : But CD, 
tat ACB, are t equal to two Right Angles. Therefore 
ABC, BCA, are leſs than two Right Angles. 
the ſame manner we demonſtrate, that 2 
BAC, AC B, as alſo CAB, ABC, 9 


Right Angles. Therefore, ue Angles of y Hog = 


together, ; = taken, are leſs than | &, 

gles; which was to be demonſtrated. 
PROPOSITION XVIII. 

THEOREM. 


The greater Side of every Triangle ſubtends the 
greater Angle. 


LET ABC be a Tri having the Side AC 
greater than the Side A B. I fay the Angle ABC 
than the Angle BCA. 

or, becauſe A C is greater than AB, AD may be 

t 3 of this. made equal to AB ft, and BD be 
Then, becauſe ADB is an outward Angle of the 
en er . „ 

his, Oppoſite Ang] is t equal to 
9 ABD; an ee 
Therefore the Angle ABD is likewiſe greater than 
the Angle ACB; and y ABC ſhall be 
much greater than A CB. Wherefore, the gr 
of every Triangle __ the greater Angle; which 
was to be dem 


PRO- 


6 


eater Side © 
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PROPOSITION XIX. 


THEOREM. 


The greater Angle of every Triangle ſubtends the 
greater Side. 


LET ABC be a Tri having the Angle ABC 
greater than the Angle BCA. I fay, the Side 
AC is greater than the Side A B. 

For, if it be not greater, AC is either equal to AB, 
or leſs than it. It is not equal to it, becauſe then the 
Angle A BC would be equal “ to the Angle ACB; 
but it is not: Therefore A C is not equal to AB. 
Neither will it be leſs; for then the Angle ABC would 
be + leſs than the Angle AC ; but it is not, There- 
fore AC is not leſs than AB. But likewiſe it has 
been proved not to be equal toit : Wherefore AC is 
than AB. Therefore, the greater Angle of 
every Triangle ſubtends the greater Side; which was to 
be demonſtrated, 


' PROPOSITION XX. 


THzoOREM. 


Two Sides of any Triangle, howſoever taken, are 
together 2 the Third Side. 


LET ABC be a Triangle : I ſay, two Sides there- 
*- of, howſoever taken, are together greater than 
the third Side; viz. the Sides BA, AC, are greater 
than the Side BC ; and the Sides AB, BC, greater 
than the Side A C; and the Sides BC, CA, greater 
than the Side A B. | 
For produce BA to the Point D, fo that AD be 
equal to AC; and join DC. 
Then, becauſe DA is equal to AC, the Ang'e ADC 
ſhall be equal + to the Angle AC D. But the Angle 
—— D is greater than the Angle 2 . 
Angle BCD is greater than the Ang . 
end becauſe DCB 1s a Triangle, having the Angle 
BCD greater than the Angle BDC, and the greater 
C 2 Angle 


19 


® 5 of this, 


+ 23 of this. 


* 2 of this, 


tf 5 of thin, 
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119 of this. Angle ſubtends f the greater Side; the Side D B will 
be greater than the Side BC. But DB is equal to 


r, are greater than the Side 
any Triangle, howſoever 


AB. Therefore, two Sides 
the third Side ; which 


taken, are together greater 
was tq be demonſtrated, 


PROPOSITION XXL. 


THEOREM. 


| Tf two Right Lines be drawn from the extreme 
1 Points of one Side of a Triang 


le to any Point 
within the ſame, theſe two Lines fhall be leſs 
than the other two Sides of the Triangle, but 
contain a greater Angle. 


| FOR let two Right Lines B D, D C, be drawn 
| from the Extremes B, C, of the Side B C of the 
| Triangle ABC, to the Point D within the ſame. I ſay, 
| BD DC 


4 r 
of the Triangle, but contain an le greater 
n BAC. | * 
For produce B D to E. 
Then, becauſe two Sides of every Triangle together 
20 of this, are ® er than the third, BA, AE the two Sides 
| of the Tri ABE, are greater than the Side B E. 
| Now, add EC, which is common, and the Sides 
| +4 4 BA, AC, will be + greater than BE, EC, 
Again, becauſe CE, ED, the two Sides of the Tri- 
angle CE PD, are greater than the Side C D, add DB, 
which is common, and the Sides CE, EB, will be 
F But it has been praved, that 
A, AC, are greater than BE, EC: Wherefore BA, 
AC, are much greater than BD, DC. Again becauſe 
4 16 of «bis, the outward Angle of every Triangle $5 cater than 
the inward and oppoſite one; BD - outward 
Angle of the Triangle CDE, ſhall be greater than the 
Angle CE D. For the ſame Reaſon, CE, the out- 


wid Angk of the Triangle ABE, is likewiſe greater 
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than the Angle BAC; but the Angle BDC has been 
proved to be greater than the Angle e CED. Where- 
fore the Angle BD C ſhall be much greater than the 
Angle BAC. And fo, if two Right Lines be drawn 
from the extreme Points of one Side of a 2 
Paint within the ſame, ge ts Line Bll ft 

the other ttua Sides of the wh contain a greater 
Angle ; which was ts do Aiincnl 


PROPOSITION XXII. 


PROBLEM. 


To deſcribe a Triangle of three Right Lines, which 
are equal to three others given: But it is r 
ite, that any two of the Right Lines taken to- 
gether be greater than the third ; becauſe two 


Sides of a Triangle, bowſoever taken, are to- 
gether greater than the third Side. 


LEFT A, B, C, be three Right Lines giveri, two of 
which, any ways taken, are greater — the third; 
l A arid C greater 
than By and Band C greater than A. _— 
to make a e of three Right ines equal 
2 A, B. C: Letthere Be one Ri RL DE termi- 
nated at D, but infinite wank R; and take 1 DF t 3 of bit 
equal to A, F G equal to B, and G H equal to C; 
and about the Centre P, with the Diſtance F D, de- 
a Circle DKL + and about the Centre G. wich + 3 Fe. 
iſtance G H, deſcribe another Circle K LH, 
join K F, KG. I fay, the Triangle K FG is 
made of three Right Lines, equal to A, B, C; for, be- 
cauſe the Point P; 2 Circle DKL, 
F K ſhall be equal to FDt: But FD is equal to A; 
therefore F K is alſo equal to A. Again, becauſe the 
Point G is the Centre of the Circle LK H, G K will 
_ But G H is equal to C; therefore g Def. 15+ 
ſhall G K be alſo equal to C: Bur F G is likewiſe 
to B; and conſequently the three Right Lines 
F, FG, KG., —＋ 1 three Right Lines 
A, B. C. te Triangle KFG 1s mad of 
three Right Lines K F, FG, equal to the three 
given Lines A, B, C, which "was to be done. : 
1 PR O- 


— 


Euckds ExlxMzurs. Book I. 
PROPOSITION XXII. 


PROBLEM. 


With a given Right Line, and at @ given Point 
in it, to make @ Right-lin'd Angle at to 4 


Right-lin'd Angle given. 


a LET the given given Right Line be A B, and the Point 
iven therein A, and the given Right-lin'd Angle 
DC > It i required to make a Right-lin'd Angle 
at the given Point A, with the ren Righ > 
equal to the given Ri ©-lin'd A 
Aﬀume the Points D and E at += OEM 
CD,CE, and draw DE; then, of three Right Lines 
t 22 of this, equal to C D, DE, EC, make 1 a Triangle AFG, 
r „AG to CE, and FG 
to » 
Then, becauſe the two Sides DC, CE, are 
. AQ en GERT 
3 to the Baſe FG; the DCE ſhall be 
+ 3 ef this, + equal to the Angle FAG. Therefore, the Right- 
lin'd Ang i at the gi n 
given Rig AB, equal to the given Right- 
Angle DCE; which was to be done. 


PROPOSITION XXIV. 


TRZOREZ M. 
F two Triangles have two Sides of the one 
to two Sides of the ny Cy 
Angle of the one contained under the 
Right Lines, greater than the 
Angle of the other ; then the Baſe of the one 
will be greater than the Baſe of the other. 


LET there be two Tri ABC, DEF, hav- 


Ling wo Sd AB, A to the two Sides 
DE, DF, each to each, viz. the Side A B equal to 
the Side D E, and 8 DF; and 


EDF. 
EF. 


let the Angle BAC be greater than the 
I ſay, the Baſe BC is greater than the 


For 


* 
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For becauſe the Angle BA C is greater than the 
Angle EDF; make an f Angle EDG at the Point 1 23 of chic; 
D in the Right Line D E, equal to the Angle BAC; 
—_— CAO SR 6 Rn AC or DF, and f 1 b. 
join E G, FG. 

Caſe 1. When EG falls above E E; then, becauſe 
AB is to D E, and A C to DG, the two Sides 
e erer DG, 
and the Angle B AC equal to the Angle ED G ?: 
Therefore the Baſe BC is equal to the Baſe E G. & 4 of «ir. 
Again, becauſe DG is equal to DF, the Angle DFG 
is + equal to the Angle DGF; and ſo the Angle f 5 is. 
DFG is than the Angle EGF: And con 

the Angle EFG is much than the 
EGF. And becauſe EFG is a Triangle, 
ngle EFG than the Angle 
ſubtends | the greateſt I 29 of «bir, 
r than the Side EF. 
EG is equal to the Side BC: Whence 
is likewiſe greater than E F. 
2. When EG falls upon EF; then E G is 


* 


than EF: And conſequently B C is greatet 


falls n 2 DG, 
than and this, 
Ce DO DF. 


les 


gf 


try 
8 


7 
1 


i 
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PROPOSITION xxv. 


THEOREM. 


If two Triangles have two Sides of the one 
to two Sides of the other, each to each, and 
the Baſe of the one greater than the Baſe of 
the atber; they ſhall _ bave the Angles con- 
tained by the equal Sides, the one greater than 
the other. 


LET there be two Triangles ABC, DEF, having 

4-4 two Sides AB, AC, each equal to two Sides 

DE, DF, viz. the Side AB to the Side DE, 

and the Side AC to the Side DF ; but the Baſe BC 

greater than the Baſe EF; I fay, the Angle BAC 
is alſo than the Angle EDF. 

For if it be not greater, it will be either equal or 

leſs. But the Angle BAC is not equal to the Angle 

t4oftbis. EDF; for if it was, the Baſe BC would be f equal 

= Ge EET ATT Oe ONS 

BAC is not equal to the Angle E DF, neither will it 

+ 24 of this. be leſſer; for if it ſhould, the BC would be + 

than the Baſe E F; but it is not. Therefore the A 

| BAC is not leſs than the Angle E DF; but it 

likewiſe been proved not to be equal to it. 

fore the Angle BAC is ter than 

Angle EDF. /, therefore, tus Triangles have two 


the equal Sides, the one greater than 3 which 
was to be demonſtrated. | 


PRO- 


Book I. Euclids ELEMENTS. 
PROPOSITION XVI. 


THEOREM. 


If two Triangles have two Angles of the one equal 
to two Angles of the other, each to each, and 
one Side of the one equal to one Side of the other, 
either the Side lying between the equal Angles, 
or which ſubtends one of the equal Angles ; the 
remaining Sides of the one Triangle ſhall be 
alſo equal to the remaining Sides of the other, 

each to bis corre Side; and the remain- 

ing Angle of the one to the remaining 

Angle of the other. we 


LET there be two Tri ABC, DEF, hav- 
ing two Angles ABC, BCA, of the one, equal 
to two Angles DEF, EF D, of the other, each to 
Son AG equal to the A 
A equal to the Angle EF . 
be equal to one Side of 
the Side lying between 
Side B C equal * 
11 


are eq 
DE, EF, each to each; and the Angle G BC equal 


25 


to the Angle DEF. The Baſe GC is t equal to the f 4 of this, 


Baſe DF, and the Triangle GBC to the Triangle 
DEF, and the remaining Angles equal to the re- 
maining Angles, each to each, which ſubtend the equal 
Sides. Therefore the Angle G CB is equal to the 
Angle DF E. But the Angle DF E, by the _ 

is, 
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theſis, is equal to the Angle B C A; and ſo the A 
BCG is likewiſe equal to the BCA, the nets 


i! 
| the greater, which cannot be. AB is not 
i" unequal to DE, and conſequently is equal to it. And 
| fo the two Sides AB, BC, vo ial het Se 
| DE, EF, and the Angle ABC 


t 47. DEF: And the Baſe AC f * 
the Baſe DF, and the remaining Angle equal 


Il to the remaining Angle E DF. 
1 Secondly, Let the Sides chat are by the 
equal Angles be equal, as AB equal to DE. I ay, 


the remaining Sides of the one Triangle are equal to 
Sides of the other, via. AC to DF, 
th ng and alſo the remaining Angle BAC, 
to the remaining — 41 
For if 2 uat to E F, one of them is the 
greater, which let be BC, if poſſible, and make BH 
r in AH. 
l Now, becauſe 


6 of this, and — pg 
ou Whence BC is not unequal 
equal to it. But AB is alſo eq 


wal to DE, Where- 
fore the two Sides AB, BC, are equal to the two 
Sides DE, EF, each to each; and they contain 

Angles. And ſo the Baſe AC is equal to the 

DF, the Tri PRE © er pes, ton and 
the remainin le BAC equal to the remaining 
Angle EDF. If} therefore, two Triangles have twa 
Angles equal, each to each, and one Side of the one equal 
to anc Side of the ather, She thr Ub (hy — 


ual Angles, or which 4 the 
the remaining by dr one Triany ſhall 3 
to the remaining Si — 
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| dent Side, and the remaining Angle of the one equal to the 
remaining Angle of the other ; which was to be demon- 


PROPOSITION XXVI. 


THEOREM. 


If a Right Line, falling upon two Right Lines, 
makes the alternate Angles equal between them- 
ſelves, the two Right Lines ſhall be parallel. 


14 . — falling upon two Right 


497 pv By the fame Way of Rea- 
Cad neither will meet, being produced towards 
C and A. But Lines 


E Hyp. 
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PROPOSITION XXVIIL 


THEOREM. 


Line, falling upon two Right Lines, 


the outward 
to the inward 
on the ſame Side, 


if a Right 


with the one Line 


le 


js, 


makes 
Se 


with the 


oppoſite Angle 
or the inward Angles 


on ihe ſame Side together equal to two Right 


Angles, 


the two Right Lines ſhall be parallel 


between themſelves. 


" - 


IRE 


Trl bt 


>2 


5 


R 
E 


F 


e 
© GHD; or 


£ 
1 


8 


falling upon two 


< 

1754 
HT 
445875 
obo: 
7715 182k 
E < 171 
"HH 283 1111 


— — — i. 


15 


PRO- 


- 
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"PROPOSITION XXX. 


 TrzoREM. 


If a Right Line falls upon two Parallels, it will 

make the alternate Angles equal between them- 

; the outward Angle to the inward 

and oppoſite Angle, on the ſame Side; and the 

inward Angles on the ſame Side — equal 
to two Right Angles. 


ET the Right Line E F fall upon the parallel 
L = Ling AB, CD. I fay, the alternate An- 
H, G HD, are equal between themſelves ; 
end Ale EGB A ual to the inward one 
GHD, one the ſame Side; the two inward 
BG H, G HD, are 
to two Right Angles. 
For if AGH be unequal to GHD, one of them will 
be the Let this be AG H; then becauſe the 


Angle GH is greater than the Angle GHD, add the 


common Angle BGH to both: And fo the Angles 


AGH, BGH, „ are gr 3 

BGH, GH, her. Ns AGH, BG 

2:eequal to two Right ones 1. Therefore BGH _. 
are leſs than two 


Right Angles. And ſo the Lines AB, 
CD, infinitely prod 

becauſe they are parallel they will not meet. There- 
fore the Angle AGH is not unequal to the Angle 
GHD. ore it is neceſſarily equal to it. 


But the Angle AGH is t ual to the Angle EGB: t 15 of this. 


Therefore E B is alſo equal to GHD. 

Now add the common Angle BG Hz; and then 
EGB, BGH, together, are equal to BGH, 'GHD, to- 
gether ; but EGB, and BGH, are equal to two Right 

' Therefore alſo BGH, and G H D ſhall be 

Ph fl to two Right Angles. Wherefore, if a Right 

upon two Parallels, it wilt make the alternate 

4 equa bt between en themſelves; ; the outward Angle 
_— oppoſute Angle, on the ſame Side; 

pad far N 4 oo Side tog er equal ta 

wo Right Angles; which was to be demonſbated 5 


uced + will meet each other; but + . 2. 
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PROPOSITION XXX. 


THEOREM. 
Right Lines, parallel to one and the ſame Ripht 
Lie, are alſo parallel between tbemſelves. 


LET AB and CD be Right Lines, each of which 
is to the Right Line E F. I fay AB is 
5 For let the Right Line G K fall 
ELIN 
1biz, parallel Right Lines A „che Angle AG His t 
ho — pube<.r GHF ; and becauſe the Right Line 
——_— parallel Right Lines EF, CD, the 
| GH is equal to the Angle G K D f. But it 
has been proved that the Angle AGK is alſo equal to 
the Angle GHF. Therefore AGE is equal to GK, 

and they are alternate Angles ; whence AB is parallel 

+ 27f this, to CD 4. And fo, Right Lines, parallel to one and the 


ght Line, are parallel between themſelves ; which 


PROPOSITION XXXI. 


PROBLEM. 


To draw a Right Line through a given Point 
parallel to a given Right Line. © 


LET A be a Point given, and BC a Right Line 
iven. It is — to draw a Right Line thro* 

the Point A, parallel to the Right Line BC. 
Aſſume any Point D in BC, and join AD; then 
3 23 / this, make t an Angle DAE, at the Point A, with the 
Line D A, equal to the Angle ADC, and produce 

E A ſtrait forwards to F. 

Then, becauſe the Right Line AD, falling on two 
Right Lines BC, EF, makes the alternate Angles 
| EAD, ADC, equal between themſelves, EF ſhall be 
+ 27 of «bir, T parallel to BC. Therefore, the Right Line E A F 
is dratum thro” the given Point A, parallel to the given 
Right Line BC; which was to be done. RO. 


Book 1. Euclids ELtMenTS, 
PROPOSITION XXXI. 


THEOREM. 


If one Side of any Triangle be produced, the out- 
ward Angle is equal to both the inward and op- 
poſite Angles; and the three inward Angles of a 


Triangle arg equal to two Right Angles. 


ET ABC bea Triangle, one of whoſe Sides BC 
is to D. I fay, the outward Angle ACD 
js equal to the two inward and oppolite Angles CAB, 
ABC; and the three inward Angles of the Triangle, 
viz. ABC, BCA, CAB, are equal to two Right 


to the Right Live AB. Then, becauſe AB is parallel 
to CE, and AC falls upon them, the alternate Angles 


31 


or let C E be drawn thro the Point C, parallel f 3 of «is. 


BAC, ACE are+ equal between themſelves. ** 
[4 e 


becauſe A B is parallel to CE, and the Righ 

BD falls upon them, the outward Angle ECD is + 
equal to the inward and oppoſite one ABC; but it 
has been proved, that the Angle ACE is equal to 
the Angle BAC. Wherefore the whole outward 
Angle ACD 3 to both the inward and oppoſite 
Angles BAC, ABC. And if the Angle A C B, which 
is common, be added, the two Angles ACD, ACB, 
are equal io the three Angles ABC, BAC, ACB; but 


the Angles ACD, AC are equal to two Right f 1; of this, 


— * Therefore alſo ſhall the Angles ACB, CBA, 
AB, 


be equal to two Right Angles. Wheretore, if 


one Side of any Triangle be produced, the outward Angle 
is equal to both the inward and oppoſite Angles, and the 
three inward Angles of a Triangle are to two Rigs 
Angles; which was to be demonſtrated. | 


Carall. 1. All the three Angles of any one Triangle, 
taken together, are equal to all the three Angles of 
any other Triangle, taken together. 

Coroell. 2. If two Angles of any one Triangle, either 
ſeparately, or taken together, be equal to two Angles 
of any other Triangle ; then the remaining _ 
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one Triangle will be equal to the remaining 

Ange of A od ws E 1 8 
If one Angle of a Triangle be a Right An- 
two Angles together make one 


4 


©, the: ether 


iS, will be half a Right 
Carell. N teral Triangle is 
; Ag of two Right Angles, or two 


Coroll. 6. 1 — that if one Angle of any 
Triangle be equal to the other two, that is a Right 
one; that the Angle adjacent to this Right 
one, is to the other two. But when adjacent 


F they are neceſſarily Right ones. 


"THEOREM & 


All the inward Angles of any Right- lin'd Fi- 
gure whartſover, make twice as many 22 | 


— n e 


* 


OR Right-lin'd Figar — into 
122 „ — . it hath _ 
Far a = Vie bn 


all theſe T, 
Rte 22. r 7 
of ol! the Triengh 


Tur . 
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TreoREM II. 


All the outward Angles of any Right-lined Fi- 
gure, together, make four Rignt Angles. 


70 the outward Angles, together with the imward 

ones, make twice as many Right Angles as the Fi- 

core bor hid; tos flew the laſt T heorem, all the in- 

ward Angles, together, make twice as many Right An- 

gles, 3 Where = 
Co” on all together, equal to four 


PROPOSITION XXIII. 


pennen b 


Two Right Lines, which join two equal and pa- 
rallel Right Lines, — the ſame Parts, 


err alſo equal and parallel. 
ET the parallel and Lines CD; 
Li. Dr 


Lines AC. BD. I fay, AC, BD, ate equal and 

For draw BC. 

Then, becauſe AB is parallel to CD, and BC falls 
upon them, the alternate Angles ABC, BCD, are 
equal. Again, becauſe AB is to CD, ms * 22 oh. 
BC'is common; the 5wo Sides A BC, are 

equal to the Angle BCD; therefore the Baſe AC 
is #equal to the Baſe BD: And the Triangle ABC + , ,f i, 
val to the Triangle BCD; and the remaining An- 

S equal to the remaining A each to each, which 
ſubtend the equal Sides. Wherefore the Angle AC B 
is equal ta the Angle CBD. And becauſe the Right 
Line B C, falling upon two Ri t Lines AC, BD, 
makes the alternate A ACB, BCD, equal be- 
tween themſelves; AC is f par allel to B D. But it + 29 ef tir. 
has been proved ao to be equal te Therefore, two 


Right 12 which equal and parallel Right 
Lines, wa the 22 Parts, are alſo equal and pa- 
monſtrated. 


Defin. 


rallel; which was to be _— 
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34 
Defin. A Parallelgramis a Quadrilateral Figure, each 


of whoſe oppoſite Sides are parallel. 
PROPOSITION XXXIV. 


THEOREM. 


The oppoſite Sides and 8 les of any Pa- 
rallelogram are equal; and the Diameter di- , 


vides the ſame into two equal N 


ET ABCD be a Parallelogram, whoſe Diame- 
Lic I fay the oppoſite Sides and 
Angles are equal between themſelves, and the Dia- 
meter BC biſects the Parallelogram. 

For, becauſe AB is parallel to CD, and the Right 
Line B C falls on them, the alternate Angles A B C, 

29 f bu. BCD, are “ equal between themſelves; again, be- 
cauſe A C is parallel to BD, and BC falls upon them, 
the alternate Angles ACB, and CBD, are equa] to 
one another. Wherefore A BC, CBD, are two Tri- 
ns 4 parc two Ang les ABC, BCA, of the one, 

wing 2" les BCD, CBD, of the other, each 
AD "nd Be ce eto oma to one 
Side of the other, viz. the Side BC between the equal 
Angles, which is common. Therefore the remaining 

+ 26 of bn. Sides ſhall be + equal to the remaining Sides, * 
each, and the remaini r * 
le. And ſo the Side equal to the Side CD, the 
Side AC to BD, md ds; BAC to the 
BDC. Aad becauſe the Angle ABCis equal to 

le BCD, and the Ang CBD to the Angle 

B; therelore the whole Angle ABD is equal to 
the whole Angle ACD: But it has been 
the Angle BAC is alſo equal to the Auge BBG. 

Whereſore, the appoſite Sides and Angles of any Pa- 
rallelogram are equal between themſelves. 

I ſay, moreover, that the Diameter biſects it. For 
becauſe A B is equal to CD, and BC is common, 
the two Sdes AB, BC, are each equal to the two 
Sides DC, CB; und the Angle A BC is alſo ys 
to the Angle DCB. Therefore the Baſe A 

þ 4 of th:3, 7 12 Baſie DB; and the Triangle ABC i 
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— 224 BCD. Wherefore, the Dia- 
meter BC Parallelogram AC DB; which 
29 


PROPOSITION XXV. 


THEOREM. 
Parallelograms conſtituted upon the ſame Baſe,” 
and between the ſame Parallels, are equal be- 
tween ibemſelves. 


ET ABCD, EBCET, be 
ſtituted upon the ſame Baſe BC, 0 
the « fame Paraics AF _— „ the Paral- 
1s to 
EBCF. > 
For, becauſe ABCD is a | 
qual to BC; Nod for the fame Reaſon EP og U- 269/hi 
to BC; whetefore A D hall be + ual to EF; but f 4-7: 
DE is common. Therefore the AE is f equal f 4 2. 
to the whole DF. But AB is equal to DC; where- 
fore E A, AB, the two Sides of the Tri ABE, 
are equal to the two Sides FD, DC, to each ; 
e . 29 of this. 
FB is | equal to the Baſe CF, and the Tra — FAD FAB 
to the this, 
angle FDC. If the common Tr ho 


D 2 | PRO- 
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PROPOSITION XXVI. 


TrtOREM. 
Parallehygrams conſt} thitd upon | equa? Bitfer, and 


between the ſame Parallels, are equal between 
themſelves. 


— A BCD, EFGH, be 
conſtituted upon the equal Haſes B C, FG, and 
between the ſame Parallels A H, BG: „1 fay, the 
"7.7" eigen n arall — 
H 
* Hype F BE, CH. becauſe B C i; equal 
FO FG & EH; will be likewiſe equal 
to EH; and they are paraſie , and BE, CH, join them. 
But two Rig ht joinin 7 Ri ght Lines, which uy 
+ 33/ «is equat ů——— = joung Right Lincs, hich 
and parallel: Wrap ED BCH is a Paralle _ 
7 35 bs and is 4 equa tothe arallelogram ABCD; 
Sis BC, and 1 . 


— Para 8 Ren þ 


Ck 


erer an __ 
4 + 4 g . 
WG. , 9 = 3 


3 aa he „and 
| A be eters # al in 


themſelves; Re ae" 
24 the T * nc b 
2 he Triangles ABC and between the ſame 
Parallis. A5. BC. 12 the Triangle ABC is 
equal to the Triangle N 8 
For produce A 8 to the Points E and 
31 Ji. F; 20 T dengh B ds e BY parallel to CA; and 
through C, CF, parallel to BD, 
cg 1 c Where- 
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Wherefore both EBCA, DBC F, are Parallelo- 

grams z and the Parallel EBCA is ® equal to 35 of this. 

the Parallelogtam DB CF; for they ſtand upon the 

ſame Bate BC, and between the fame Parallels B C, 

EF. But the Triangle ABC is + one half of the Pa- f 34 this, 

rallelogram EBCA, becauſe the Diameter AB biſects 

it; and the Triangle DBC is one half of the Paralle- 

DBC, for the Diameter DC biſects it. But 

Things that are the Halves of equal Things, are f f As. 7. 
between themſelves. Therefore the T iangle 

ABC is equal to the Triangle DBC. Wheretore, 

Triangles conflituted upon the ſame Baſe, and between 

the ſame Parallels, are equal between themſelues; which 

was to be demonſtrated. 


PROPOSITION XXXVIIL 
„„ 
Triangles cunſtituted upon equal Baſes, and be- 
tween the ſame Parallels, are equal between 
themſelves. | e 


LET sede 
u 8 F Baſes BC, CE, and between the 
ſame Parallels BE, AD. I fogs the Tribute ABC 
is equal to the Triangle DCE © 
For, produce AD both Ways to the Points, G, H; 
through B draw * BG parallel to CA; and through 31 of this. 
E, EH, parallel to D C. 
N. bee 
] ; and the Paralle A is + equal + 36 of «bis. 
to the Parallel DCEH : For they ſtand upon 
© equal Baſes, BC, CE, and between the ſame Paral- 
(cls BE, GH. But the Triangle ABC is ſ one half f 34 T (bi. 


of the Parallel GBCA, for the Diameter A B 
biſets it; and the Tri DCE ft is one half of 
the Parallelogram D C E H, for the Diameter D E bi- 
ſects it. But Things that are the Halves of equal 
Things, are * equal themſelves. . 
the Triangle A C is equal to the Tri DCE. 
Wherefore, Triangles conflituted upon Baſes, and 


between the ſame Parallels, are equal between themſelves ; 
which was to be demonſtrated. 4 
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2 — the ſame 

ry fog nn I fay, AD is parallel . 

*;rof thi: For, if it be not parallel, draw s the Right Lins 

AE thro” the Point A, parallel co BC, and draw KC. 

+ 37 2f thi. Then the ng Ave +! + is equal to the Triangle 

EBC; for it is upon the ſame Baſe B C, and between 

the ſame Parallels BC, AE. But the Triangle AB 

,, equal to the Triangle BBG. Therefore 

Triangle DBC 5 Sa — 
a ter to a leſs; hi 3 

Ae C: SN 

— prove, — AI hos A] 
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az 


les conflituted upon equal Baſes, on 
2 ply: , art between the ſame. Parallits. 


LET ABC, equal Bal BG, CE. Ty, they 
tuted A L 
42 xn the hn Pas Br Jp ts 
drawn. A to * 
31 of this. For, if it be not, let AF be drawn * through A, 
22 to BE, and draw F E. 


ö 22 


PCEI 1 
fume 'Paraltels BZ, AF j— 2 
angle APC is equal Tage. There 


_— 


. 
© I — —— — ——— — — —p———— 22 — —  W_ — 


— — 36963 


138 of ehix, 
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fore the Triangle DCE 3 to the — 
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Li 
parallel to BE, due 13 BAD is para 


22 Ed Triangha AD is parallel 


are ra te me Fall 


prprFo$1tion. XII. 3] 
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Q? 101 
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Baſe, and are between the ſame Parallels, the 
rin rh 


LET the Phralle „AEC. 4nd the 
EBC, 222 I ade detween the 
Parallels, AE. 8 Patallelogram 
118 1 ; 
* — | 


the Gme Parallels F 305 A "FI 


angle ABC, fince the Diameter AC biſeAts ir. Where- 
fore likewiſe it ſhall be t double to the Tri 


P K'OP 0: LT 1 0 N XLII. 
002 0/0097 en i. } 


. le e ant ts e 
Triangle, i 10 * 
lang Ree TT r 
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— i * qual oth co the. Triangle ve. 
ABC is + double the Tri- + 34 of this, 


le EBC, i . 6. 
aralldogram and Triang 2 bo 
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40 | Euckd's'ExzMgnTs.' Bbok I. 
10 of thi, Biſect * B C in E, join A E, and at the Point E, 
F 23 of ebis. in the Right Line E , conſtitute f an Angle CE F 
t 31 of «bis. equal to 5. Alſo draw 1 AG thro” A, parallel to EC, 

and thro C the Right Line CG, parallel to FE. 

Now FECG isa Parallelogram : And becauſe 

* 33 of +bir. BE is equal to EC, the Triangle ABE ſhall be * equal 
to the Tri AE C; for they ſtand upon equal 
Baſes B E, EC, and are between the ſame ne Parallels 

BC, AG. Wherefore the Triangle A BC is double 

to the Triangle AEC. But the Paral FECG 

+ 4r of «bir, jg alſo + double to the Triangle AEC; for it has the 
ſame Baſe, and is between the ſame Parallels. There- 

fore the Parallelogram FECG is equal to the Trian- 

gle ABC, and — the Angle C EF equal to the An- 

gle D. Wherefore, the Parallelogram FECG # con- 

Rental oquel to the given Triangle A B C, in an Angle 

9 equal to @ gives dngie D; which was to be done, 


PROPOSITION XLIII. 
TAZOAENM. 
In every Parallelogram, the Complements of the 
Parallelograms, that fland about the Diame- 
ter, are equal berween themſelves. 


LET ABCD be a Parllclogram, whoſe Diameter 
— is DB; and let FH, be Parallelograms 
ſtanding about the Diameter BD. Now AK, KC, 
are called the Complements of them : 1 ſay, the Com- 
plement A K is equal to the Complement K C. 
For fince BCD is a Parallelogram, and BD is 
* 14 of this, the Diameter thereof, the Triangle RBD is“ equal 
to the Triangle BDC. Again, becauſe HK FD is 
a Paralielogram, whoſe Diameter is DK, the Trian- 
HDK de equal to the Triangle 'DFK ; and 
the fame Reaſon the Triangle K BG is to 
the Tri KE B. But ſince the Triangle BEK is 
— equal to the Triangle BG K, and the Triangle HDK 
to DF K; the B EK, together with the 
Tringie DK, is equal to the Triangle BG K, to- 
— the Triangle DF K. But the whole Tri- 
* BD „( ( 
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BDC. Wherefore the Complement remaining, AK, 
will be equal to the remaining Complement K C. 
Therefore, in every Parallelogrom, the Complements of 
the Parallelograms that land about the Diameter, are 
equal between themſelves ; which was to be deman- 


' PROPOSITION XLIV. 


—___ PROBLEM. 

To apply a Parallelogram to a given Right Line, 
equal to a given Triangle, in @ given Right- 
lined Angle. 3 ho 

LET the Right Line given be A B, the given Tri- 
angle C, and the given Ar -lined Angle D. It 
is required to the given Right Line AB, to apply a 
Parallelogram _— to the given Triangle C, in an 


ngle to D. n 7 8 
Make the Ayers, DEFG equal to the“ Tri- 42 Ju. 
angle C, in the Angle EBG, equal to D. Place BE in 
a ſtrait Line with A B, and produce F G to H, and 
through A let AH be drawn + parallel to either G B, f 32 of this, 
or FE, and join HB. 
No, becauſe the Right Line H F falls on the Pa- 
rallels AH, EF, the Angles AHF, HFE, are f equal f 29 of tu. 
2 es. And ſo BH F, HF E, are leſs 
than two Ri les; but Right Lines making leſs 
than two Right les, with a third Line, being ini: 
nicely produced, will meet * each other. Wherefore * Ax. 12. 
HB, FE, produced, will meet each other ; which let 
be in K, through which * draw K L parallel to E A, 3! F «bin 
or FH, and AH, GB, to the Points L and M. 

Therefore HLK F is a Parallelogram, whoſe Dia- 
meter is HK; and AG, ME, are Parallelograms : 
about HK ; whereof L B, BF are the Complements. 
Therefore LB is + equal to BF. But BF is alſo f 43 7b. 
equal to the Triangle C. Wherefore likewiſe LB ſhall 
be equal to the Triangle C; and becauſe the Angle | 
GBE is t equal to the Angle ABM, and alſo equal to f 15 
„the Angle A BM fhall be equal to the 

Angle - Therefore, ts the given Right Line AB is 
" epphed @ Parallelogram, equal te the given Triangle C, 
and the Angle ABM, equal io the grogn Angle D; which 
was to be done. ; 
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PROPOSITION xv, 5 


*. 2 Inns 1 * 


renz "F 4 1 . 


To make a Paralle "> * 
lined Figure, in 5 earns 


ET ABCD be the ver - Fi 
L and E the 2 Als lend igure, 
2 to make a — — 
® 24 of this, WAY joined, and n ”» theP 
— 4 
+ 44 of this, | Thento te 
M, NS gt * DBC in an 


G HM, op to the 
ow, becauſe the Angle E is ual to HK F. or 
GH, the Angle HE ſhall be to GHM, 
add K HG to boch: and the KF. KHG. 


* eee Miert — KH 
1297 : 2 9 
RN Reg pike Right Lhe - two 
Right Lines KH, , mot drs e de ry 
Fes ts 47 TN 
® 14 of this. two Right | 0 - 
wake te Kale Tl. And becauſe e 
2 bee I 202 TH 
to N xt 
1 G, 81. ” & 
les HGE, 


Fa. ts & 5 equal 
r ſince K F is 
tape wile HG ME. KF th 
to ML, and the tink KM 
hiked ton rye, 3 
fore KFLM ita P Re | 


angle ABD is equal to the Para llclogram HF, and 
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the Tri ode dart many, — oem range 
fore the t-lined Fi 32 will be equal 
was whole ow. FLM. Therefore, the 

arallelogram KFL. 5 cds equal to the green Righe- 


co in an l FEM, to the 
ind Fins A BCD, n as LF, * 


Coroll. Ie is manifeſt from what has been ſad, how to 
apply a Parallelogram to a given Right Line, equal 
to * 


PROPOSITION * 


PROBLEM. 
7. deſcribe a Square upon 4 given Right Line. 


LET AB be the Righe Live given, upon which it 


ED EFT, es to AB from the Point 11 bd. 
& given. equal to AB, and thro? f 3 7 i. 


dine 2 DE punl AB; alſo thro? 1 1 of this. 
Balu BE wA 
aallclogram; and ſo AB® is * 34 of this. 


Then AD ERH js a 
PTD ABD BE. Bot BA is equal to 
The four Sides BA, AD, BE, ED, 


ADEB is equilateral : 
7, For, becauſe the Right 
arallels AB, DE, che An- 
equal to two Right A _ 
he Angle: Wherefore AD 
the oppoſite Sides and 
pe | ual, Ther 

E, ED, are Ri 
; and conſequently A BE isa R 


Ty . prayed to be equilateral. 
it -4s 2 85 
Right Line A 


* cribed he „ 30. 
ne * Def. 20. 
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py Goo 10. 
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PROPOSITION XLVII. 


THEOREM. 


In any Right-angled Triangle, the Square deſcribed 


upon the Side, ſubtending the Right Angle, is 
equal to both the 


es, deſcribed upon the 
Sides, containing t Right Angle. 


LET ABC be a Right- Ip 
rianghe. devieg de- 


the Right Angle BAC. 
ſcribed upon the Right Line BC Cen to both the 
Squares, defcribed upon the Sides BA AC. 
® 46 of this. For, deſcribe * upon BC the uare BDEC, and 
on BA, AC, the Squares GB, HC; and through the 
15 of bi. Point A draw AL parallel to | BD, or CE; and let 
even, denſe hs Angle BAC, BAG, + are Righ 
hen, the e are t 
Toe ones, two Right Lines AG, AC, at the given Poink 
5 A, in che Right Line BA, being on contrary Sides 
thereof, making the adjacent _— equal to two Right 
14 of this. Angles. Therefore CA, A make Þ one ftrait 
Line, by the ſame Reaſon AB, AH, 2 ſtrait 
Line. And ſince the DBC is equal to the 
A for each of them is a Right one, add 
ABC, which is common, and the whole Angle 
„ DBA is * equal to the whole Angle FBC. And 
| fince the two Sides A B, BD, are equal to the two 
Sides F B, BC, each to each, and the Angle DB A 
+ 4 of this. equal to the Angle FBC; the Baſe AD will be + 
equal to the Baſe F C, and the Triangle ABD equaP 
to the Triangle F BC : But the Fed, BL 
1 42 of this is } double to the Triangle ABD; for they have the 
ſame Baſe DB. and are between the ſame Parallets 
BD, AL. The Square G B is 7 allo double to the 
Triaogle FBC; for they have the ſame Baſe E B, 
and are in the ſame Parallels FB, GC. But 
* 4.6, that are the Doubles of e qual Things, are * equal to 
each other. Therefore the Parallelogram BL is equal 
to the Square GB. After the fame manner, AE, 
BK, being joined, we prove that the Parallelogram 
CLis equal to-the Square HC. 4 —— the whole 
Square BDEC is equal to the two Squares GB, HC, 
But the Square BDEC is deſcribed gn the Right Line 
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— II uares GB, HC, on BA, AC. There- 


deſcribed on the Side BC, is equal 

ibed on the Sides BA, AC. Where- 

— in any Right-angled Triangle, the Square dejcribed 
the Side, ſubtending the Right Angle, is equal to bath 

; 22 uon the Sides, containing the Right 


PROPOSITION XLVIIL 
Tuo x. 


Fa Square deſcribed upon one Side of a Triangle, 
be equal to the Squares deſcribed upon the other 
two Sides of the ſaid Triangle; then, the Angle 


contained by thoſe two other Sides is a Right Angle. 


17 the Square, deſcribed upon the Side B C of the 
Triangle ABC, be equal to the Squares, deſeribed 

pon the other two Sides of the Triangle BA, AC; 

the Angle BA C is a Right one. 

Ia, let there be drawn A D from the Point A, at 

Right Ang = Likewiſe make AD equal to 


BA, and Join D ©. 

Fhen, becauſe D DA is equal to A B, the Square de- 
r on DA will be equal to the — deſcribed 
on AB. And adding the common Squate deſcribed 
on AC, the Sq — de on DA, AC, are equal 
to the Squares x derived on BA, AC. But the Square 
deſcribed on D C is ® equal to the _ deſcribed * 47 of this, 
on DA, AC; for DAC is a Right Angle : But the 
Square on BC is put equal to the Squares on BA, AC. 
Therefore the Square deſcribed on D C is equal to 
the Square deſcribed on BC; and fo the Side CD is 
equal to the Side C B. And becauſe D A is equal to 
AB, and AC is common, the two Sides DA, AC, are 
equal to the two Sides BA, AC; and the Baſe DC is 
equal to the Baſe CB. Therefore the Angle DAC is 
t equal to the Angle BAC; but DAC is a Right An- f 8 of 46. 
_ and ſo BAC will de a Right dog» alfo. If, 
therefore, a Square deſcribed upon one Side of a Tri- 
angle, be equal to the Squares, deſcribed upon the other two 


Sides of the ſaid Triangle, then the Angle, contained by 
theſe two other Sides, is a Right Angle; which was to 
be demonſtrated. | 
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G N I TY Wwens 71 


HEOREM. 
/ Nic of 7 of them be 


acl gy Rf eh 2, 


d Guia Line, ſhall be equal to all the Ref#- 
contained under the whole Line, andthe 


- angles 
ſeveral Segments of yhe divided Line. | 
ET A and B C be two Right Lines, whereof 


divid b the Points 

LI Ae hom ng is 

the Righ ITO CAS IL | 
tained 5 

EC. | under 4 D E, 


| 
"For, {et ® BF be en fog the Poitie By ar Ki t 1. 1. | 
Angles, to BC ; and make 4B G equal to A; and let t 3. 2. | 
t GH be drawn chro G parallel to BC: Likewiſe let 1 37. 1. 

4 +, +) 7 Ya nds 


18 the Ret BH, i 


it the Rectangle BH is that con- 
tained under A and BC; for it is contained under GB, 
BC; and GB is equalto A; and the Rectangle BK | 
in that contained under A and BD; for it is Contained | 
under G B and BD; and GB is equal to A; and the 
= DL is that comzined under A and DE, be- 
K, that is, BG, is equal to A: So likewiſe 
Reckangle EH is that contained under A and EC. 
8 under A and BC is equal to 
the Rectangles under A and BD, And D F. and A 
and EC. , if there be two Right Lines 
and ene of them be 1 Nember of Parts 
the Reflangle comprehended whole Line and the 
divided Line, Rell be qual ts al the — comets 
under the whole Line, and the ſeveral Segments * 
divided Line; which was to be demonſtrated. 
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PRO- 


® 46. 1. 


Euclits Elements. Book II. 
PROPOSITION-H. 


THEOREM. 


If a Right Line be any bow divided, the Reflan- 
gles . real he 
of the Segments, or Parts, are to abe 
n | 


LET the Line AB be any how divided in the 
Point C. I fay, the Rectangle contained under 

AB and BC, e 
and AC, is to the made on AB. 
Square B be deſcribed ® on AB, 


For let the Square AD 
and thro C F be drawn parallel to A D or BE. 
Therefore AE is equal tothe AF and CE, 
But AE is n Square deſcribed upon AB; and AF is 
the R contained under BA and AC; for it is 
contained under DA and AC, whereof AD is to 
AB; and the Rectangle CE is contained under AB and 
BC, fince BE is —— Wherefore the R 
under AB and AC, together with the Rectangle undet 
AB and BC, is equal alto the Square of AB. There There- 
Fore, I Right Lie be ay bow bal, eee, 
contained under the whale Line, and each Segments, 
or Parts, are equal to 2 EIS) 
which was to be demonſtrated 


PROPOSITION n. 


THEOREM. 
a Right Line be any how cut, Rittangh 
F + Mite Line te on bow ht. 09 59 of its 


Parts, is equal 40 the Reflangle comained un- 
der the two Parts, together with the 
of the firſt-mentioned Part. ; 


LET the Right Line A B be any cut in | 

Point, C. I fay, che Rectangle under AB 
BC is equal to the Rectangle under AC and BC, 
gether with the Square deſcribed on BC. 


Book IL. Eachds ELEMENTS. 
the 


For deſcribe 
duce ED to 
rallel to CD or BE. 

Then the Rectangle A E all be equal to the two 
„CE: And the Rectangle AE is that 
contained under AB and BC; for it is contained un- 
der AB and BE, whereof BE is equal to B C: And 
AD is that contained under A C and 
CB, fince DC is equal to CB: And DB is a 
upon B C. ee le. under 
AB and BC is etal to the Recta ISS 
CB, together with -the Square 
Therefore, 3j + on Rirke £5. be any bow car, th 2 
r and one of its 
Parts, is equal to the Reftanghe” contained under the two 
Parts, F 
Part; which was to be demonfttated. 


CDEB upan 


PROPOSITION Tv. 


THEOREM. | 
If a Right Line be any bow cut, the Square whith | 
is made on the whole Line, will be to the 


Squares made on the Segments thereof, together 
with twice the Rectangle contained under the 


Segments. 


LET the Right Line AB be any how cut in C. 
I fay, the Square made on AB is equal to the 
Bt,» AC, CB, together with twice the Rect- 
angle contained under A „CB. 
* deſcribe the Square ADE B upon 

BD, and thro' C draw +4 CGF par 8281 
and alſo thro G draw HK parallel to AB or DE. 

Then, becauſe CF is parallel to AD, and BD falls 


BC ; pro- » 46. I, 
' td les AF be draws + thro A, pa- . 31. 1. 


upon them, the outward Angle BGC ſhall be g equal 1 29. 2. 


to the inward and oppoſite Angle ADB; but the 


Angle ADB is * equal to the Angle ABD, ſince the“ 5. 1. 


Side B A is equal to the Side A Wherefore tbe 
Angle C GB is equal to the Angle GBC; and ſo the 


Side BC equal + to the Side SG; but likewiſe the f 6. . 
Side CB is | equal to the Side G K, "and the Side CG 134 l. 


to . Therefore GE i 8 equal to KB, and CGEB 
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7 29. 1. 


* 43. 1. 
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is equilateral, I ſay, it is alſo Right - angled; for, be · 
cauſe C G is parallel to B K, and CB on them, 
the Angles K BC, GCB }, are equal to two Right 
7 les. But K BC is a Right Angle. Wherefore 
B alſo is a Right e, and the oppoſite les 
CG K, GE B. hall be New. Angles. Trent 
CGEB is a Rectangle. But it has been proved to be 
equilateral. CGEB is a Square deſcribed 
upon BC. For the ſame Reaſon HF is alſo a Square 
made upon HG, and (becauſe HG is equal to AC +) 
it is equal to the Square of AC. Wherefare HF and 
CK are the Squares of AC and CB. And, becauſe 
the ReQangle AG is ® equal to the ReQtangle GE, and 
AG is that which is contained under AC and CB ; for 
GC is equal to CB; therefore G E ſhall be equal to 
the ReQangle under AC, and CB. Wherefore the 
Rectangles AG, and GE, are equal to twice the ReQ- 
angle contained under AC and CB; and HF and CK, 
are, the Squares of AC, CB, Therefore the four Fi- 
gures HF, CK, AG, GE, are equal to the Squares of 
AC and CB, with twice the Rectangle contained un- 
der AC and CB. But HF, CK, AG, GE, make up 
the whole Square of AB, viz. ADEB. Therefore the 
Square of AB is equal to the Squares of AC and CB, 
together with twice the Rectangſe contained under AC 
and CB. Wherefore, if a Right Line be any how cut, 
the Square which is made on the whole Line, will be equal 
to the Squares made on the Segments thereof, together 
with twice the Rectangle contained under the Segment; 
which was to be demonſtrated. l 


Corel. Hence it is manifeſt, that the Parallelogrzms 
which ſtand about the Diameter of a Square, are 
Ik ll Squares. ' k 16 . 7— 4* — 


3 


2 f + 


d.4; -@ 
j 


PRO- 
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PROPOSITION V. 


TR ZONE Mu. 


Fa Right Line be cut into two equal Parts, and 

into two unequal ones; the Reftangle under the 
unequal Parts, together with the Square that is 
made of the intermediate Diftance, is equal to 
the Square made of half the Line. 


E T any Right Line AB be cut into two equal 
Parts in C, and into two unequal Parts in D. I 
ſay, the Rectangle contained under AD, and DB, to- 
gether with the Square of CD, is Equal to the Square 
— | _— | 
For + deſcribe CEFB, the Square of BC; draw BE, f 46. 1. 
and through D draw * DHG, parallel to CE, or BF; 31. 1. 
and through H draw KLO, parallel to CB, or EF; 
and AK through A, parallel to CL, or BO. | 
Now the Complement C H is * equal to the Com- f 43: 1. 
plement HF. Add DO, which is eommon to both of 
them, and the whole CO is 2 to the whole DF: 
But CO is equal to AL, becauſe AC is equal to CB +; + 36. 1. 
therefore AL is equal to DF; and, adding CH, which 
is common, the whole AH ſhall be equal to FD, DL, 
together. But AH is the Rectangle contained under 
AD, 


and DB; for DH is * equal to DB, and FD, c. 4. of 
- | DL, is the Gnomon MNX; therefore MN is equal . 


to the Rectangle contained under AD, and DB; and 
if LG, being common, and equal to the Square of CD, 
be added, then the Gnomon MN X, and LG, are equal 
to the Rectangle contained under AD, and DB, toge- þ 
ther with the Square of CD; but the Gnomon, MN AX, 
and LG, make up the whole Square CEFB, via. the 
Square of C B. Therefore the Rectangle under AD, 
and D B, together with the Square of CD, is equal to 
the Square of CB. Wherefore, :f a Right Line be cut 
into two equal Parts, and into two unequal ones; the 
Rectangle under the unequal Parts, together with the 
Square that is made of the intermediate Diſtance, is equal 
to the made of half the Line ; which was to be 


d. 
| P R O- 


PROPOSITION VL 


TH FORE M. 


If a Right Line be divided into two equal Parts, 
and another Right Line be added directly to the 
ſame, the Reftangle contained under | the Line 
compounded of] thewhole and added Line (taken 
as one Line) and the added Line, together with 
the Square of half the firſt Line, is equal to the 
Square of | the Line compounded of | half the 
Line and the added Line, taken as one Line. 


LET the Right Line A B be biſected in the Point 
C, and BD added directly thereto. I fay, the 

Rectangle under A D, and BD, together with the 

Square of BC, is equal to the Square of CD. 

For, deſcribe CEF D, the Square of CD, and 
join DE; draw f BHG thro' B, parallel to CE, or 
DF, and K LM thio' H, parallel to AD, or EF, as 
alſo AK thro” A, parallel to CL, or DM. 

Then, becauſe A C is equal to CB, the Rectangle 


XL, fhall be equal to the Rectangle CH; but CH 


is ® equal to HF. Therefore AL will be equal to 
HF; and adding C M, which is common to both, 
then the whole Nctangle AM is equal to the 
Gnomon NXO. But AM is that Rectangle which is 
contained under AD, and D B; for DM is + equal to 
DB; therefore the Gnomon NX O is equal to the 


ERKectangle under AD, and DB. Add LG, which 


t Cor. 4. of is common, viz. f the Square of CB; and then 


1611. 


the Rectangle under AD, DB, together with the 
Square of B C, is equal to the Guomon NX O 
with LG. But the Gnomon NX O, and LG, 


together, make up the Figure CEF D, that is, the 


Square of CD. Therefore the Rectangle under 
AD, and DB, together with the Square. of BC, 
is equal to the Square of CD. Therefore, if 4 
Right Line be divided into two equal Parts, and ano- 
ther Right Line be added diretily ta the ſame, the 
Refangle contained under [the Line cempounded of | the 
reale and added Line (talen as one Line) and = 
55 . . added 
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added Line, together with the Square F the | 
Line, is equal to the Square of [ E | 
half the Line and the added Line, taken as one Line ; 
which was to be demonſtrated. 


PROPOSITION VII. 


THEOREM. 


If a Right Line be any how cut, the Square of 
the whole Line, together with the Square of one 
of the Segments, is equal to double the Rectan- 
gle contained under the whole Line, and the 
ſaid Segment, together with the Square made 
of the other Segment. 


LET the Right Line A B be any how cut in the 

Point C. I ſay, the Squares of AB, and BC, 
together, are equal to double the Rectangle contained | 
S made f 
For let the Square of AB be“ deſcribed, viz. +» 46. . 
ADEB, and conſtruct the Figure. | 

Then, becauſe the Rectangle AG is + equal to the + 43: 1. 
Rectangle GE; if CF, which is common, be added to 
both, the whole Rectangle AF ſhall be equal to the 
whole Rectangle CE; and fo the Rectangles AF, CE, 
taken together, are double to the Rectangle AF; but 
AF, CE, make up the Gnomon KLM, and the Square 
CF. Therefore the Gnomon K L. M, together with 
the Square CF, ſhall be double to the Rectangle AB. 
But double the Rectangle under AB, and BC, is double | 
the Rectangle AF; for BF is t equal to BC. There- f Cv. 4. f 
fore the Gnomon KLM, and the Square CF, are equal | 
to twice the Rectangle contained under AB, and BC. 
And if HF, which is common, being the Square of 
AC, be added to both, then the Gnomon ELM, and 
the Squares CF, HF, are equal to double the Rectangle 


S A Figure is ſaid to be confirufied, when Lines drozon in a Paral- 
to the Sides thereof, cut the Diameter in one Point, and 
mate tepo P ams abcut the Diameter, and two Complements, So 
likewiſe a double Figure is ſaid to be con ructad, when two Right Lines, 


— 7 2 —— about the Diameter, and 
four ENT 4 
E 3 contained 


S + 0 — of 
py — — 
- — 
— — —— :h“ũ i. „„ e 9é5ç — — — 
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contained under AB, and BC, togethet with the Square 
of AC. But the Gnomon K LM, together with the 
Squares CF, HF, are equal to ADEB, and CF, viz. 
the Squares of A B, BC. Therefore the Squares of 
AB, and BC, are together equal to double the Rect- 


angle contained under AB, and BC, by rs with the 
ht Line be any how 


Square of A C. Therefore, if a Rig 

cut, the Square of the whole Line, together with the 
Square of one of the Segments, is equal to double the Rec- 
angle contained under the whale Line, and the ſaid Seg- 
ment, together with the Square, made of the other Seg- 
ment; Which was to be demonſtrated. 


PROPQSITION VII. 
THEOREM. 


If a Right Line be any how cut into two Parts, 

Four Times the Rectangle, contained under the 
qubole Line, and one of the Parts, together with 
the. Square of the other Part, is equal to the 
Square of | the Line compounded of | the whole 
Line and the firſt Part, taken as one Line. 


ET the Rieht Line A B be cut any how in C. I 
fav, tour Times the Rectangle contained under 
AB, and BC, together with the Square of AC, is equal 
to the Square of AB, and BC, taken as one Line. 
For, let the Right Line A B be produced to D, fo 
that BD be equal to BC; deſcribe the Square AEFD, 
on AD, and conſtruct the double Figure. | 
Now, ſince CB is & equa! to BD, and alſoto+GK, 
and BD is equal to KN; therefore GK ſhall be like- 
wife equal to K N: By the fame Reaſoning, PR is 
equal to RO. And ſince CB is equal to BD, and GK 
to XN, the Rectangle CK will ꝑ be equal to the ReQ- - 
angle BN, and the Rectangle & R to the Rectangle 
RN. But CK is | equal to RN; for they are the 
Complements of the Parallelogram CO, Therxefore 
BN 1s equal to GR, and the = Squares BN, CK, 
GR, RN, are equal to each other; and fo they are 
together quadruple CK. Again, becauſe CB is equal 
to BD, and BD to BK, that is, equal toCG; mer 
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faid CB is equal alſo to GK, that is, to G; therefore 
CG ſhall be equal to G. But P R is equal to RO; 
therefore the Rectangle AG ſhall be equal to the Rect- 
angle M P, and the Rectangle P L equal to RF. But 
MP is equal to PL; for they are the Complements of 
the Parallelogram ML. Wherefore A G is equal alſo 
to RF. Therefore the four Parallelograms AG, MP, 
PL, RF, are equal to each other, and accordingly they 
are together quadruple of AG. But it has been proved, 
that the four Squares CK, BN, GR, RN, are quad- 
ruple of CK. Therefore the four Rectagles, and the 
four Squares, making up the Gnomon SI V, are toge- 
ther quadruple of AK ; and becauſe AK is a Rectangle 
contained under AB, and BC, for BK is equal to BC; 
therefore four Times the Rectangle under AB and BC, 
will be quadruple of AK. But the Gnomon ST Y has 
been proved to be quadruple of AK. And fo four Times 
the Rectangle contained under AB, and BC, is equal 
to the GnomanSTY. And if X H, being equal to 


+ the Square of AC, which is common, be added to + Cer. 4. of 
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both ; then four Times the R le contained un- 1. 


der AB, and BC, together with the Square of AC, is 
to the Gnomon 8 TY, and the Square X H. 

But the Gnomon 8 T and XH make AEF D, the 
whole Square of AD. Therefore four Times the Rect- 
angle contained under AB, and BC, together with the 
Square of AC, is equal to the Square of AD, that is, 
of AB and BC taken as one Line. Wherefore, F a 
Right Line be any how cut into two Parts, four Times the 
Rectangle contained under the whale Line, and one of the 


Parts, together with the Square of the other Part, is equal 
to the Square C4 [ the Line compounded of ] the whole Line 
and the firſt 

nonſtrated. 


art, taken as ong Line; which was to be 


E 4 PI 0. 


join EA, EB. Alſo 
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PROPOSITION IX. 


8 THEOREM, , A 
If a Right Line be any how cut into two equal, 
and two unequal Parts ; then the Squares of 
the unequal Parts, together, are double to the 
Square of the balf Line, and the Square of the 


late Part. 


| ET any Right Line A B be cut uneq in D, 
and equally in C. I ſay, the Squares of AD, DB, 
together, are double to the Squares of AC and CD 


together. 


For, let “ CE be drawn from the Point C at Right 
Angles to AB, which make to AC, or CB; and 
in E let 4 DE be drawn pa- 
rallel to CE, and FG through F parallel to AB, and 


draw AF. + 

| Now, becauſe AC is equal to CE, the Angle EAC 

will be g equal to the Angle AEC; and fince the A 

at C is a Right one, the other Angles, AEC, EAC, 
Angle, and are equal 


er, ſhall ® make one Right 
to each other: And fo AEC, EAC, are each equal to 
half a Right Angle. For the ſame Reaſons are alſo 
CEB, EBC, each of them half a Right Angle. There- 
fore the whole Angle AEB is a Right Angle. And 
fince the Angle GEF is half a Right one, and EGF is 
a Right Angle; for it is + equal to the inward and op- 
polite Angle ECB; the other Angle EFG will be alſo 
equal to half a Right one, Therefore the Angle GEF 
is equal to the Angle EFG. And fo the Side EG is t 
equal to the 8 de GF. Again, becauſe the Angle at B 
is half a Right one, and FDB is a Right one, becauſe 
equal to the inward and oppoſite Angle ECB, the other 
Angle BFD will be half a Right Angle. Therefore 
the Angle at B is equal to the Angle BFD ; and fo the 
Side DF is equal to the Side DB. And becauſe AC is 
equal to CE, the Square of A C will be equal to the 
Square of CE. Therefore the Squares of AC, and CE, 
together, are double to the Square of AC; but the 


.. Square of EA is + equal to the Squares of AG, 
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CE, together, ſince ACE is a Right Angle. Therefore 

the Square of E A is double to the Square of A C. 

Again, becauſe E G is equal to G F, and the Square 

of E G is equal to the Square of GF; therefore the 

—_— of EG, GF, together, are double to the Square 
GF. 


But the Square of EF is + equal to the Squares f 47- 7. 
of EG, GF. Therefore the Square of EF is double 


the Square of GF: But GF is equal to CD; and fo 
the Square of EF is double to the Square of CD. But 
the Square of AE is likewiſe double to the Square of 
AC. Wherefore the Squares of AE, and EF, are 
double to the Squares of AC, and CD. But the Square 
of AF is + equal to the Squares of AE, and EF; be- 
cauſe the Angle A E F is a Right Angle, and conſe- 
y the Square of AF is double to the Squares of 
C, and CD. But the Squares of AD, and DF, are 
equal to the Square of A F: For the Angle at D is a 
Right Angle. Therefore the Squares of AD, and DF, 
22 ſha} be double to the Squares of AC, and 
CD, But D F is equal to DB. Therefore 
the Squares of AD, and DB, together, will be double 
to the Squares of AC, and CD, together. Wherefore, 
if a Right Line be any how cut into two equal, and two 
unequal Parts ; then the Squares of the unequal Parts 
together, are double to the Squares of the half Line, and 
the Squares of the intermediate Parts ; which was to be 
demonſtrated. 


PROPOSITION X. 


THEOREM. 


If a Right Line be cut into two equal Parts, and to 
it be directly added another; the Square made on 
{ tbe Line compounded of] the whole Line, and 
the added one, together with the Square of the 
added Line, ſhall be double to the Square of the 
half Line, and the Square of | that Line which 
is compounded of | the balf, and the added Line. 


LET the Right Line AB be biſeRed in C, and any 
ftrait Line BD added directly thereto. I ſay, the 

Squares of AD, and DB, together, are double to the 

Squares of AC, and CD, together. | 


For, 


® . 12. 
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For, draw * CE from the Point C at Right Angles 
to AB, which make equal to A C, or CB; and draw 
AE, EB; likewiſe through E let EF be + drawn pa- 
rallel to AD, and — D, DF + parallel to C E. 

Then, becauſe the Rig bt Line E F falls-upon the 
Parallels EC, FD, the Angles CEF, EFD, — ual 
to two Right Angles. Therefore the Angles FEB, 
EF, are together leſs than two Right Aller. But 
Right Lines making, with a third Line, Angles to- 

her leſs than 8 ht Angles, being infinitely pro- 

will meet *. Whereſore E B, FD, produced, 
will meet towards B D. Now let — be produced, 
and meet each other in the Print G, and let A G be 
drawn. 

And then, becauſe AC is equal to CE, the Angle 
AEC will be equal to the Angle EAC f: But the 
Angle at C is 2 Right Angle. "ET herefoce the Angle 
EAC, or AEC, Pia ight one. By the ſame 
Way of Reaſoning, the A EB, or EBC, is half 
a Right one. Te LED | is 2 Right Angle. 
And fince EBC is half a Right Angle, DBG will f alſo 
be half a Right Angle, fince it is vertical to EBC. 
But BD G is a Right Angle alſo; for it is ® equal to 
2 alternate Angle DC Therefore the remaining 

DGB is half a Right A „and ſo equal to 
55 G. Wherefore the Side B is + equal to the 
Side DG. Again, becauſe EGF is half a Right 
Angle, and the Angle at F is a Right Angle, for it is 
equal *® to the oppoſite Angle at C; the remaini 
Angle FEG will wh alſo half a Right one, and is — 
to Go Angle EGF; and fo the Side G F is + oval 
to the Side EF. And ſince EC is equal to CA, and 
the Square of E Ce 2. to the Square of C A; there- 
fore the Squares of E C, C A, together, are double to 
the Square of CA. But the Square of EA is t equal 
to the Squares of £C and CA. Wherefore the Square 
of EA is double to the Square of AC. Again, he- 


cauſe GF is equal to FE, the Square of GF allo is 


equal to the Square of F E. Wherefore the Squares 
of GF-and FE are double to the Square of FE. But 
the Square of EG is 4 equal to the Squares of GE, FE. 
Therefore the Square of E G is double to the Square 
of EF: But E | F is equal to CD, Wherefore the 
Square of EG fhall be double to the Square of Cath. 


4 
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But the Square of EA has been proved to be double to 
the Square of AC. Therefore: the Squares of AE and 
EG, are double the Squares of AC and CD. But the 


Square of AG is + equal to the Squares of AE and EG, f 47: 1. 


for the Angle (AEB or) AEG has been proved to be 
Right; and conſequently the Square of AG is double 
to the Squares of AC, and CD. But the Squares of 
AD, and DG, are + the Square of AG. There- 
fore the Squares of AD, and DG, are double to the 
Squares of AC, and CD. But DG is equal to DB. 
Wherefore the Squares of AD, and DB, are double ta 
the Squares of AC, and CD. Therefore, if a Right 
Line be cut inta tua equal Parts, and to it be diracily 
added another; the Square made on [ the Line compounded 
J the whole Line, and the added ane, together with the 
e of the added Line, ſhall be double to the Square of 
the half Line, and the Square of ¶ that Line which is 
compounded of ] the half, and the added Line; which 
was to be demonſtrated. 


PROPOSITION XI. 


PROBLEM. 


To cut a given Right Line ſo, that the Rectangle 
contained under the whole Line and one Segment, 
Hall be equal to the Square of the other Segment. 


LET AB be a given Right Line. It is required to 

cut the ſame fo, that the Rectangle contained 
under the Whole, and one Segment thereof, be equal 
to the Square of the other Segment. 


Deſcribe AB DC the Square of AB; biſect AC in = 46. x, 


E, and draw BE: Alfo produce CA to F, fo that EF 
be equal to EB. Deſcribe * F GH A the Square of 
AF, and produce GH to K. I fay, AB is cut in H fo, 
that the Rectangle under A B and BH is equal to the 
Square of AH. 

For ſince the Right Line AC is biſected in E, and 
AF is directly added thereto, the Rectangle under CF 


and FA, together with the Square of AE, will be + equal + 6 :;z. 
to the Square of EF. But EF is equal to EB. There- . 


fore the Rectangle under CF and FA, together with the 
quare of AE, is equal to the Square of EB. But the 


Squares 


® 12. 1. 


fo the given Right Line AB is cut in H, ſo 
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Squares of BA and AE are ꝑ equal to the Square of EB; 
for the Angle at A is a Right Angle. Therefore the 
Rectangle under CF and FA, together with the Square 
of AE, is equal to the Squares of BA, and AE. And, 
taking away the Square of AE, which is common, the 
remaining Rectangle under CF and FA is equal to the 
Square of AB. But FK is the Rectangle under CF and 
FA; ſince AF is equal to FG; and the Square of AB 
is AD. Wherefore the Rectangle FK is equal to the 
Square AD. And if AK, which is common, be taken 
from both, then the remaining Square F H is equal to 
the remaining Rectangle HD. But HD is the Rect- 
angle under AB and BH, fince AB is equal to BD; and 
FH is the Square of AH. Therefore, the Rectangle 


under AB and BH hall be equal to the Square of AH. 
that the Ren- 


angle under A B and BH is equal to the Square of AH; 
which was to be done. 


PROPOSITION XII. 


THEOREM. 

In an obtuſe-angled Triangle, the Square of the Side 
| ſubtending the obtuſe Angle is greater than the 
Squares of the Sides containing the obtuſe Au- 
gle, by twice the Refiangle under one of ihe 
Sides, containing the obtuſe Angle, viz. that on 
which, produced, the Perpendicular falls, and 
the Line taken without, between the Perpen- 

dicular and the abtuſe Angle. 


LE T ABC be an obtuſe- angled Triangle, havin 
the obtuſe Angle BAC; and “ from the Point 
draw BD perpendicular to the Side C A produced. T 
ſay, the Square of BC is greater than the Squares of 
BA, and AC, by twice the te contained under 


n | 
For, becauſe the Right Line CD is any bow cut in 


+ 4 of this. the Point A, the Square of CD ſhall be + equal to the 


Squares of CA, and AD, together with twice the 
Rectangle under C A, and AD. And if the Square 
of BD, which is common, be added, then the Squares 
of CD and DB are equal to the Squares of CA, AD, 
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and DB, and twice the Rectangle contained under CA 

and AD. But the Square of CB is “ equal to the * 47. 1. [ 

Squares of CD, DB; for the Angle at D is a Right | 

one, ſince BD is perpendicular; and the Square of AB 

is * equal to the Squares of AD and BD, Therefore 

the Square of CB is equal to the Squares of CA, and 

AB, her with twice a Rectangle under CA, and 

AD. erefore, in an obtuſe-angled Triangle, the 

Square of the Side ſubtending the obtuſe Angle is greater 

* the Squares of the Sides containing the obtuſe Angle, 
twice the 1 Retiangle under one of the Sides containing 
_ 4 le, viz. that on which, produced, the Per- 

pendic fol, and the Line taten without, bettween the 

Perpendicular and the obtuſe Angle ; which was to be 

demonſtrated. 


PROPOSITION XIL 


THEOREM. 


In an acute-angled Triangle, the Square of the Sid: ' 
ſubtending the acute Angle is leſs than the ; 

Squares of the Sides containing the acute Angle, | 

by twice @ Rectangle under one of the Sides | 

about the acute Angle, viz. that on which ihe 

Perpendicular falls, and the Line aſſumed witb- 

in the Triangle, from the P cular to the 

acute Angle. 


LET ABC be an acute-angled Triangle, having 
the acute-angled B; and from A let there ® be» 13. 1. 
drawn AD perpendicular to BC. I fay, the Square of 
AC is leſs than the Squares of CB, and BA, by twice 
a Rectangle under C B, and BD. 

For, becauſe the Right Line CB is cut any how in : 
D, the Squares of CB, and B D will be + equal to f. 7 of «4s. 
twice a R le under CB, and BD, together with 
the Square of DC. And if the Square of AD be 
added to both, then the Squares of CB, BD, and 
DA, are equal to twice the Rectangle contained un- 
der CB, and BD, together with the Squares of A D, 
and DC. But the Square of AB is 7 equal to the f 47. 1. 
Squares of B D, and DA; for the Angle at D is a 
Right Angle. And the Square of „ 

e 


— 
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the Squares of AD and DC. Therefore the 
of CB and BA are equal to the Square of AC, to- 
gether with twice the Rectangle contained under CB 
and BD. Wherefore the Square of AC, only, is leſs 
than the Squares of CB and BA, by twice the Rect- 
le —_— 2 B on BD. 1 in an acute- 
led Triangle, the Square of the Side ſubtendiug the 
_ Angle is leſs than the 44 2 in- 
ing the acute Angle, by twice a Rettangle under one 
the Sides about the acute Angle, viz. that on which t 
Perpendicular falls, and the Line aſſumed within the 


.. Triangle, from the Perpendicular to the acute le ; 
be demonſtrated. _ 


* 45+ I» 


F 10. 1. 


I 5 of this, 


nd 47. 1. 


which was to 
PROPOSITION XIV. 


PROBLEM. 


To make a Square equal to a given a Right-lined 


Figure. 


L ET A be the given Right-lined Figure. It is re- 
quired to make a Square equal thereto. 

Make * the Right-angled Parallelogram BC DE 
equal] to the Right-lined Figure A. Now if BE be 
equal to ED, what was propoſed will be already done, 
fince the Square BD is made equal tothe Right-lined 
Figure A: But if it be not, let either BE or ED be 
the greater: Suppoſe BE, which let be psoduced to F; 
ſo that EF be equal to ED. This being done, let BF 
be + biſected in G, about which, as a Centre, with the 
Diſtance GB, or GF, deſcribe the Semicircle BHF ; 
and let DE be produced to H, and draw GH. Now, 
becauſe the Right Line BF is divided into two equal 
Parts in G, and into two upequal ones in E, the Rect- 
angle under BE and EF, together with the Square of 
GE, ſhall be t equal to the Square of GF. But GF is 

ualto GH. Therefore the Rectangle under BE and 
EP, together, with the S * is equal to the 


Square of GH. But the quares of HE and GE are 
equal to the Square of GH. Wherefore the Rectangle 
under BE and EF, together with the Square of GE, is 
equal to the Squares of HE and GE. And if — 


* 


a = 
' 
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of EG, which is common, be taken from both, the 
remaining Rectangle, contained under BE and EF, is 
equal to the Square of EH. But the Rectangle under 
BE and EF is the Parallelogram B D, becauſe EF is 
equal to ED. Therefore the Parallelogram BD is 
equal to the Square of EH; but the Parallelogram BD 
is equal to the Right-lined Figure A. Wherefore the 
Right-lined Figure A is equal to the Square of E H. 
And fo, there is a Square made equal to the given Right- 
—— c 
One. 
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ELEMENTS 


DEFINITIONS. 


I. QUAL Circles are ſuch whoſe Diameters 
are equal, or from whoſe Centres the Right 
Lines that are drawn, are 

II. A Right Line is ſaid to touch a Circle, when 
meeting the ſame, and being produced, it does 
not cut it. 

III. Circles are ſaid to touch each other, which 1 
meeting ds not cut one another. 

IV. Right Lines in a Circle are ſaid to be equally 
diſtant from the Centre, when Perpendiculars 
drawn from the Centre to them are 

V. And that Line is ſaid to — the 
Centre, on which the greater P 
falls. 

VI. 4 t of a Circle is a 5 contained 
under a Right Line, and a * the Cir- 
cumference of a Circle. 

VII. An Angle of a & is that which is 
contained by @ Right Line, and the "—_ 
rence of à Circle. 


VIII. 
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VIII. An Angle is ſaid to be in a Segment, _ 
ſome Point is taken in the Circumference thereof, 


nfs Re 2 nt . ＋ 


ment; then the Angle contained under the 1 


fo drawn, is 2 to be an . . 
IX. But 2. Right the © 
2. . ee e. 
= then the Angle is ſaid to upon that 
Cir cumference. 
X. A Setter of a Circle is that Figure, which is 
comprehended between two Right Lines, drawn 
from the Centre, and the Circumference con- 
tained between them. 
XI. Similar s of Circles are thoſe, which 
include equal Angles, or whereof abe Angles in 
_ them are equal. 


PROPOSITION LIL. 


PROBLEM. 
To. ad the Centre of @ Circle given. 


ET ABC be the Circle given. It is required 
[ err ” 


Let the Right Line AB be any how drawn 

2 which ® ble in the Fe D; Angles to AB, t . 

wn from the Point D, at to A — 
which let be produced to E. — 

Then, if EC be ® biſected in F, I ſay, the Point 
is the Centre of the Circle ABC. 

Far, if it be not, let G be the Centre, and let GA, 
GD, GB, be drawn. Now, becauſe DA is equal to 
DB, and DG is common, the two Sides AD, DG, 

are equal-to the two Sides GD, DB, each to each ; 
allo the Baſe G A is f equ al to the Baſe G B, for they + 0,4. 16. f. 
— has Gam the Chat O, Therefore the Angle 
ADG is ® equal to the Angle GDB. But when a *8. . 
Right Line ſtanding upon a Right Line makes the 
adjacent Angles equal to one another, each of the 
equal age will + be Sf Angle. Wes + Def. 19.74 


© x of this, 


15. 1. 
1 16. 1. 


119. 1. 


\ 
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Rig D 

the is to 

8 a greater to a lefs, which is abſurd. 

G is not the Centre of the Circle ABC. 

After the ſame manner we that no other Point, 

unleſd F, is the Centre. F is the Centre 
of the Circle ABC; which was to be found. 


Cool fin a Circle nay Right Line cotrenerder Right 
Line into two equal Parts and at Right A 
* Eating Lie. 


' PROPOSITION II. 
Tan. 


If any two Points be aſſumed in the Circumference 
* 4 Circle, the Right Line joining thoſe two 
oints ſball fall within the Circle. | 


LET ABC be a Circle; in the Circumference of 

which let any two Points A, B, be aſſumed. I 
' ſay, a Right Line drawn, from the Point A, to the 
Point B, falls within the Circle. 

Find D * the Centre of the given Circle, and let 
any Fein E be taken in the Right Line A B, and let 
DA, DE, DB, be joined. 

Then becauſe DA is equal to DB, the Angle DAB 
will be + equal to the Angle DBA; and fince the Side 
riangle DAE is produced, the Angle DEB 


AE of the 
1 e DAE. But the Angle 
BE ; therefore the Angle 


DAE * 
DEB is ter than the Angle DBE. But the he gratis 
Angle fu the greater Side. Wherefore DB || is 
than DE. But DB only comes to the Circum- 
ference of the Circle; therefore DE does not reach fo 
far. And fo the Point E falls within the Circle. 
Therefore, if two Points are aſſumed in the Circum- 
ference of a Circle, the Right Line joining thoſe two 
Points dee a, 


Coroll. Hence vo ets Line touches a Circle, it 
will touch it in one On... ro. 
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PRO POSITION II. 


THEOREM. 


Fe a Cirele, 4 Right Line drawn thro' theCen- 
tre cuts any other Right Line, not drawn thro? 
the Centre, into Parts, it ſhall cut it at 
Right Angles; and if it cuts it at Right Angles, 
it ſhall cut it into two equal Parts. 


LE T ABC be a Circle, wherein the Right Line CD, 
drawn thro” the Centre, biſects the Right Lins 
AB, not drawn thro' the Centre. I ſay, it cuts it at 
Right Angles. 
or, find E the Centre of the Circle, and let EA, * x of his, 
EB, be joined. 

Then, becauſe AF is qual to FB, and FE is com- 
mon, the two Sides AF, FE, are equal to the two 
Sides BF, FE, each to each; but the Baſe DA is equal 
to the Baſe EB. Wherefore the Angle AFE ſhall de f f 8. 1. 
e BFE. But when a Right Line 
ſtanding upon a Right Line makes the adj —_ 
equal to one another, each of the ngles is I a 1 Def. 10.1. 
Right Angle. Wherefore AFE, re, 22 is a Right 
Angle. And therefore the Ri t Line CD drawn — 
the Centre, biſecting the Right Line AB, not drawn 
thro' the Centre, cuts it at Right Angles. Now, if CD 
cuts AB at Right Angles, I fay, it will biſect it; that is, 

AF will be equal to FB. For the fame Conſtruction 

remaining, becauſe EA, being drawn from the Centre, 

2 2 gle EAF ſhall be“ equal to the * 5. 1. 
le EBF. the Righ Angle AFE is equal to 

ce Rig SBE. K ——— 

BP, have two Angles of the one equal to two 
pond les of the other, and the Side EF is common to 
bor, Wherefore the other Sides of the one ſhall be 
equal to the other Sides of the other: And fo AF Þ 36. 2. 
will be equal to FB. "Therefore, if in a Circle, a Right 
Line draum thro the Centre cuts "any other Right Line, 
not drawn thro' the Centre, into two equal Parts, it ſhall 
cut it at Right Angles; and if it cuts it at Right An- 
222 . which was to 


F a PR O- 
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PROPOSITION . 


Taten | 


If in «Circle to Right Lines, not heing drawn 
thre the Centre, cut each other, they will not 
cut each other into two equal Parts. 


TE, F ABCDbe a Circle, wherein two Right Lines 

AC, BD, not drawn thro” the Centre, cut each 

—_ in the Point E. I fay, they do not biſect each 
er. 

For, if poſſible, let them biſe each other, ſo that 
AE be equal to EC, and BE to ED. Let the Centre 
F of the Circle ABCD be + found, and join EF. 

Then, becauſe the Right Line FE, drawn thro' the 
Centre, biſedts the Right Line AC, not drawn thro” 
the Centre, it will „ cut AC at Right Angles. And 
ſo FEA is a Right Angle. Again, becauſe the Right 
Line F E, drawn thro' the Centre, biſects the Right 
Line BD, not drawn thro” the Centre, it wilt* cut BD 
at Ri Angles. Therefore F EB is a Right Angle. 
But F E A has been ſhewn to be alſo a Right Angle. 
Wherefore the Angle FEA will be equal to the Angle 
FEB, a leſs to a greater; which is abſurd. "Therefore 
AC, BD, do not mutually biſect each other. And fo, 
if in a Circle two Right Lines, not being drawn thro” the 
Centre, cut each other, they will not cut cach other in two 
equal Parts ; which was to be demonſtrated. 


PROPOSITION V. 


THEOREM. . 


If two Cirtles cut one another, they ſhall not have 
the ſame Centre. 


LET theewo Circles ABC, CDG, cut each other 
8 I fay, they have not the ſame 


—_— have, let it be E, and join EC, and 
öde n 


N OW, 
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Now, becauſe E is the Centre of the Circle ABC, 
CE will be equal gain, becauſe E is the Cen- 
— — | is qual to EG. But CE 
has been ſhewn to be equal to E Therefore EF 
ſhall be to EG, 22 „which can- 
not be. erefore the Point E is not the Centre of 
both the Circles ABC, CDG. Wherefore, 1 
Circles cut one another, n 
te; which was to be demonſirated. 


' PROPOSITION VI 
THEOREM. 


If two Circles touch one another inwardly, they 
will not have ane and the ſame Centre. 


LET woCircles ABC, CPE, touch one another 
inwardly in the Point C. I fay, they will not have 

one and the ſame Centre. 
„ „and join FC, and draw 
. F in the Centre of the Clocks ABC. 
CF is equal to FB. And becauſe F is alſo the Centre 
of the Circle CDE, CF ſhall be to FE. But CF 
has been ſhewn to be equal to F Therefore FE is 


ual to FB, a leſs to a greater; which cannot be. 
. the Centre of both the 


Circles ABC, CDE. Wherefore, if tus Circles toxch 
one another inwardhy, they will not have ene and the ſame 
—_ which was to be demonſtrated. 


F 3 RO. 
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FRO POSHTToN VE. 
ee 
Fu be Diameter af a Circle ſome Point be taken, 
which is not the Centre of the Circle, and from 
that Point certain Right Lines fall on the Cir- 
cumference of the Cirtle, tbe greateſt of theſe 
Lines Hall be that wherein the Centre of the 
Circle it, the leaſt, . the Remainder of the ſame 
Line, And of all the ather Lines, the neareſt to 
that zwhich was: drawn thro? the Centre, is al- 
ways greater than' that more remote; and only 
Two equal Lines fall from the aboveſaid Point 
upon the Circumftrence, on each Side ef the 
leaft or greateſt Line. 


LE T ABCD be a Circle, whoſe Diameter is AD, 
in which aſſume ſome Point F, which is not the 
Centre of the Circle. Let the Centre of the Circle be E; 
and from the Point F, let certain Right Lines FB, FC, 
FG, fall on the Circumference: I fay, FA is the great- 
eſt of theſe Lines, and FD the leaſt; and of the others 
FB is greater than FC, and FC greater than FG. 
For, let BE, CE, GE, be joined. 18 
Then, becauſe two Sides of every Triangle are 
„20. 1. greater than the third; BE and EF are ter than 
BF. But AE is equal to BE. Therefore BE and EF 
ate equal to AF, And fo AF is greater than FB, 
Again, becauſe BE is equal to CE, and FE is com- 
mon, the two Sides BE and FE are e to the two 
Sides CE and EF. But the Angle BEF is er than 
the Angle CEF. Wherefore the Baſe BF is greater 
+ 24.1, than the Baſe FC 4. For the ſame Reaſon, CF is 
greater than FG. 
1 20. 3. Again, becauſe GF and FE; are greater than GE; 
and GE is equal to ED; GF and FE ſhall be greater 
than ED; and if FE, which is common, be taken 


away, then the Remainder GF is greater than the Re- 
mainder FD. Wherefore, FA is the greateſt of the 
7 ht Lines, and FD the leaſt : Alſo BF is greater than 


1 ſay, 


and FC greater than FG. 


Book HE Epchkd's ExznenTs. 71 
I ay, moreover, that there are only two 

Lines, that ean fall from the P _ Eb u 
Circumference of the Circle ke $0, cop wor) 
Line FD. For at the given Point E, with the Right 
Line EF, make t the Angle FEH to the e 1 23-2. 
GEF, and join FH. Now becauſe GE to 
and EF is common, the two Sides GE 2 are 
GEF is equal 
FG ſhall be + 
2 
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20. 1. 
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© rence of tbe Circle, is that which lies between the 
Point and the Diameter; and 0 


, MH, NEL. EET, MD, o 
if MD, w 
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If ſome Point be aſſumed heat. 4 Gab, and 
from it certain (Right. Lines be drawn to the 
Circle, one of which paſſes thro the Centre, but 
the other any bow ; the greateſt of tbe Lines 
which fall upon the concave Part of the Cir- 


cumference of the Circle, is that paſſing thro* 


_ tbe Cemire; and of the others, that which is 


neareſt to the Line, paſſing thro” the Centre, is 
greater than that more remote. But the leaſt of 
the Lines that fall upon the convex Circumfe- 


| the others, 
that which is nigber to the leaf, is leſs than 
that which is fartber diſtant ; * from that 

+ Point there can be drawn only two equal Lines, 
which all fall on tbe 9 on each 


> _ Side the len Line. 


JET ABC be a Circle, out of which take any Point 
D. From this Point Iet there be drawn certain 
Right Lines DA, DE, DF, DC, tothe Circle, where- 
of DA paſſes thro the Centre. I ſay, DA, which 
E the Centre, is the greateſt of the Lines fall- 
ing u AEFC, the concave Circumference of the 
Cub: Likewiſe DE is greater than DF, and DF 
reater than DC. But of the Lines that fall upon 
LEG the convex Circumference of the Circle, the 
leaſt is DG, viz. the Line drawn from D, to the 
meter GA ; and that which is neareſt the leaſt 
wy he chan that more remote; that is, DE © is 
leſs L, and DL lefs than CH. 
For fnd5M th Centr of th Circe ABC, ; * 


Now, beauty AMi 18 to * 
is common, 2 en 


M. But Ft and than ED 
MD we þ greme — 
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therefore AD is alſo than ED. Again, be- 
cauſe ME is to MF, and MD is common, then 
ME and MD de equal to MF and MD; but the 
Angle EMD is greater than the Angle F MD. There- 
fore the Baſe will be + greater than the Baſe FD. f 24-7. 
We prove, in the fame manner, that FD is greater 
2 CD. 1 DA ii the greateſt of the Right 
Lines falling from the Paint D; DE ts greater than 
DF, and DF is greater than DC. 
1 becauſe MK and KI are * greater than * 20. 1. 
MD, and MG is equal to MK; then the Remainder 
KD will + be greater than the Remainder GD. And + 4. 4. 
ſo GD is leſs than KD, and conſequently is the leaft. 
And becauſe two Right Lines MK, ED, are drawn 
from M and D to the Point K, within the Trian 
MLD, ME, and KD, are © leſs than ML and LD; t 21.1. 
but MK is equal to ML. Wherefore the Remainder 
DK is lefs than the Remainder DL. In like manner 
we demonſtrate, that DL is leſs than DH. Therefore, 
—— and DK is es than DL, and DL than 
I fay likewiſe, that from the Point D only two equal 
Right Lines can fall upon the Circle on each Side the 
leaſt Line. For, make the Angle DM at the Point * 23. x, 
M, with the Right Line MD, equal to the Angle 
KM, and join DB. Then, — ME is equal to 
* and M is common, the two Sides KM, MD, 
re equal to the two Sides MB, MD, each t each; 
but the Ang le EMD is equal to the Ang le BMD. 
Therefore S Baſe DE is + pad pas. Baſe DB. + 4. x. 
Now I ſay, no other Line can be drawn from the Point 
D to the Circle equal to DE ; for, if there can, let it 
be DN. Now, fince DE is equal to DN, as alſo to 
DB, therefore DB ſhall be equal to DN, uiz. the Line 
drawn neareſt to the leaſt equal to that more remote, 
which has been “ ſhewn to be impoſſible. "Therefore, 9 
Z. £ Point be aſſumed without a Circle, and from it 
certain Ri ght Lines be drawn to the Circle, one of which 
paſſes thro the Centre, but the others any bow ; t great- 
of the Lines, that fall oon the cancave Part the Cir- 
ee, the Cid that paſſing thro' the Centre; 
OT ther ahh is 1g wo the Line pa 
ba Aur the 72 is greater than that more remote. 
cumference 


74 


® 7 of bow. 
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cumference of the Circle, is that which lies between the 
n the athers, that which is 
nigher ts the leaft, is beſo that which is farther 
diſtant; and from that Paint there can be drawn only two 
equal Lines, which ſhall fall an the Circumference on each 
Side the leaft Lins; which was to be demonſtrated, 


PROPOSITION IX. 


THEOREM. 


If Paint be aſſumed in a Circle, and from it more 

Iban two equal Right Lines be drawn to the 
Circumference ;, then that Point is the Centre of 
the Circle. | 


LET the Point D be afſumed within the Circle 
ABC ; and from the Point D, let there fall more 
than two equal Right Lines to the Circumference, viz. 
the Right Lines DA, DB, DC. I fay, the aſſumed 
Point B is the Centre of the Circle A C. 

For, if it be not, let E be the Centre, if poſſible; 
and join DE, which produce to G and F. 

Then FG is a Diameter of the Circle ABC; and 
fo, becauſe the Point D, not being the Centre of the 
Circle, is aſſumed in the Diameter FG; therefore DG 
will ® be the greateſt Line drawn from D to the Cir- 
cumference, and DC greater than DB, and DB than 
DA; but they are alſo equal, which is abſurd. There- 
fore E is not the Centze of the Circle ABC. And in 
this manner we prove, that no other Point, except D, is 
the Cemve ; therefore D is the Centre of the Circle ABC; 
which wN to be demonſtrated. 


Otherwiſe : | 

Let ABC be the Circle, within which take the Point 
D, from which let more than two equal Right Lines 
fall on the Circumference of the Ciecle, viz. the three 
equal ones DA, DB, DC: I Gy, the Point D is the 
Centre of the Cucle ABC. | | 

For, join AB, BC, which biſect + in the Points 
E and Z; 2 ali join ED, DZ; — 


"he. 
po © © 


the Points H, K, O, L; then, becauſe AE is equal to 
EB, and ED is common, the co Sides AE, ED, ſhall 
be equal to the two Sides BE, ED. And the Baſe DA, 
is equal to the Baſe DB: Therefore the y 
will be * equal to the BED; and ſo [by 
n BED, is a Ri 
Therefore HK, biſecting AD, cuts it at Right 
2 r 2 
ing another Right Line, cuts it at Right Angles, 

the Centre of the Circle is in the _— Lie, fb 
Cor. 1. 3.] therefore the Centre of the Gircle A 
will be in HE. For the ſame Reaſon, the Centre of 
the Circle will be in OL. And the Right Lines HK. 
'OL, re Therefore 
D is the Centre of the Circle ABC; which was to by 


PROPOSITION X. 


THEOREM. 


— Circ in more than 
| two Points. S 


FM if it can, let the Circle ABC cut the Circle 

EF in more than two Points, wiz. in B, G, F; 
and ler K be the Cent of the Circle ARC, and join 
KB, EG, KF. 

Now, becauſe the Point K is aſſumed within the 
Circle DEF, from which more than two equal Right 
Lines KB, KG, KF, fall onthe Circumerencs, the 
Point K ſhall be + the Centre of the 
But K is t the Centre of the Circle ABC. 
K will bethe Centre of two Circles cutti 2 
which is ® abſurd. Wheretore, a Cir 
Circle in more than two Points ; which was to be de 
monſtrated. 
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1. 2, 


DEF. 1 ff this. 
herefore 1 By Hy. 


cannot cut a * 5 of this, 


— 2 —— 
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PROPOSITION Xl. | 


nenn 


If two Ges each other en the Infide, and 
the Centres be found, the Lire joining their 
Centres will fall on the * 9] Contact of 
thoſe Circles. 


LET two Circles ABC, ADE, touch one another 
inwardly in A; and let F be the Centre of the 
Circle ABC, 228 27 8 W 
and 
3 
this be deni 
e F 
Now, becauſe AG and GF are than AF, 
that is, than FH; take away FG, which is com- 
mon, and the Remainder AG is than the Re- 
m—_—_— n to GD; therefore 
GD is greater the leſs than the greater ; 
which is abſurd. Wherefore, 4 Line drawn thro' the 
Prints F and G, will not fall aut of. the Point of Con- 
tact A, c 
be demonſtrated. 


PROPOSITION xu. 


„ 


If tees Circles touch one another on the Outfide, a 
Right Line joining their Centres will paſs il thro 
the ¶ Point ] Conta. 


LI two Circles ABC, ADE, touch one another 
outwardly in the Point A; and let F be the Cen- 
tre of the Circle ABC, and G that of ADE. I fay, a 

Right Line drawn thro' the Centres F and G, will paſs 

thro” the Point of Contact A. 

279 0 it does not, let, if poſſible, FCDG, fall with- 
out it, and join FA, AG. 

Now, fince F is the Centre of the Circle ABC, AF 
will be equal to FC. 6 
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the Circle ADE, AG will be to GD: But AF 
has been ſhewa to be to FC; therefore FA and 
AG are equal to FC and DG. And fo the whole FG 


is than FA and AG; and alſo leſs, which is 28. 2. 
abfard. Therefore Wee 


, @ Right Line, drawn from the Point 
F G, will paſs thro the Point of Contaf? A; which 
was to be demonſtrated. n 


PROPOSITION XIII. 


THEOREM. 


One Circle cannot tonch another in more Points than 
one, whether it be inwardly or outwardly. 


FO R, in the firſt Place, if this be denied, let the Cir- 
cle ABDC, if poſſible, touch the Circle EBFD in- 
wardly, in more Points than one, viz. in B, and D. 
And let G be the Centre of the Circle ABDC, and 
H that of EBFD. i 
Then a Right Line, drawn from the Point G to H, 


will + fall in the Points B and D. Let this Line be + . 


EBGHD. And becaufe G is the Centre of the Circle 
ABDC, the Line BG will be equal to GD. There- 
fore BG is than HD, and BH much greater 
than HD. in, fince H is the Centre of the Circle 
EBF, the Line BH is equal to HD. But it has been 
oved to be much greater than it, which is abſurd. 
an one Circle cannot touch another Circle in- 
. wardly in more Points than on. 

Secondly, Let the Circle ACE, if poſlible, touch 
the Circle ABDC outwardly, in more Points than one, 
viz. in A and C; and let A and C be joined. 

Now, becauſe two Points, A and C, are aſſumed in 
the Circumference of each of the Circles ABDC,ACK, 


a Right Line joining theſe two Points will fall t within f= & ec. 


either of the Circles. But it falls within the Circle 
ABDC, and without the Circle ACE, which is abſurd, 
Therefore one Circle cannot touch another Circle in 
more Points than one outwardly. But it has been 

ved, that one Circle cannot touch another Circle 
inwardly [in more Points than one]. Wherefore, ore 
Circle cannot touch another in more Points than one, * 

4 


1 — 2 x 
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tber it be i or outwardh.; which was to be de- 


PROPOSITION XIV. 

Di 5 
Equal Right Lines in a Circle are equally diſtant 
from the Centre ; and Right Lines, which are 
equally diſtant from the Centre, are equal be- 
tween themſelves. 


LET AB DC be a Circle, wherein are the equal 
Right Lines AB, CD. I fay, theſe Lines ace 
equally diſtant from the Centre of the Circle. 

For, let E be the Centre of the Circle ABDC 
from which let there be drawn EF and EG, perpendi- 
cular to AB and CD; and let AE and EC be joined. 

Then, becauſe a Right Line EF, drawn thro” the 
Centre, cuts the Right Line AB, not drawn thro' the 
Centre, at Right Angles, it will “ biſect the fame. 
Wherefore AF is equal to FB, and fo AB is double 
to AF. For the ſame Reaſon CD is double to CG ; 
but AB is equal to CD; therefore AF is equal to 
CG: And becauſe AE is equal to E C, the Square of 
AE ſhall be equal to the Square of EC. But the 
Squares of AF andFE are + equal to the Square of 
AE ; for the Angle at F is a Right Angle : And the 

uares of EG and GC are equal to the Square of 
EC, fince the Angle at G isa Right one. Therefore 
the Squares of AF and FE are equal to the Squares of 
CG and GE. But the Square of A F is equal to the 
Square of CG; for AF isequal to CG. refore 
the Square of FE is equal to the Square of EG ; and 


2 4. F ſo FE equal to EG. Alſo Lines in a Circle are ſaid 


to be equally diſtant from the Centre, when Perpen- 
diculars drawn to them from the Centre are equal. 
— AB and CD are equally diſlant from the 
e. | | 
But if AB and CD are E ious from the 
Centre, that is, if FE be equal to EG; Ifay, AB is 
equal to C D. c 


For, the ſame Conſtruction being ſuppoſed, we de- 
monſtrate, as above, that A B is double to AF, 8 
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CD toCG; and becauſe AE is equal to EC, the 
Square of AE will be equal to the Square of EC. But 
the ures of EF and 

of AE ; alſo the Squares of EG and GC are equal + 
to the Square of EC. Therefore the Squares of EF 
and FA are equal to the Squares of EG and GC. But 
Freren: for 
EG is equal to EF. Therefore the Square of AF is 
equal to the Square of CG; and ſo AF is equal to CG. 
But AB is double to AF, and CD to CG; whence 
AB is equal to CD. Therefore, equal Right Lines in 
a Circle are equally diſtant from the Centre; and Right 
Lines, which are equally diſtant from the Centre, are 
1 themſelves ; which was to be demon- 


PROPOSITION XV. 


THEOREM. 


A Diameter is the greateſt Line in a Circle; and of 
all the other Lines therein, that which is neareſt 
to the Centre is greater than that more remote. 


LET ABCD be a Circle whoſe Diameter is AD, 
and Centre E; and let BC be nearer to the Cen- 
tre than FG. I fay, AD is the greateſt, and BC is 
greater than FG. 

For, let the Perpendiculars EH, EK, be drawn from 
the Centre E to BC, FG. Now, becauſe BC is nearer 
to the Centre than FG, EK will be greater than EH. 
Let EL be equal to EH; draw 3 
Angles to EK, which produce to N; and let EM, 
EN, EF, EG, be joined. ; 

Then, becauſe EH is equal to EL, the Line BC 


will be equal to MN “. And, fince AE is equal to 14 4 


EM, and DE toEN, AD will be equal to ME and 


EN. But ME and EN are + greater than MN: And + 20. . 


ſo AD is greater than MN; and NM is equal to BC. 
Therefore AD is greater than BC. And ſince the two 
Sides EM, EN, are equal to the two Sides FE, EG, 
and the MEN greater than the Angle FEG, the 


Baſe MN ſhall be 1 greater than the Baſe FG. But x . x. 


MN is equal to BC. Therefore BC is * 


A are equal to the Square + 47, r. 


5. 1. 


+ 7. 1. 


I 12. 1. 


19. x, 
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And ſo the Diameter A D is the and 
BC is greater than FG. Wherefore, the Diameter is 
the greatg Line in r all the ather Lines 
therein, that which is neareſt to the is greater than 
that more remote ; which was to be demonſtrated. 


PROPOSITION XVL 


THEOREM. 


A Line drawn from the extreme [ Point] of the 
Diameter of a Circle, at Right Angles to that 
Diameter, ſball fall without the Circle; and 
between the ſaid Right Line, and the Circum- 
ference, no other Right Line can be drawn ; 
and the Angle of a Semicircle is er than 
any Right-lined acute Angle; and the remain- 
ing Angle [ viz. without the Circumference] is 
leſs than any Right-lined Angle. 


LET ABC be a Circle, whoſe Centre is D, and 

Diameter AB. I fay, a Right Line, drawn from 

2 _ A at Right Angles to AB, falls without the 
ircle. 

For, if it does not, let it fall, if poſſible, within the 
Circle, as AC; and join DC. 

Now, becauſe DA is equal to DC, the Angle DAC 
ſhall be“ equal to the Angle ACD. But DAC is a 
Right Angle; therefore ACD is a Right Angle: And 
accordingly the Angles DAC, ACD, are equal to two 
Right Angles ; which is abſurd . Therefore a Right 
Line, drawn from the Point A at Right Angles to BA, 
will not fall within the Circle; and fo likewiſe we 
prove, that it neither falls in the Circumference. 
Therefore, it will neceſſarily fall without the ſame ; 
which now let be AE. ; 

Again, between the Right Line AE and the Cir- 
cumterence CHA, no other Right Line can be drawn. 

For, if there can, let it be FA, and let 4 DG be 
drawn, from the Centre D, at Right Angles to FA. 

Now, becauſe AGD is a Right Angle, and DAG 
is leſs than a Right Angle, DA will be greater than 
DG“. But DA is equal to DH. Therefore DH is 


greater 


FG. 
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than DG, the leſs than the greater; which is 
abſurd, i Wherefore,” 19 Right Line com be draws be- 
tween AE, and the Circumference AHC. I fay, more- 
over, that the Angle of the Semicirele, conta ned 
under the Right Line BA, and the Circumference 
CHA, is greater than any Right-lined acute Angle; 
and the remaining Angle contained unter the Circum- 
ference CHA, and the Right Line AE, is leſs than 
any Right-lined Angle. D I 4 
For it any Right-lined acute Angle be greater than 
the Angle contained under the Right Line BA, and 
the Circumference CHA ; or if any Right-hned An- 
gle be leſs than that contained under the Circumference 
CHA, and the Right Line AE; then a Right Line 
may be drawn between the Circumference CHA, and 
the Right Line AE, making aa Angle (contained under 
Right Lines) greater than that contained under the 
Right Line BA, and the Circumſetence CHA, and leſs 
than that contained under the Circumferegce CHA, 
and the Right Line AE. But fuch a Right Line can- 
not be drawn, from what has been proved. There- 
fore, no Right-lined acute Angle is greater than the Angle 
contained under the Right Line B A, and the Circurnfe- 
rence CHA; nor leſs than the Angle contained under the 
Circumference CHA, and the Rignt Line AE; which 
was to be demonſtrated. | 


Coroll. From hence it is manifeſt, that a Right Line, 
drawn at Right Angles, on the End of the Diameter 
of a Circle, touches the Circle, and that in one 
Point only; becauſe, if it ſhould meet it in two 
Points, it would fall within the ſame ; * as has been 2 / 1815. 
demonſtrated. Th 


PROPOSITION XVIII. 


PROBLEM. 


To draw a Right Line from a given Paint, that 
Hall touch a given Circle. 


LET A be the Point given, and BCD the Circle. 

It is required to draw a Right Line from tae Point 

A, that fhall touch the won Circle BCD. 
wy 


Let 


32 
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Let E be the Centre of the Circle, and join AE; 
then about the Centre E, with the Diſtance EA, de- 
ſcribe the Circle AFG; draw DF *® at Right 
toEA, and join EBF, and AB. I fay, the Right 
Line AB is drawn from the Point A, touching the 
Circle BCD. 

For, fince E is the Centre of the Circles BCD, 
AFG, the Line EA will be equal to EF, and ED to 
EB. Therefore the two Sides AE, E B, are equal to 
the two Sides FE, ED, each to each; and they con- 
tain the common Angle E. Wherefore the Baſe DF 
is + equal to the Bel AB, and the Triangle DEF 
equal to the Triangle EBA, and the remaining An- 
gles of the one equal to the remaining Angles of the 
other. And ſo the © EBA in eq clothe 
EDF. But EDF is a 
is alſo a Right Angle, —1 bB is a — drawn = 
the Centre ; but a Right Line, drawn from the Ex- 


2 16. of tremity of the Diameter of a Circle 1 


to it, touches the Circle. Wherefore, A 
Circle ; which was to be done. 


PROPOSITION XVII. 


THEOREM. 


If any Right Line touches a Circle, and from the 
Centre to the Point of Contadt a Right Line be 
drawn ; that Line will W to the 
Tangent. 


LLET any any Right Line DE touch a Circle ABC in 


the Point C, and let there be drawn the Right 

Line FC from the Centre F. I fay, FC is perpendi- 
cular to DE. 

For, if it be not, let FG be drawn * from the Cen- 


tre F, perpendicular to DE. 
Now, becauſe the Angle F GC is a Right Angle, 


+0 » Fo eGCF will be + an acute Angle; and ac- 


32. 1. 
119. 1. 


cordingly the e F GC is greater than the le 

eee ger than he Ange 

Side. Therefore F C is greater than FG. But FC 

is equal to FB, Wü 
4 


Book III. Euchds ELRNMENTS. 


a leſs than a greater; which is abſurd. Therefore 

FG is not perpendicular to DE. And in the ſame 

manner we prove, that no other Right Line but FC 
is perpendicular to DE. Wherefore FC is perpendi- 
cular to DE. Therefore, if any Right Line touches a 
Circle, and from the Centre to the Point of Conta? a 

| Right Line be drawn, that Line will be perpendicular to 
the Tangent ; which was to be demonſtrated. 


PROPOSITION XIX. 


THEOREM. 


Tf any Right Line touches a Circle, and from 
the Point of Contact a Right Line be drawn 
at Right Angles to the Tangent, the Centre of 
the Circle ſhall be in the ſaid Line. 


LET any Right Line DE touch the Circle ABC in 
C, and let CA be drawn from the Point C ar Right 
on to DE. I fay, the Circle's Centre is in / C. 
or if it be not, let F be the Centre, if poſhble ; 
and join CF. 
en, becauſe the Right Line DE touches the Cir- 
cle ABC, and FC is drawn from the Centre to the 


Point of Contact; FC will be perpendicular to DE *. * 18 of this, 


And ſo the Angle FCE is a Right one. But ACE is 


alſo a 2 Angle 4 : Therefore the Angle FCE is + From the 


equal to the Angle ABE, a leſs to a greater; which 
is abſurd. Therefore F is not the Centre of the Circle 
ABC. After this manner we prove, that the Centre 
of the Circle can be in no other Line, but AC. 
Wherefore, if any Right Line touches a Circle, and 
from the Point of Contact a Right Line be drawn at 
Right Angles to the Tangent, the Centre of the Circle 
N the ſaid Line; which was to be demon- 
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PROPOSITION XX. 


THEOREM. 


The Angle at the Centre of the Circle is double to 
the Angle at the Circumference, when the ſame 
Arc is the Baſe of both Angles. 


Ul 


L ET ABC be a Circle, at the Centre E whereof is 

the Angle BEC, and at the Circumference, the 

Angle BAC. both of which ſtand upon the ſame Arc 

=, I fay, the Angle BEC is double to the Angle 
A 

For join A and produce it to F. 

Then, becauſe EA is equal t EB, the Angle EAB 
ſhall be equal to the Angle EBA. Therefore the 
Angles EAB, EBA, are double to the Angle EAB ; 
Way the Angle BEF is + equal to the Angles EAB, 
EBA; therefore the Angle BEF is double to the Angle 
E BA. For the ſame Reaſon, the Angle FEC is double 
to EAC. Therefore the whole Angle BEC is double 
to the whole Angle BAC. Azain, let there be another 
Angle BDC; and join DE, which produce to G. 
We n in the ſame manner, that the Angle 
GEC is double to the Angle GDC; whereof the Part 
GEB is double to the Pr GDB. And therefore the 
remaining Part BEC is double to the remaining Part 
BDC. Conlequently, an Angle at the Centre of a Cir- 
cle is double to the Angle at the Circumference, when the 


fame Arc is the Baſe of beth Angles; which was to be 


demonſtrated. 


PROPOSITION XXI. 


THEOREM. 


Angles that are in the ſame Segment of a Circle, 
are equal to each other. 


L ET ABCDE be a Circle, and let BAD, BED, 
be Angles in the ſame Segment thereof BAED. I 
4 thuſe Ang 


les are equal. 
For, 
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For, let F be the Centre of the Circle ABC DE; 
and join BF, FD. 
Nov, becauſe the Angle BFD is at the Centre, and 
the Angle BAD at the Circumference, and they ſtand 
upon the ſame Arc BCD; the Angle BFD will be 1 t 209f 444. 
double to the Angle BAD. For the ſame Reaſon, the 
Angle BF is allo double to the Angle BED. I here- 
tore the Angle BAD will be equal to the Angle BED. 

It the Angles BAD, RED, are in a Segment leſs 
than a Semicircle, let AE be drawn ; and then all the 
Angles of the Triangle ABG are + equal to all the + 32. 1. 
Augles of the Triangle DEG. But the Angles ABE, 
AL E, are equal, from what has been before proved; 
and the Angles AGB, DGE, are alſo equal t; for t 5. 2, 
they are vertical Angles. Wherefore the remaining 
Angle BAG is equal to the remaining Angle GED. 
Tnerefore, Angles that are in the ſame Segment of a 
Circle, are equal to each ather ; which was to be de- 
monſtrated. 


PROPOSITION XXII. 


THEOREM. 


The oppoſite Angles of any quadrilateral Figure, 
deſcribed in a Circle, are equal to two Right 
Angles. 


L ET ABDC be a Circle, wherein is deſcribed the 
quadrilateral Figure ABCD. I ſay, two oppoſite 
Angles thereof are equal to two Right Angles. 
For join AD, BC. 
Then, becauſe the three Angles of any Triangle are 
* equal to two Right Angles, the three Angles of the 32. z, 
Triangle ABC, viz. the Angles CAB, ABC, BCA, 
are equal to two Right Angles. But the Angle ABC 
is + equal to the Angle ADC ; 
the ſame Segment ABDC. And the Angle ACB is 
+ equal to the Angle ADB, becauſe they are in the 
ſame Segment ACDB; therefore the whole Angie 
BDC is equal to the Angles ABC, ACB; and it the 
common Angle BAC be added, then the Angles BAC, 
ABC, ACB, are equal to the Angles BAC, BDC; but 
the Angles BAC, ABC, ACB, are equal | to two Right f 32. r. 
G 3 Angles, 


for they are both in F 21 T. 
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| poſite Angles of any quadrilateral Figure, 


* Def. Tis 
of this. / 


+ 16, 1. 
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les. Therefore likewiſe, the Angles BAC, BDC, 
be equal to two Right Angles. And after the 
fame W ABD, ACD, are 

the p- 
C qual Right Angles ; 2 
ircle, are equal to two ; which was to 
demonſtrated. 


PROPOSITION XXII. 


THEOREM. 

Two ſimilar and unequal Segments of two Circles 

cannot be ſet upon the ſame Right Line, and 
on the ſame Side thereof. 


FOR if this be poſſible, let the two ſimilar and un- 

equal Segments ACB, ADB, of two Circles, ſtand 
upon the Right Line AB on the fame Side thereof. 
Draw ACD, and let CB, BD, be joined. Now, be- 
cauſe the Segment AcB is fimilar to the Segment 
ADB, and fimilar Segments of Circles are “ ſuch 
which include equal Angles ; the Angle ACB will be 
equal to the Angle ADB; the outward one to the in- 
ward one; which is + abſurd. Therefore, furilar and 
unequal Segments of two Circles cannot be ſet upon the 


ſame Right Line, and on the ſame Side thereof; which 


was to be demonſtrated. 


PROPOSITION XXIV. 
THEOREM. 


Similar Segments of Circles, being upon equel 
Right Lines, are equal to one another. 


12 AEB, CFD, be ſimilar Se 288 
Randing upon the equal Righ t Lines AB, CD. I 
fay, the ent AEB is — to the CFD. 

For the AEB being applied to the 
ment CFD, fo that r coincides with 
and the Line AB with CD; then the Point B will 
coincide with 22 

eq 
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„the Segment AEB will coincide with the Seg- 
ment CFD. For if, at the fame Time that AB co- 
incides with CD, the Segment AEB ſhould not co- 
incide with the Segment CFD, but be otherwiſe, as 
CGD ; then a Circle would -cut a Circle in more 
Points than two, viz. in the Points C, G, D; which 


is ® impoſſible. Wherefore, if the Right Line AB 10 . 


coincides with CD, the Segment AEB will coincide 
with, and be equal to, the Segment CFD. Therefore, 


fomilar Segments of Circles, being upon equal Right Lines, 
are equal to one another; which was to be demon- 


ſtrated. | 
PROPOSITION XXV. 


PROBLEM. 


of a Circle being given, to deſcribe the 
Circle whereof it is the Segment. 


ET ABC be a Segment of a Circle given. It is 
L required to deſcribe a Circle, whereot ABC is a 
ent. 


A 


And fince the Right Line AB coincides wick 


iſect * AC in D, and let DB be drawn + from the “ ro. r. 
Point D at Right Angles to AC; and join AB. Now f 1.1. 


the Angle ABD is either greater, equal, or leſs, than 


the Angle BAD. And firſt let it be greater and make f f 23. 1. 


the Angle BAE at the given Point A, with the Right 
Line BA, equal to the Angle ABD ; produce BD to 
E, and join EC. | 

Then, becauſe the Angle ABE is equal fo the An- 


gle BAE, the Right Line BE will be * equal to EA. 6. 1. 


And becauſe AD is equal to DC, and DE common, 
the two Sides AD, DE, are each equal to the two 
Sides CD, DE; and the Angle ADE is equal to the 
Angle CDE; for each is a Right one. Therefore 
the Baſe AE is equal to the Baſe EC. But AE has 
been proved to be equal to EB. Wherefore BE is 
alſo equal to EC. And accordingly the three Right 
Lines AE, EB, EC, are equal to each other. There- 
fore a Circle deſcribed about the Centre E, with ei- 


ther of the Diſtances AE, EB, EC, + ſhall paſs thro' f g of wi, 


the other Points, and be that required to be deſcribed. 
But it is manifeſt, 9 
4 


a Semi- 
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a Semicircle, becauſe the Centre therefore i is without 
the ſame. 

But if the Angle ABD be equal to the Angle BAD; 
then if AD be made equal to BD, or DC, the three 
Right Lines AD, BD, DC, are equal derween them- 
ſelves, and D will be the Centre of the Circle to be 
deſcribed, and the Segment ABC'is a Semicircle. 

But if the Angle ABD is leſs than the Angle BAD, 
let the Angle BAE be made, at the given Point A, 
with the Rigbt Line BA, within the Segment ABC, 
equal to the Angle ABD, 

Then the Point E, in the Right L'ne DB, will, by 
arguing as before, appear to be the Centre, and ABC 
A Segment greater tl. an a Semicircle. Therefore, a 
Circle is deferibed, whereof a Segment is given; which 
was to be done. 


PROPOSITION XXVI. 


THEORE RI. 


In equal Circles, equa! Angles fland upon equal 
Circumferences, whether they be at therr Cen- 
tres, or at their Circumſerences. 


LET ABC, DEF, be equal Circles; and let BGC, 

EHF, be equal Angles at their Centres; and 
FAC, E DP, equa} Angles at their Circumferences. 
] fav, the Ci:cumference BEC is equal to the Cu- 
cumference ELF. 

For, let BC, EF, be juincd. Becauſe ABC, DEF, 
arc equal Circles, the Lines drawn from their Centres 
will + be equal. Therefore the two Sides BG, GC, 
are equa] to the two Sides EH, HF; and the Angle 
G is equal to the Angle H. Wherefore the Baie 
BC is * equal to the Baie EF. Again, becauſe the 

Angle at A is equal to that at D, the Segment BAC 
will be + fimilar to the Segment EDF; and they are 
upon equal Right Lines BC, EF. But thoſe fimilar 
Segments of Circles, that are upon equal Right Lines, 
are I equal to each other. Therefore the Circumfe- 
rence BAC will be + equal to the Circumference EDF. 
But-the whole Circumference ABCA is equal to the 
whole Circumference DEFD. Therefore the remain- 


ing 
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ing Circumference BE C ſhall be equal to the remain- 
ing Circumference ELF. Therefore, equal Circles, 
equal Anyles 2 upon equal Circumferences, whether 
they be at their Centres, or at their Circumferences ; 
which was to be demonſtrated. 


PROPOSITION XXVII. 


THEOREM. 


Angles, that ſtand upon equal Circumferences in 
equal Circles, are equal to each other, whether 
they be at their Centres, or Circumferences. 


LET the Angles BGC. EHF, at the Centres of 

the equal Circles ABC, DEF, and the Angles 
BAC, EDF, at their Circumferences, ſtand upon 
the equal Circumferences BC, EF. I fay, the Angle 
BGC is equal to the Angle EHF, and the Angle BAC 
to the Angle EDF. 

For if the Angle BGC be equal to the Angle EHF, | 
it is manifeſt, that the Angle BAC is alſoequal to the | 
Angle EDF: But it the . BGC de not equal to 
the Angle EHF, let one of them be the greater, as 
BGC, and make * the Angle BGK, at the Point G, 23: . 
with the Line BG, equal to the 2 EHF. But 
equal Angles ſtand + upon equal Circumferences, + 26 o is. 
when they ate at the Centres. Wherefore the Circum- 
ference BK is equal to the Circumference EF. But 
the Circumference EF is equal to the Circumference 
BC. Therefore BK is equal to BC, a leſs to a greater, 
which is abſurd. Wherefore the Angle BGC is not 
unequal to the Angle EHF, and fo it muſt be equal to 
it, But the Angle at A is one half of the Angle 
BGC; and the Angle at D is one half of the Angle 
EHF. Therefore the Angle at A is equal to the Angle 
at D. Wherefore, 1 that land upon equal Cir- 
cumferences in equal Circles, are equal to each other, whe- 
ther they be at their Centres, or Circumferences ; which 
was to be demonſtrated. 


PRO- 
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PROPOSITION XXVIII. . p 


THEOREM. 


In equal Circles, equal Right Lines cut off equal 
Parts of the Circumferences; the greater Part 
of the one Circumference equal to the greater 
Part of the other, and the leſſer, equal to the 


leſſer. 


LE T ABC, DEF, be equal Circles, in which 
ate the equal Right Lines BC, EF, which cut 
off the greater Circumferences BAC, EDF, and the 
leſſer Circumſerences BGC, EHF. I fay, the greater 
Circumference BAC is equa! to the greater Circum- 
ference EDF, and the leſſer Circumterence BGC to 
the lefſer Circumference EHF. | 
For aſſume the Centres K and L of the Circles; 
and join BK, KC, EL, LF. 
Becauſe the Circles are equa}, the Lines drawn 
® Def. 1: from their Centres * are alſo equal. Therefore the 
two Sides BK, KC, are equal to the two Sides 
EL, LF; and the Baſe BC is equal to the Baſe EF. 
+8.7, Therefore the Angle BE C is + equal to the Angle 
1 26ef this. ELF. But equal Angles ftand | upon equal Circum- 
ferences, when are at the Centres. Wherefore 
the Circumference is equal to the Circumference 
EHF, and the whole Circumference ABCA equal to 
the whole Circumference DEFD ; and fo the remain- 
ing Circumference BAC ſhall be equal to the remain- 
ing Circumference EDF. Therefore, in equal Circles, 
equal Right Lines cut off equal Parts of the Circum- 
ferences ; which was to be demonſt 


PROPOSITION XXX. 


THEOREM. 
In equal Circles, the Right Lines, which ſubtend 
equal Circumferences, are equal. 
LET there be two equal Circles, ABC, DEF ; 


and let the equal Circumferences BGC, EHF, 
be aſſumed in them, and BC, EF, Joined. I BY 
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8 * Line B C is equal to the Right Line 

For, find * K and L, the Centres of the Circles; e of this. 
and join BK, KC, EL, LF. 

n, becauſe the Circumference BGC is equal to 

the Circumference E HF, the e BE C ſhall be 
+ equal to the Angle ELF. And uſe the Circles f 27 of this. 
ABC, DEF, are equal, the Lines drawn from their 
Centres ſhall be equal. Therefore the two Sides 1 Pf: 2. 
BK, KC, are equal to the two Sides EL, LF; 
and they contain equal _ Wherefore the Baſe 
3 83 F. And ſo, in Cir- T4. 1. 
cles, T4 nes, which ſubtend equal Circumfe- 
rences, are equal ; which was to be demonſtrated. 


PROPOSITION XXX. 


PROBLEM. 


To cut 4 given Circumference into two equal 
Parts. | SR 


LET the given Circumference be ADB. It is re- 
quired to cut the ſame into two equal Parts, 
Join AB, which biſect “ in C; and let the Right “ 10. 2. 
Line CD be drawn from the Point C at Right 
toAB+; and join AD, DB. + 11. 1. 
Now, becauſe AC is equal to CB, and CD is 
common, the two Sides AC, CD, are equal to the 
two Sides BC, CD; but the Angle ACD is equal 


to the Angle BCD; for each of them is a Right 

Angle: Therefore the Baſe AD is + equal to the + 4. :. 
Baſe BD. But equal Right Lines cut t off equal t 28 of tbr, 
Circumferences. Wherefore the Circumference AD 

ſhall be equal to the Circumference BD. Therefore, 

a given Circumference is cut into two equal Paris; which 

was to be done, | 


PRO. 
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PROPOSITION XXXI. 


THEOREM. 


In a Circle, the Angle that is in a Semicircle, is a 
Right Angle; but the Angle in a greater Seg- 
ment ts leſs than a Right Angle; and the Angle 
7n a leſſer Segment, greater than a Right Angle: 
Moreover, the Angle of a greater Segment is 
greater than a Right Angle; and ihe Angle of 
a leſſer Segment is leſs than a Right Angle. 


LE T there be a Circle ABDC, whoſe Diameter is 


28. 1. 


+ 32. 1. 


Def. 10.1. 


® 27. 1. 


+ 22 of this, 


BC, and Centre E; and join BA, AC, AD, DC. 
J fay, the Angle which is in the Semicircle BAC is a 
Right Angle; that which is in the Segment ABC be- 
ing greater than a Semicircle, viz. the Angle APC 1s 
lets than a Right Angle; and that which is in the Seg- 
ment ADC being leſs than a Semicircle ; that is, the 
Angle ADC is greater than a Right Angle. 

For, join AE, and produce BA to F. | 

Then, becauſe BE is equal to EA, the Angle EAB 
ſha!] be “ equal to the Angle EBA. And becaufe 
AE is equal to EC, the Angle ACE will be ® equal 
to the Angle CAE. Therefore the whole Angle 
BAC, is equal to the two Angles ABC, ACB; 
but the Angle FAC, being without the Triangle 
ABC, is + equal to the two Angles ABC, ACR; 
therefore the Angie BAC is equal to the Angle 
FAC; and fo each of them is 1 a Right Angle. 
Wherefore, i Angle BAC, in a Semicircle, is a Rrobt 
Angle. And becauſe the two Angles ABC, BAC, 
of the Triangle AEC“, are lets than two Right 
Anglus, ard EACis« Fight Angle; then, ABC z:& 
tefs hun a Right Arg» ; and it, in the Segment ABC, 
greater than a Semicirclc. 

And ſince ABCD is a quadrilateral Figure in a 
Circle, and the oppoſite Angles of any quedrilateral 
Figure deſcribed in a Circle are + equal to two Right 
Angles; the Angles ABC, ADC, are equal to two 
Right Angles; and the Angle ABC is leſs than a 
Right Angle, Therttore, the remaining Angle A w_ 
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will be greater than a Right Angle; and is in the Seg- 
ment ADC, which is leſs than a Semicirele. 

I fay, moreover, the Angle of the greater Segment 
contained under the Circumference ABC and the 
Right Line AC, is greater than a Right Angle; and 
the Angle of the leſſer Segment, contained under the 
Circumference ADC, and the Right Line AC, is leſs 
than a Right Angle. This manifeftly appears ; for, 
becauſe the Angle contained under the Right Lines 
BA, AC, is a Right Angle; the Angle contained 
under the Circumference ABC, and the Right Line 
AC, will be greater than a Right Angle. Again, be- 
cauſe the Angle contained under the Right Lines CA, 
AF, is a Right Angle, therefore the Angle which is 
contained under the Right Line AC, and the Circum- 
ference ADC, is leſs than a Right Angle. Therefore, 
in a Circle, the Angle that is in the Semicircle is a Right 
Angle ; but the Angle in a greater Segment is leſs thun a 
Right Angle; and the Angle in a leſſer Segment, greater 
than a Right Angle : Moreover, the Angle of a greater 
Segment is greater than a Right Angle; and the Angle 
of a leſſer Segment is leſs than a Right Angle; which 
was to be demonſtrated. 


PROPOSITION XXXIL. 


THEOREM. 


If any Rigbt Line touches a Circle, and a Right 
Line be drawn from the Point of Contact cut- 
ting the Circle; the Angles it makes with the 
Tangent Line, will be equal to thoſe which are 
made in the alternate Segments of the Circle. 


L ET = Right Line EF touch the Circle ABCD 
in the Point B, and let the Right Line BD be 


any how drawn from the Point B, cutting the Circle, 
I tay, the Angles which BD makes with the Tangent 
Line EF, are equal to thoſe in the alternate Segments 
of the Circle ; that is, the Angle FBD is equal to an 
Angle made in the Segment DAB, viz. to the Angle 
DAB; and the Angle DBE equal to the Angle DCB, 
made in the Segment DC B. For, 


Draw 
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© 1. 1. Draw * BA, from the Point B, at Ri 
EF; and take N. Point C, in the 
BD; and join AD, DC, CB. 

Then, becauſe the Right Line EF touches the Cir- 

cle ABC D in the Point B; and the Right Line BA 

is drawn from the Point of Contact B, at Right Angles 

_ to the Ta: Line; the Centre of the Circle 

* BA-is a Danncter of the Circle and the Angle ADB, 


Book III. 


m 32 of :5is, in a Semicircle is 4 a Right Angle. Therefore the 

* 32. 2. Other es, BAD, „are“ equal to one Ri 
Angle. ut the Angle ABF is alſo a Right : 
Therefore the Angle ABF is to the Angles 


BAD, ABD; andif ABD, which is common, be 
taken away, 
be 
the 


then the A BDE, will 
Odd © the —— 11m. of 
ircle, viz. equal to the Angle BAD. And be- 
cauſe ABCD is aquadrilateral Figure in a Citcle, the 
+ 32 of this, oppoſite Angles thereof are + equal to two Right 
; therefore the Angles DBF, DBE, will be 
| to the BAD, BCD. But BAD has 
been proved to be equal to B DF; therefore the An- 
gle DBE is equal to the Angle made in D CB, the 
alternate t of the Circle, vix. to the 
Angle DCB. Therefore, if any Right touches 
a Circle, cud @ Right Line be drown from the Point of 
Conta#t cutting the Circle ; the Angles it makes with the 
Tangent Line, will be equal io thoſe which are made in 
the alternate Segments of the Circle ; which was to be 
demonſtrated. 


PROPOSITION XXIII. 


PROBLEM. 


e prog. ght Line, a Segment 
of a Circle, which ſhall contain an Angle, equal 
to a given Right-lined Angle. | : 


LEF the given Right Line be AB, and Cthe given 
Right-lined 4 Angle. It is required to deſcribe the 
Segment of a Circle upon the given Right Line A B, 
containing an Angle, equal to the Angle C. 1 
t 


4 
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At the Point A, with the Righe Line AB, make 
1 the BAD equal to 14 and draw 123. 1. 
* AE from the Point A, at Right Angles to AD. 1. . 
Likewiſe biſet+ABinF, and let yu be drawn f 10. 1. 
Rn moaodbers ay 
Then, becauſe AF is equal to FB, and FG is com- 
mon, the two Sides AF, F G, are equal to the two 
Sides BF, FG; and the Angie AFG is equal to the 
le BFG. Therefore the Baſe AG is t equal to Þ 4+ *+ 
GB. And fo, if a Circle be deſcribed about 
he Crire G, with the Diſtance A G, this ſhall paſs 
thro” the Point B. Deſcribe the Cirele, which let be 
ABE, and join EB. Now, becauſe AD is drawn 
from the Point A. the Extremity of the Diameter , 
AE, at Right Angles to AE, the faid AD will * © 1 
touch the Circle. And fince the Right Line AD 
touches the Circle ABE, and the Right Line AB is 
, 3 
le DA r Angle made in the alter- f 32 of tis, 
— z. equal to the Angle AEB. But 
__ Ange DAB iv equal to the le C. Therefore 
Ang C will be equal to the AEB. Where- 
1 of a Circle AEB ©: dcn upon the 
giees Right Line Aids cnteining an Bogle ARE, equal 
to a given Angle C; which was to be done. 


PROPOSITION XXXIV. 


PROBLEM. 


To cut off a Segment from a given Circle, that 
ſhall contain an Angle, equal to a given Right- 
lined Angle. 


LET the given Circle be ABC, and the Right- 
Ezed Angle given D. It is required to cut off a 
from the Circle ABC, containing an Angle 
equal to the Angle D. 
Draw j the Right Line EF, touching the Circle i in t 17 of this, 
*s Point B, and make * the Angle FBC, at the Point“ 23. 1. 
B, equal to the Angle D. 
"Then, becauſe the Right Line EF touches the Cir- 


cle ABC in the Point B, and BC is drawn * 


96 


* ;: of this. the Point of Contact B the Angle FBC will be ® equal 


Euclids ElemenTs. Book III. 


Angle FBC is equal . he Angle B. Therefore the 
A is to the A the 
a in the BAC will be equal to the Angle 
D. | Therefore, the Sg BAC is cut off from the 


given Circle ABC, containing an Angle equal to the given 


Right-lined Angle D; which was to be done. 
+, Bo | 
PR OPO SITION XXXV. 
Turok u. 


If two Right Lines in a Circle mutually cut each 
other, the Reftangl? gfitained under the Seg- 
ments of the one is #6 the Refangle under 
the Segments of the ather. 


I N the Circle ABCD, let two Right Lines mutually 
cut each other in the Point E. I ſay, the Rect- 
angle contained under AE and EC is equal to the 
Rectangle contained under DE and EB. 
If AC and DB paſs through the Centre, fo that E 


be the Centre of the Circle ABCD; it is manifeſt, 


* 2 of thin, 


t 5 2s 


1 47. 1. 


ſince AE, EC, DE, EB, are equal, that the Rect- 
angle under AE and EC is equal to the Rectangle un- 
der DE and EB. 

But if AC, DB, do not paſs through the Centre, 
aſſume the Centie of the Circle F; from which draw 
FG, FH, perpendicular to the Right Lines AC, DB; 
and join FB, FC, FE. 

en, becauſe the Right Line GF, drawn through 
the Centre, cuts the Right Line AC, not drawn thro” 
the Centre, at Right Angles, it will alſo biſect *“ the 
ſame. Wherefore AG is equal to GC: And be- 
cauſe the Right Line AC is cut into two equal Parts 
in the Point G, and into two unequal Parts in E, the 
Rectangle under AE and EC, together with the Square 
of EG, is + equal to the Square of GC. And if 
the common Square of GF be added, then the Rect- 
angle under AE and EC, together with the Squares of 
EG and GF, is equal to the Squares of CG and GF. 
But the Square of FE is } equal to the Squares of EG 
and GF, and the Square of FC equal þ to the _—_— 

0 
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of CG and GF. . 
and EC, together with the Square 5 i 


| n but CF is 
under AE and EC, rogethep 
Square of EF, is equal to the 
the ſame Reaſon, the 
together with the Square of FE, is equal to the 
of FB. But it has been proved, that the Rectangle 
under AE and EC, together with the Square of FE, is 
alſo equal to the Square of FB. Therefore the Rect- 
angle under AE and EC, with the Square of 
FE, is equal to the Rectangle under DE and EB, to- 
gether with the Square of FK. And if the common 
Square of FE be taken away, then there will remain 
the Rectangle under AE and EC, equal to the Rect- 
angle under DE and EB. Wherefore, Fl two Right 
Lines in a Circle mutually cut each other, the Reftangle, 
contained under the Segments of the one, is equal to the 


Rectangle, under the Segments of the other ; which was 
demonſtrated. 


to be 
PROPOSITION XXXVI. 


THEOREM. 


If ſome Point be taken without a Circle, and from 
that Point two Right Lines fall to the Circle, 
one of which cuts the Circle, and the other 
touches it; the Rectangle contained under the 
whole Secant Line, and its Part between the 

Convexity of the Circle and the aſſumed Point, 

will be equal to the Square of the Tangent Line. 


LET any Point D be aſſumed without the Circle 
ABC, and let two Right Lines DCA, DB, fall 
from the ſaid Point to the Circle; whereof DCA cuts 
the Circle, and DB touches it. I ſay, the Rectangle 
under AD and DC is equal to the Square of DB. 
Now DCA either paſſes thro' the Centre, or not. 
In the firſt Place, let it paſs thro' the Centre of the 
Circle ABC, which let be E, and join EB. Then 


the Angle EBD is ® a Right Angle. And fo, fince * 18 bin 


the Right Line AC is biſrcted in E, and CD is added 
thereto, the Rectangle under AD and DC, * 
5 H ; - with 
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ED. Bak Square of EC, ſhall ® be equal to the Square 
D. 258 is 2 wherefore the Rect- 
angle under AD her with the Square of 
EB, is 40 the Square of of ED. But the Square 
of ED'i n for 
the An 4, D is a : Therefore the 
Rectang de under AD aid BN, — 4 
of EB, bs equal to the Squares of EB and BD; and. 
if the common Square of EB be taken away, the 
Rectangle under AD and DC remaining, will be equal 
to the Square of the Tangent Line BD. 

1e let DCA not paſs thro' the Centre of the 


117 . Cirele ABC; and find 7 the Centre E thereof, and 


® 3 of this, 


6. 2. 


1 47. 7. 


draw Ef perpendicular to AC, and jom EB, EC, 
ED. -Theretore EFD is a Right Angle. And be- 
cauſe a Right Line EF, drawn thro' the Centre, cuts 
a Right Line AC, not drawn thro! the Centre, at Right 
an „un will e biſeet the ame; and ſo AF is equal 
4 ain, fince the Right Line AC is biſected 
in F, and CD is added thereto, the unden 
AD and DC, together with the Square of FC, will 
be * equal to the Square of FD. And if the com- 
mon oquare of EF be added, then che Rectangle 
undet AD and DC, together with the Squares of FC 
and FE, is equal to the Squares of DF and FE, But 
the Square of DE is equal to the Squares of DF and 
FE ; for the Angle E EFD i is a An one; and the 
Square of CE is + equal to the Squares of CF and FE. 
Therefore the Rectangle under AD and DC, together 
with the Square of CE, is equal to he Square of ED 3 
but CE is equal to EB. "Wherafore the R 
under AD and DC, together with the Square of . 
is equal to the Square of ED. But the Squares of 
ES ind BD we fon nel» the uare of ED; ſince 
the Angle EBD is a Right one. Wherefore the Rect- 
angle under AD and DC, together with the Square of 
EB, is equal to 12 BD. And if 
the common N. of EB be taken away, the Rect- 
ngle under and DC, remaining, willi be equal to 
the 2 4 DB. Therefore, if . any Paint be taken 
without a Circle, and from that Point tts Right Lines | 
fall. to the Circle, ane of which cuts the Circle, and the 
other touches it; the Rectangle contained under the whole 


* and its * aa Far: 
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Cireli and the affamed Point, will br equal to the Square 
of the Tangent e; which Was to be demonſtrated. 
5 ; te . J* \ 26 2 n 


PROPOSITION XXXVIL 


1 Nin“ 5! 


TurOoA EZM. 
# ſome Point be talen without a Circle, and two 


Right Lines be drawn from it to the Circle, ſo 
that one cuts it, and the other falls upon it; 


and if the Rectangle under the whale Secant 
Line, and the Part thereof, without the Circle, 
be equal to the Square of the Lins falling pon 
the Circle; then this la Line will touch the 
Circle. | f 


LET ſome Point D be aſſumed without the Circle 

ABC, and from it draw two Right Lines DCA, 
DB, to the Circle, in ſuch manner, that DCA cuts the 
Circle, and DB falls upon it: And let the Rectangle 
under AD and DC be equal to the Square of DB. I 
ſay, the Right Line DB touches the Circle. 


For, let the Right Line DE be drawn * touching * r7 of thiz, 


the Circle ABC, and find F the Centre g of the Cir- 1 1 of «hiv, 


cle; and join EF, FB, FD. 


Then the Angle FED is + a Right Angle. And Þ 18 of this, 


becauſe DE touches the Circle ABC, and DCA cuts it, 
the Rectangle under AD and DC will be equal to the 
Square of DE. But the N under AD and DC 
is equal to the Square of DB. 

of DE ſhall be equal to the Square of DB. And fo the 
Line DE will be equal to the Line DB. But EF is 
equal to FB: Therefore the two Sides DE, EF, are 
equal to the two Sides DB, BF; and the Baſe FD is 


herefore the Square t AN Ax · 


common. Wherefore the Angle DEF is equal ꝰ to the * 8. 1. 


e; wherefore 


Angle DBF: ButDEF is a yr 2 
is a Dia- 


DBF is alfo a Right Angle, and FB p 


meter. But a Right Line drawn at Right Angles, on 
the End of the Diameter of a Circle, touches the Cir- 
cle ; therefore BD neceſſarily touches the Circle. We 
prove this in the ſame manner, if the Centre of the Cir- 
cle be in the Right Line CA. therefore, any Point 
be aſſumed without a Circle, and two Right Lines be 

= drawn 
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drawn from it to the Circle, fo that one cuts it, and the 
other falls upon it; and if the Rectangle under the whole 
Secant Line, 2 the * —_— without the Circle, be 
equal to the e ne falling upon the Circle ; 
then this yy pale a oa which was to 
be demonſtrated. ; 


Coroll. Hence, if from any Point, without a Circle, 
ſeveral Right Lines AB, AC, are drawn, cutting 

the Circle, the R es comprehended under 
the whole Lines AB, AC, and their external Parts 
AE, AF, are equal between themſelves. For, if 
the Tangent AD be drawn, the Rectangle under 
BA and AE is equal to the Square of AD ; and the 
Rectangle under CA and AF is equal to the fame 
- pact Therefore the Rectangles ſhall be 
equal. 


The END of the Tax1rDd Book. 
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BOOK IV. 


DEFINITIONS. 


I. A Right-lined Figure is ſaid to be inſcribed in 

a Right-lined Figure, when every one of 

the Ang les of the inſcribed Figure touches every 

one * the Sides of the Figure wherein it is in- 
ſcribed. 

II. In like manner a Figure is ſaid to be deſcribed 
about a Figure, when every one of the Sides of 
the Figure, circumſcribed, touches every one of 
the Angles of the Figure, about which it is 
circumſcribed. 

III. A Right-lined Figure is ſaid to be inſcribed 
in a Circle, when every one of the Angles of 
that Figure which is inſcribed, touches th Cir- 
cumference of the Circle. 

IV. A Right-lined Figure is ſaid to be deſcribed 
about a Circle, when every one of the Sides of 
the circumſcribed Figure touches the Circum- 
ference of the Circle. 

V. So likewiſe a Circle is ſaid to be inſcribed in a 
Right-lined Figure, when the Circumference of 

H 3 the 
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the Circle touches all the Sides of the Figure in 
which'it is inſcribed. 
VI. 4 Circle is ſaid to be deſcribed about a Figure, 


when the Circumference of thł Circle touches all 
. the Angles of the Figure which it car es. 
VII. 4 Right Line is ſaid to be applied in a Cir- 


cle, when its Extremes are in the Circamference 
of the N | 


201805: 46 & =» EE 


PROPOSITION L 


CL EET IE IT. 


Pao en. 


To apply @ Right Line is a given Circle, equal to 
@ given Right Line, whoſe Ling does not 
a the Diameter of the Circle, 


ET the Circle given be ABC, and the given 
L | 2 * not greater than the Diameter, 
required to apply a Right Line 

in the Circle ans IT the Right Line D. 
_— BC the Diameter of the Circle; then, if BC 
to D, what was required is done : For in the 
ABC — the Right Line BC, equal 

to the Right Line D But if not, the Diameter 
is greater than D, and put CE equal to D; and 
about the Centre C, with h the Diſtance CE, let the 

Circle AEF be deſcribed; and join CA. 

Then, becauſe the Point C ia che Centre of the Cir» 
cle AEF, CA will be equal to CE; but D is equal 


to CE. Wherefore CA is equal to D. And fo, in the 


Circle ABC, there is applied a Right Line CA, equal 10 
the given Right Line D, not greater than the Diameter; 
which was to be done, 


RO. 
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| PROPOSITION 11. 


F a NET 


— ts herds x Tricng op equran- 
gulzr to a given Minis 


LET ABC be a Circle given, and DEF- give 

Triangle. It is required to deſcribe 1 
;n the Circle ABC, equiangular to the Triangle 555 
Draw the Right Line GAH touching the Circle :7. 3. 
ABC in the Point A; and with the Right — AH, 
at the Point A, make + an Angle HAC, equal to the + 23. I, 
Angle DEF. Likewiſe, at the ſame Point A, with 
the Line AG, make the Angle GAB equal 40 the 
Angle DFE ; and j join BC. 

hen, becauſe the Right Line HAG touches the 
Circle ABC, and AC is drawn from the Point of Con- 
tact in the Circle, the Angle HAC ſhall be + equal to 1 32.3. 
ABC, the Angle in the alternate Segment If the 3 
cle. But the Angle HAC is equal to the Angte DE 
therefore — le ABC is equal to the A 
DEF. For the fame Reaſon, the Ale ACB is like- 
wiſe equal to the Angle DF E. Wherefore the other 
Angle BAC __ be + equal to the other Angle EDF. t 4 — 
And, conſequently, the Triangle ABC is equiangular to ** 
the Triangle Ch and is deſerted in the Circle ABC; 
which was * be done. 


PROPOSITION M 


ä PROBLEM. a 
About a given Circle to deſcribe a J riangle, equs- 
Gy angular o à Triangle given. N 


LET ABC be the given Circle, and DEF the given 
Triangle. It is — to deſcribe a Triangle 
_— the Circle ABC, equiangular to the Triangle 
E 
Produce the Side EF, both Ways, to the Points G 
and H, and find the Centre of the Cirale K, and any 
how draw the Line KB. Then at the Point K, with 
ah _ KB 
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23. 1. KB make® the Angle BEA equal to the Angle DEG; 
and the Angle BKC, at, the ſame Point K on the other 

Side the Line KB, equal to the Angle DFH, and thro” 

T 17-3- the Points A, B, C, f let the Right Lines LAM, 

 MBN, NCL, be drawn, touchi — the Circle ABC. 

Then, becauſe the Lines LM, MN, NL. touch the 

Circle ABC i in the Points A, B, C, and the Lines KA, 
EB, EC, are drawn from the Centre K to the Points 
118. 3. A, B, C; the Angles at the Points A. B, C, will be + 
Right Angles. And becauſe the four Angles of the 
quadrilateral Figure AMBK. are equal to four Right 
Angles (for- it may be divided into two Triangles), 
and * Angles KAM, KBM, are each Right Angles; 
thereſore the other Angles AKB. AMB, are equal to 
two Right es. But DEG, DEF, are equal to 
two Right Angles; therefore. the Angles AKB, AMB, 
are equal to — Angles DEG, DEF, whereof AKB is 
equal to DEG. Wherefore the other Angle AMB is 
equal to the other Angle DEF. In like manner we 
demonſtrate, that the Angle LN; is equal to the Angle 
I _— DFE. Therefore the other Angle MLN is 1 equal 
3% *" to the other Angle EDF. Wherefore, the Triangle 
LNM :s — to the Triangle DEF, and is de- 

ſcribed about the Circle ABC; which was to be done. 


'PROPOSTTION IV. 


PROBLEM. 


To inſcribe a Circle in a given Triangle. 


LET ABC be a Triangle given. It is required to 
inſcribe a Circle in the ſame. 
® 3. 7, Cut the Angles ABC, BCA, into two equal Parts 
by the Right Lines BD, DC, meeting each other in 
the Point D; and from this Point draw DE, DF, 
1 12. 1. DG, + perpendicular to the Sides AB, BC, AC. 
Now, * the Angle EBD is equal to the An- - 
Ae the Ri nne ual to the 
big Angle BFD ; then the two Triangles EBD, 
„ have two Angles of the one, equal to two 
Angles of the other, _ one Side DB common to both, 
di. amn. fubtends the equal Angles ; — | 
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the other Sides of the one- ſhall be ® equal to ® 26. 1. 
the other Sides of the other; arid fo DE ſhall be equal 

tw DF. And, for the fame'Reafors, DG is equal to 

DF; therefore DE is-alſo equal to DG: And fo the 

three Right Lines DE, DF, DG, are equal between 
themſelves. Whereſdre a Circle-deſerided about the 
Centre D, with either of the Diſtances DE, DF, DG, 

will alſo paſs thro? the other Points. And the Sides 

AB, BC, AC, will touch it; becauſe the Angles at 

E, F, and G, are Right Angles. For if it ſhould cut 

them, a Right Line, drawn on the Extremity of the 
Diameter of a Circle at Right Angles, will fall with- 

in the Circle; which is *® abſurd. Therefore a Circle * 16. 3. 
deſcribed done the Centre D, with either of the Diſ- 

tances DE, DF, DG, will not cut the Sides AB, 

BC, CA; wherefore it will touch them, and will be 

a Circle deſcribed in the Friangle ABC. Therefore, 

the Circle EFG is deſcribed in the given Triangle ABC; 

e was to de . 


PROPOSITION V. 


PROBLEM. 


To deſcribe à Circle about a given Triangle. 


LE T ABC be a given Triangle. It is required to 
deſcribe a Circle about the ſame. 

Biſect the Sides AB, AC, in the Points D, E; * x. x. 
from which Points let DF, EF, be drawn + at Right + 17. 1. 
Angles to AB, AC, which will meet either within the 
Triangle ABC, or in the Side BC, or without the 
Triangle. 

Firft, Let them meet in the Point F within is Tri- 
angie; und j oin BF, FC, FA. Then, becauſe AD 

B, and DF is common, and at Right 
** to „ AB; ; the Baſe AF will be f equal to the f 4. 1. 
Baſe FB. And after the ſame manner we prove, that 
the Baſe CF is equal to the Baſe FA. Therefore alſo 
is BF equal to CF: And ſo the three Right Lines 
FA, FB, FC, are equal to each other. Wherefore, a 
Circle deſcribed about the Centre F, with either of the 


Diftances, FA, FB, FC, will paſs alſo thro' the other 
Paints, 
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Pants, and will be a Circle deferibed | about the Triangle 


ABC. 
; Sir 
Point P, in the Side BC, as in the ſccond Figu 

and join AF. Then we prove, as before, 2 the 
Print F is the cim of a Circle deferibed about the Tri- 


ABC. 

An. Let the Right Lines DF, EF, meet one 
another again in the Point E, without the Triangle, 
as in the third Figure ; and join AF, FB, FC. And 
becauſe B) is equal ts DB, and DF is common, and 
at Right Angles, the Baſe AF ſhall be equal to the 
Baſe BF. So likewiſe we prove, that CF is alſo equal 
wb | Wherefore BF is equal to CF. And fo 
@ Circle be deſcribed on the Centre F, with ei- 

Diftances FA, FB, FC, it will thre” the 

other — ge will be deſcribed about SR 
ABC ; which was to be done. 


Corell. If a Triangle be Ri net, the Centre of 
the Circle falls in the Side op to the Ri * 
Angle; if acute - angled, it fa within the 
angle; and if obtufe-angled, it falls without the 
Triangle, 


PROPOSITION VI. 


PROBLEM. 


To inſeribe a Square in @ given Circle 


LET ABCD be a Circle given It is required to 
inſcribe a Square within the ſame. 

Draw AC, DB, two Diameters of the Circle, cut- 
+ 11.7% ting one another at Right Angles; and join AB, BC, 


Then, becauſe BE is equal to ED (for E is the 
Il Centre), and EA is common, and at Right Angles to 
li *4.:, BD, the Baſe BA ſhall be * equal to the Baſe AD; 
li and for the fame Reaſon BC, CD, BA, and AD, 
h are all equal to each other. Therefore the quadrilateral 
0 W e ee 


* 
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. For, becauſe the Right Line DB is a Diameter 
of the Circle ABCD, therefore BAD will be a Semi- 
circle. Wherefore the Angle BAD is“ a Right An- 1. 3. 
2 

— Figes: Bur 


fore ABCD is a reftangular q 

it has alſo been proved to — — 
it ſhall neceſſarily be @ Square is in 8 
de ABCD; which was to be done. 


PROPOSITION vil 


__- PROBLEM. . 
To deſeribe o Square about o given Circle. 


LET ABCD be a Circle given, It is required to 
deſcribe a Square about the ſame. 

— AC, BD, _ Diameters of the Circle, cut- 

each other at Right les +; and thro' the Points + xx. x. 
1e 5 draw FG, H, HK, EF, 8 * op. 4 
to the Circle ABCD. 
becauſe FG touches the Circle ABCD, and 

EA is drawn from the Centre E to — Point of Con- 
F * — 
the ſame Reaſon, the Angles at oints 
are Right __ And fince = Angle AEB ap 
Ri oy, le e, as alſo EBG, GH ſhall 1 be parallel to Þ 28. 1. 
AC, and the ſame Reaſon, AC to KF. In this 
manner we prove likewiſe, that GF and HE are pa- 
rallel to BED; and ſo GF is parallel to HE.  There- 
fore GK, GC, AK, FB, BR, ar are Parallelograms ; and 
fo GF is + equal to HK, and Gf to FK. And fince t 34 * 
AC is equal to BD, and AC + equal to either GH or 
FK; and BD to either GF, or HK; GH, or 
FK, is equal to GF, or HK. Therefore FGHE is an 
equilateral quadrilateral Figure : I fay, it is alſo equi- 
angular. Fe or, becauſe GBEA is a Parallelogram, and 
AEB is a Right Angle; then AGB ſhall be allo a 
Right Angle. In like manner we demonſtrate, that 


the Angles at 3 are 
Therefore the fen 5 ns 


gular; but — nga en be equilateral liko- 

wiſe, Wherefore, it muſt neceſſarily be — and it 

deſcribed about the Circle ABCD; which was N * 
4 
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PROPOSITION VIII 


' f 


PROBLEM. 


To dſeribe a Circle n @ given Square. 


1 T the wi neee de ABCD. It is required to 
deſcribe — within the fame. 

Biſe& * the Sides AB, AD, in the Boints F, E; 
and draw + EH thro* E, parallel to AB, of DC; and 
FK thro” P, parallel + to BC, or AD. Then 'AK, 
KB, AH, HD, AG, GC, BG, GD, are all Paralle- 
lograms, and their oppoſite Sides are t equal. And be- 
cauſe DA is to AB, and AE is half of AD, and 
AF half of AB, AE ſhall be equal to AF; but the 
oppoſite Sides are alſo equal. Therefore FG i is equal 
to GE. In like manner we demonſtrate; that GH, or 
GK, is equal to either FG, or GE. Therefore GE, 
GF, GH, GK, ate equal to each other: And fo a Cir- 
cle, deing deſcribed about the Centre G, with either of 
the Diſtances GE, GF, GH, GE, will alfo paſs thro” 
the other Points, and ſhall touch the Sides DA, AB, 
BC, CD; becauſe the Angles at E, F; H, K, are Right 
Angles. For if the Circle ſhould cut the Sides of the 
Square, a Right Line, drawn from the End of the Dia- 
meter of a Circle, at Right Angles, will fall within the 
Circle; which is “ abſurd. — a Circle de- 
ſcribed about the Centre G, with either of the Diſtances 
GE, GF, GH, GK, will not cut DA, AB, BC, CD, 
the Qides of the Square. Wherefore, it ſhall neceſſarily 


#t 


touch them, and will be deſcribed in A 


5 


PROPOSITION. IX. 


PROBLEM. 


To dhrite 6 Coebahut 6 yur ghm: * | 
LN Abc be » Square given. - Jew required e 


ciecumferibe-a Circle about the fame 
Jon AC, BD, my n dne mother in the 
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And fince DA isequal to AB, and AC is common, 
the two Sides DA, AC, are equal tothe two Sides BA, 
AC; but the Baſe DC is eq ual to the Baſe BC. There- 
fore the Angle DAC will Abe ual tothe Angle BAC: 3. 1. 
And conſequently the Angle DAB i is biſected by the 
Right Line AC. In the ſame manner we prove, that 
pon, of the other A ABC, BCD, CDA, are die 
ſeed by the Right nes AC, DB. 
Then, — the — DAB > equal to the An- 
le ABC, and the Angle EAB is half of the Angle 
AB, and the Angle EBA half of be Angle ERA: 


the Angle EAB be equal to the Angle EBA : 

And ſo the Side EA is + to the Side EB. In like + 6. 2. 
manner we demonſtrate, that each of the Right Lines 
EC, ED, is equal to each of the Right Lines EA, 

EB. Therefore the four Right Lines EA, EB, EC 
ED, are equal between themſelves. Wherefore, a 
Circle being deſcribed about the Centre E, with either 
the Diſtances EB, EC, ED, will alſo paſs thre' f 
other Points, and will be deſcribed about Square 
ABCD; which was to be done. 


PROPOSITION X. 


PROBLEM. 


To make an Iſoſceles Triangle, having each of the 
Angles at the Baſe double to the ather Angle. 


CY T* ay 4 ror 4 ght Line AB in the Point C, 11. . 
Coma the e contained under AB and BC 
be equal to the _ of AC; then about the Centre 
A, with the Diſtance AB, let "the Circle BDE be de- 

ſcribed ; and i in te Circle BDE apply the Right Line + of «4;:. 
_—__ equal to AC; which is not greater than the Dia- 
This being done, join DA, DC, and deſcribe 

12 Cizcle ACD about the Triangle ADC. | ts of this. 
Then, becauſe the Rectangle under AB and BC is 
equal to the Square of AC, and AC is equal to BD, the 
Rectangle under Ah and BC ſhalt be equal tothe Square 
of BD. And becauſe ſome Point B, is taken without 

the Circle ACD, and from that Point there fall two 
Right Lines, BCA, BD, to the Circle, one of which 
| cuts 
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cuts the Circle, and the other falls on it ; and fincethe 
under AB and BC is equal ta the Square of 
® 27. 3. — + ng ht LineBD ſhall ® touch the Circle ACD. 
n and DC is drawn from the 
1 of Contact D, the Angle BDC is equal to the 

Angle in the alternate Segment of the Circle, vix. 

+ 32. 3. + tothe Angle DAC. And fince the Angle B 
equal 3 if CDA, which — 
be added, whole Angle BDA is equal tothe two 

2 CDA, DAC. But the outward Angle BCD 

232-7 is I equal to CDA and DAC. Therefore BDA is 

equal ta HCD. But the Angle BDA is equal to the 

Angie CBD, becauſe the Side AD is equal to the Side 

Ag. Wherefore DBA fhall be to BCD: And 
ſo the three. Angles BDA, DBA, BCD, are equal to 
each othes. And fince.the Angle DHC is equal to the 

1 6. 2. AngleBCD, the Side BD is + equal to the Side DC. 
Bus BD is put equal to CA. Therefore CA is equal 

5. 1 to CD. And ſo the CDA is t equal to the An- 
gle DAC. Therefore the Angles CDA, DAC, taken 
together, are double to the Angle DAC. But the An- 
gle BCD is equal to the CDA, and DAC. 

herefore the Angle BCD is double to the Angle 
DAC. But BCD is equal to BDA, or DBA. Where- 
fore BDA, or DBA, is double to DAB. Therefore, 
the Ioſceler Triangle ABD ts made, having each of the 
20 adoring 
to be done. 


Euchd's ELEMENTS. 


PROPOSITION XL 
PROBLEM. 


To eb an equilateral and umn 4 Pen- 
| anne ä 


L's: ABCDE be a Gor cle given. 'Itis requiredto 


deſcribe an * 23 — —__ | 
in the ſame. 


® 10of this: Make an Ifoſceles Triangle FGH, having * edch ET 


of the Angles at the Baſe GH, double to the other 
Angle F ; and deſcribe the Triangle ADC inthe Circle 


1 ABCDE, - equigngular + to the Triangle FGHs © 
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that the Angle CAD be equal tothat at F, and ACD, 
CDA, each equal to the Angles G or H. Wherefore 
the Angles ACD, CDa, are each double to the A 
CAD. This being done, biſect the Angles ® AC 
CDA, by the Right Lines CE, DB, and join AB, BC, 


DE, EA. 

Then, becauſe each of the Angles ACD, CDA, is 
double to CAD, and they are . ECD, 
Lines CE, DB, che five Agi Bac, ACE, 
CDB, BDA, are equal to each other. 


Angles ſtand + upon equal Circumferences. ;; 
foce the five Circumferences = BC, CD, DE; EA; 
22 2 — But equal Circumferences 


-=_ other. . Wherefore ABCDE is 1 
entagon. I ſay, it is alſo equiangular: For becauſe 
is Chron A AB is equal to the Circumference 
DE; by adding the Circumference BCD, which is 
common, the whole Circumference ABCD is equal 
to the whole Circumference EDCB : But the Angle 


AED ſtands on the Circumference ABCD, and BAE 


on the Circumference EDCB; therefore the Angle 
BAE is equal to the Angle AED. For the ſame Rea- 
fon, each of the other Angles ABC, BCD, CDE, is 
to BAE, or AED; wherefore the Pentagon 
ABCDE is equiangular. But it bas been proved to 
be alſo equilateral: And, conſequently, there is an 
lateral and equiangular Pentagon inſcribed in a given 
5 3 Which was to be done. 1 


PROPOSITION XII. 


PROBLEM. 
To deſcribe an equilateral and equiangular Pen- 
tagen about à Circle given. 
LET ABCDE be the given 
to deſcribe an equilateral and cquiznguiar Penta- 
gon about the ſame. 
Lee A, B, C, D, E, be the angular Points of a Pen- 


tagon ſuppoled to be ineribed ia the Circle; 1 


Circumferences AB, BC, CD, DE, EA, be v 
equal; 


K Therefore the five t 29. 3. 
Nabe DA. B CD DE, EA, are equal to 


Circle. It is required 


112 


Þ 39. 3. MG, 


1 18. 3. 


47. 1. 


I 27+ 3+ 


Þ+ 26. 1. 


Euclids Et:xmenTs. Book IV. 


; and let the Right Lines GH, HK, KL, LM, 
be drawn, touching + the Circle in the Points 
©, D, E: Let F be the Cenwe of the Circle 
ABCDE; and join FB, FK, FC, FL, FD. . 

Then, err the Right Line KL touches the Cir- 
cle ABCDE in the Point C, and the Right Line FC 
is 2 from the Centre F to C, the Point of Con- 

ng —_— 
are Right A es. For the ſame 
— at the Points B, D, are _ 

Angles. And cauſe FCK is a Right Angle, the 
uare of FK will be ® equal to the of FC, 
CE: And for the ſame n, the Square of FK 
is equal to the — pocket. BE.. Therefore the 
Squares of FC, CK, are Oe ene FS. 
BK. But the Square of ual to the Square 
of FB: — the 44 of K ſhall be equal 
to the Square of BK; and fo BK is equal to CK. 
And becauſe FB is agg to FC, and FE is common, 
the two Sides BF, FK, are equal to the two Sides * 

FK, and the Baſe BK is — to the Baſe KC; 
, the Angle BFK. fhall be + 1 
KFC, the Angle BKF to 1 Angle F KC. 
Therefore the Angle BFC is double to the Angle 
KFC, and the Angle BKC double to the Angle 
FKC: For the ſame Reaſon, the Angle CFD ig 
double to the Angle CFL, and the Angle CLD double 
to the Angle CLF. And becauſe the Circumference 
BC: is equalto the Circumference CD, the Angle BFC 
ſhall be t equal to the Angle CFD. But the An 
BFC is double to the re KFC, and the Angle DFC 
double to LFC. Therefore the Angle KF Ci is equal 
to the Angle CFL. And ſo FKC, FLC, are two 
Triangles, having two Angles of the one equal to two 
Angles of the other, each to each, and one Side of the 
one to one Side of the der, vix. the common 
Side FC ; wherefore they ſhall have + the other Sides 
of the one equal to the other Sides 'of the other; and 
the other Angle of the one equal tothe other Angle of 
the other ag, Td the Right Line KC is ts 
the Right Angle CL, and the Angle FEC to the Angle 
FLC. Aud ſince EC is equal to CL, KL ſhall be 
double to KC. And by the ſame Reaſon, we prove 
that HK is double to BK. Again, becauſe BK has 
beca 

6 
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proved likewiſe to be equilateral, 
Circle ABCDE; which was to be done. 


PROPOSITION An. 


| PROBLEM. 
To deſcribe a Circle in an equilateral and equian- 
gular Pentagon. | 
LE ABCDE be an equilateral and equi ar 
3 It is required to inſcribe a Circle in 


Biſect the Angles BCD, CDE, by the Right 9. 2. 
Lines CF, DF; and ſrom the Point F, wherein CF, 
DF, meet each other, let the Right Lines FB, FA, 
FE, be drawn. Now, becauſe is equal to CD, 
and CF is common, the two Sides BC, CF, are equal 
to the two Sides DC, CF ; and the Angle BCF is equal 
to the Angle DCF. Therefore the Baſe BF is + equal f 4. 7. 
to the Baſe FD; and the Triangle BFC equal to the 
Triangle DCF, and the other Angles of the one equal 
to the other Angles of the other, which are ſubtended 
by the equal Sides: Therefore the Angle CBF ſhall 


be equal to the Angle CDF. And becauſe the Angle 
CDE is double to the Angle CDF, and the Angle 
CDE is equal to the Angle ABC, as alſo CDF equal 
to CBF ; the Angle CBA will be double tothe | 
CBF; and ſo the TIE equal to the Angie 
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CBF: Wherefore the Angle ABC is biſected by the 
Right Line BF. After the ſame manner we prove, 


that either of the Angles BAE, or AED, is biſected 
by the Right Line AF, or FE. From the Point F draw. 
*FG, FH, FK, FE, EM; icular to the Right 
Lines-AB, BC, C, BE, EA: Then, ſinoe the An- 
gle HCF is equal to the Angle KCF, and the Right 
Angle FHC equal to the Right Angle FEC; che two 
Triangles FHC, FK C, ſhall have two Angles of the 


one equal to two Ang les of the other, and one. Side of 


+ 26. 1. 


* 


the one e qual ts ove Side of the other, viz. the Side 


FC common to each of them: And ſo the other Sides 
pf patty 10 the other Sides of the 
other, and the Perpend FH equal to the Perpen- 


; dicular FK. In the ſame manner we demonſſrate, that 


FL, FM. or FG, is equal to FH, or FK: Therefore 
the five. Right Lime G,.FH, FK, FL, FM, are 
to each other, and fo a Circle deſcribed on the 
Centre F . er of the Diſtances, FG, FH, FK. 
Fl., F M. w 4 e other Points, * ſhall 
touch the Bot «BC, CD, DE, EA; ſince 
the Anglesat G, H, „K. NI. are Right Angles. For, 
if it does not touch them, but cuts them, 2 Right Line 
drawn from the Extzemity of the Diameter of a Cir- 
cle, at Right Angles to the Diameter, will fall within 
the Circle ; which is 1 abfurd. Therefore, a Circle 


ribed en abe Centre F, avith the Diſlanca one W 
be Points G, H, K, L. M. will not cut gg 


"AB, BC, CD, DE, EA, and ſo will ade toc 


them ; which was to be done. "1"; F 
Caroll. If two of the neareſt hand of mu | 
and equiangular Figure be biſected, and, from the 
- Poiar in which the Lines biſrcting the Angles meet, 
there be drawn Right. Lines ta the other Angles of 
N all att, eg the Figure will be 


Hl f N wit - þ + — E 4, i 
_ * | po WO: P > oe 4 e Y 14. 5 . P 


— — * — 4 > g 
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PROPOSITION XIV. 


C*? 
9.43 Pe 


4 1 POL. 7 
To deſeribe a Circle about i given equilateral and 
| _ equiahgulity Pentagon.” 255 — 0 5 


Lr ABCDE be an e daniel t eee 
Pentagon. It is requii to defcribe a Circle 
the ſame. 

Biſe& both the Angles BCD, CDE, by the Righ 
Lines CF, FD; and draw FB, FA, FE, from 
Point F, in which they meet. Then each of the other 
Angles CBA, BAE, AED, ſhall be biſected ® 320 
Right Lines BF, FA, FE. And ince the Angle 
is equal to the Angle CDE, and the CD ® 
oy the Angle BC ; as likewiſe CDF, half CPE; 

FCD will be equal to the FDC; and 

the fide CF + equal to the Side FD. We demon- f 6. 2. 
S i , tn FA, or FE, is equal to 
FC, or FD. Therefore the five Right Lines FA, FB, 
FC, FD, FE, are equal to each other. And fo, a Cir- 
de being deſcribed on Centre F, with any of the Diſ- 
A, FB, FC, FD, FE, will ſs thro? the other 
| Paints, and will be deſcribed about equilateral and 


A ABCDE; which was to de 


PROPOSITION XV. 


PROBLEM. 


To inſcribe an equilateral and equiangular Hex- as 
2 n un. | 
A 
LET-ABCDEF be a Circle given. It is required 
8 an equilateral and equiangular Hexa- 
in 
© aw AD, a Diameter of the Circle ABCDEF, 
and let & be the Centre; and about the Point D, as 
a Centre, with the Diſtance DG, let a Circle, EGCH, 
be deſcribed; join EG, GC, which produce to the 
Points B, F: Likewiſe j 3 2 AB, BC, CD, N.: 
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FA: I fay, ABCD EF is an equilateral and equian- 


gular Hexagon. 

For, ſince the Point G is the Centre of the Circle 
ABCDEF, GE will be equal to GD. Again, becauſe 
the Point D is the Centre of the Circle EGCH, DE 
mall be equal to DG: But GE has been proved equal 
to GD; therefore GE is equal to ED. And fo EGD 
is an equilateral Triangle; and conſequently the three 
Angles thereef, EGD, GDE, DEG, are “ equal be- 
tween themſelves. But the three Angles of a Triangle 
are + equal to two Right Angles ; therefore the "_ 
EGD is a third Part of two Right An In t 
ſame manner we demonſtrate, that is one third 
Part of two Right Angles : And fince the Right Line 
CG, — upon the Kight Line EB, makes f the 
adjacent Angles EGC, CGB; therefore the other 
Angle, CGB, is alſo one third Part of two __ 

— 


Angles, Therefore the Angles EGD, DGC, 

are equal between themſelves : And the Angles 

are vertical to them, viz. the Angles BGA, AGF, 
FGE, are * equal to the Angles EGD, DGC, CGB. 
Wherefare the fix Angles EGD, DGC, CGB, BGA, 
AGF, FGE, are equal to one another. But equal An- 
gles ſtand + oh equal Circumferences : Therefore the 
{11x Circumferences AB, BC, CD, DE, EF, FA, are 
equal to each other. But equal Right Lines ſubrend + 
equal Circumfterences : Therefore the fix Right Lines 
are equal between themſelves; and accordingly the 
Hexagon ABCDEF is equilateral. I ſay, it is alſo 
equiangular. For, * the Circumference AF is 
equal to the Circumference ED, add the common Cir- 
cumference ABCD, and the whole Circumſerence 
FABCDis equal to the whole Circumference EDC BA. 
But the Angle FED ſtands on the Circumterence 
FABCD; and the Angle AF E, on the Circumſerence 
EDCBA : Therefore the Angle AF E is “ equal to the 
Angle DEF. In the fame manner we prove, that the 
other Angles of the Hexagon 'ABCDEF ate ſeverally 
equal to AFE, or FED. Therefore, the Fiexagon 
ARCDEF is equiangular. But it has been proved 
to be alſo equilateral, and is inſcribed in the Circi⸗ 
ABCDEF ; which was to be done. 


Coroll, | 


—— 
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Coroll. From hence it is manifeſt, that the Side of the 
Hexagon is equal to the Semidiameter of the Circle. 
And if we draw, thro” the Points A, I, C, D, E, F, 
Tangents to the Circle, an equilateral and-equian- 
gular Hexagon, will be deſcribed about the Circle, 
as is manifeſt, from what has been ſaid concerning 
the Pentagon. And ſo likewiſe may a Circle be in- 
ſcribed and circumſcribed about a given Hexagon; 
which was to be done. 


PROPOSITION XVI. 


PROBLEM. 


To deſcribe an equilateral and equiangular Quin- 
decagon in a given Circle. 


LET ABCD be a Circle given. It is required to 

deſcribe an equilateral and — Quiads- 
in the fame. 

t AC be the Side of an equilateral Triangle in- 

ſcribed in the Circle ABCD, and AB the Side of a 

Pentagon. Now, if the whole Circumference of the 


Circle ABCD be divided into fifteen equal Parts, the 


Circumference ABC, one Third of the Whole, ſhall 
be five of the ſaid fifteen equal Parts; and the Circum- 
ference AB, one Fifth of the Whole, will be three of 
the faid Parts : Wherefore the remaining Circumfe- 
rence BC will be two of the ſaid Parts. And if BC be 
biſected in the Point E, then BE, or EC, will be one 
fifteenth Part of the whole Circumference ABCD. 


If, according to what hath been ſaid of the Pentagon, 
Right Lines are drawn thro” the Diviſions of the 
Circle touching the ſame, there will be deſcribed 
about the Circle an equilateral and equiangular 

n. And, moreover, a Circle may be 
| inſcribed, or circumfcribed, about a given equila- 
teral and equiangular Quindecagon. 
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greater, equal, or leſs, than the 
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BOOK V. 


DEFINITIONS. 


I. A Part is a Magnitude of a Magnitude, 
the Leſs of the Greater, when the Leſſer 


meaſures the Greater. 


II. But a Multiple is a Magnitude of a Magni- 


tude, the Greater of the Leſſer, when the 
Leſſer meaſures the Greater. 


III. Patio is a certain mutual Habitude of Mag- 
 mitudes of tbe ſame Kind, according to Quan 


tity. 

IV. Magnitudes are ſaid to have Proportion to 
each other, which, being 3 can exceed 
one another. 

V. Magnitudes are ſaid 40 be in the ſame Ratio, 
the 75 to the ſecond, and the third 1s the 
fourth ; wwhen the Equimultipies of the firſt and 
third, compared with the Equimultiples of the 
feeond and fourth, according to any Multipli- 

cation whatſoever, are either both together, 

Equimultiples 

| of the ſecond and fourth, if thoſe be taken 
that anſwer each other. wh 

at 
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That is, if there be ſour Magnitudes, and you take 
any Equimultiples of the firſt and third, and alſo any 
Equimultiples of the ſecond fourthy; and if the 
Mukiple of the' fuſt be greater than the Multigle of 
the ſecond ; and alſo the Multiple of the third greater 
than the Multiple of the fousth ; or, if the Multiple 
of the firſt be equal to the Multiple of the ſecond; 
and alfo the Multiple of thœthyd equal to . 
tiple of the fourth; or, laſti if the kale the 
firſt be leſs than the Multiple of the ſecond; and alfo 
that of the third leſs than that of the fourth, and theſe 
Things happen according toevery Multiplication what- 
ſoever: Then the four Magnitudes are in the ſame Ra- 
tio; the firſt tothe ſecond, as the third to the fourth. 


VI. Magnitudes that have the ſame Proportion, 
are called Proportional. 


Expounders uſually lay down here that Definition, 
for Magnitudes, which Euclid has given for Numbers, 
only, in this Seventh Book; viz. That 4 


Numbers are proportional, when the fir is either the 
fame Multiple of the ſecond, as the third is of the fourth, 
or elſe the ſame Part or Parts. | 


But this Definition appertains only to Numbers, and 
commenſurable Qnantities; and fo, fince it is not uni- 
verſal, Euclid did well to reject it in this Element, 
which treats of the Properties of all Proportionals ; 
and to ſubſtitute another general one, agreeing to all 
Kinds of Magnitudes. In the mean Time, Expoun- 
ders very much endeavour to demonſtrate the Defini- 
tion here laid down by Euclid, by the uſual received 
Definition of proportional Numbers ; but this much 
eaſter flows from that, than that from this; which may 
be thus demonſtrated : | 


Firſt, Let A, B, C, D, be four Magnitudes, which 
are in the ſame Ratio, according to the Conditions 
that Magnitudes in the ſame Ratio muſt have accord- | 
ing to the fifth Definition; and let the firſt be a | 
Mautiple of the ſecond : I ſay, the third is alſo the 
ſame Multiple of the fourth. For Example : Let A 
be equal to 5B; Then — be equal to 5D. Take 
3 , 4 any 
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any Number, for Example, 2, by which. let 5 be 
multiplied, and the Product will A N:: c: d 
eee 

uimultiples of the 

third Magnitudes A and C: 2A, 10B, 2C, 10D 
Alſo, let 30B and 10D be Equimultiples of the ſe- 
cond and fourth Magnitudes B and D. Then (by 
Def. 5.) if 2A be equal to 10B, 2C ſhall be equal to 
10D, But fince A (from the ) is five Times 
B, 2A ſhall be equal to 10B; and fo 2C equal to 10D, 
8288 that is, C will be five Times D. 
W. W. D. 


Secondly, Let A be any Part of B; then C will be 
the ſame Part of D. For, becauſe A is to B, as C is 
to D; and ſince A is ſome Part of B; then B will be 
a Multiple of A: And fo (by Caſe 1.) D will be the 
ſame Multiple of C; and accordingly C ſhall be the 
ſame Part of the Magnitude D, as A is of B. W. W. D. 

Thirdly, Let A be equal to any Number of what- 
ſoever Parts of B. I fay, C is equal to the ſame 
Number of the like Parts of D. For Example : Let 
A be a fourth Part of five Times B; that is, let A be 
equal to 5B. I ay, C is alſo equal to 5D. For, 
becauſe A is equal 5B, each of them being multi- 
plied by 4, then 4A will be equal to 5B. And fo, 
if the Equimultiples of the firſt a: B::C:D 
I oC 

z as alſo the multi- | 
ples of the focond and burn, 4A, 5B. 40. 30 
viz, 5B, 5D; and (by the Definition) if 4A is equal ta 
5B; then 4C is equal to 5D. But 4A has been proved 
equal to 5B, and fo 4C ſhall be equal to 5D, and C 
equal to 5D. W. W. D. n 
And univerſally, if A be equal to—B, C will be 
m 


— 2 
equal to D. For let A and C 


D by a. And becauſe A is equal 


2 


„ 


mA, xB, C, n»D 


38 (by Def. 5.) mC bene 


and C equal to—D. W. W, D. 
m 


VII. hen 
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VII. When, of Equimultiptes, the Multiple of the 
firſt. exceeds ro, Multiple of the ſecond, but the 
Multiple of the third does nai exceed the, Mul- 
tiple of the fourth ; then tha firſs. ta tbe: ſecond 
is ſaid ta have 4 enn 1 tbe 
 thigd to ibs fourth. 
VIII. is 4 Similitude of Jew, 
IX. Analogy at leafs conſiſts of i bree Terms. © 
X. When three Magwitudes are Propertionals, 15 
firſt is ſaid to bave, to the third, a duplicate 
Ratio to what it has ta the ſecond: , 
XI. But when four Magnitudes are continued 
tionals, the firſt ſball baue à triplicate 


Ratio ts the fourth of what it has is the ſe- 
cond ; and ſo always one more in Order, as the 


Proportionals Hall be extended. 


XII. Homologous Magnitades, or 


Magnitades of 
a like Ratio, are ſaid io be ſuch wheje Ante- 
cedents are to the — and Comſeguents 


to the Conſequent 
XIII. — Ratio is the comparing of the 


Antecedent with the Antecedent, and the Con- 


ſequent weth the Conſequent. 
XIV. Inverſe Ratio is, 1 the Conſequent is 
taken as the Antecedent, and ſo compared with 
A the Antecedent as a Conjequent. 
V. 


to the Conſequent itſelf. 
XVI. Divided Ratio is, when the Exceſs, where- 


by the Antecedent exceeds the Conſequent, is 


compared with the Conſequent. 


XVII. Converſe Ratio is, when the Antecedent is 


compared with the Exceſs, by which the Ante- 
cedent exceeds the Conſequent. 
X VIII. Ratio of Equality is, where there are taken 
more than two Magnitudes in one Order, "7 * 


Ratio is, when the Antecedent | 
and Conſequent, taken both as one, is compared 
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lite Number of Magnitudes in another Order, 
comparing ters to two heing in the ſame Pro- 
portion; and it fhall be in the firſt Order of 

| Magnitudes, as the firſt is to the laſt, ſo in the 
_ ſecond Order of Magnitudes is the. firſt to the 
laſt : Or otherwiſe, it is the Compariſon of the 
Extremes together, the Means being omitted. 
XIX. Ordinate Proportion is, when as the Ante- 
. cedent is to ibe Conſequent, fo is the Antecedent 
zo the Conſequent , and as the Conſequent is to 
any other, ſo is the Conſequent to any other. 
XX. Perturbate Proportion is, - when there are 
three or more Magnitades, and others alſo, that 
are equal to theſe in Multitude, as in the firſt 
| Magnitudes the Antecedent is to the Conſe- 
quent ; ſo in the ſecond Magnitudes is the An- 
« pecedent to the Conſequent : And as in the firſt 
Magni tudes the Conſequent is to ſome other, ſo 
in the om, ana is ſome other, to the 
| Antecedent. | 


A X. I © N 8. 
I. E Quimultiples of the-ſame, or of equal Meg. 


nitudes, are equal to each other. 

II. Thoſe Magnitudes that have the ſame Equi- 

multiple, or whoſe Equimultiples are equal, are 
. to each ** 


PR O- 
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PROPOSITION I. 


THEOREM. 


If there be any Number of Magnitudes Equimul- 
tiples of a like Number of — each 
of each; whatſoever Multiple any one of the 

ormer Magni tudes is of its correſpondent one, 
the ſame Multiple are all the farmer Magni- 
tudes of all the latter. 


L there be any Number of Magnitudes 


AB, CD Equimultiples of a like Number of 
itudes E, F, each of each. I fay, what 
Multiple the Mzgnitude AB is of E, the fame Mul- 
tiple AB, and CD, together, is of E and F to- 
ther. 8 a 
ah becauſe AB and CD are Equimultiples of E 
and F, as many Magnitudes equal to 
E, that are in AB, fo many ſhall be A 
equal to F in CD. Now, divide AB | 
+ 


into Parts equal to E, which let be AG, 

GB; and CD into Parts equal to F, G 
oiz. CH, HD. Then the Multitude of 

Parts, CH, HD, ſhall be equal to the B 
Multitude of Parts AG, GB. And fince C 
AG is equal to E, and CH to F; AG 

and CH, together, ſhall be equal to E 

and F together. By the ſame Reaſon, 
becauſe GB is equal to E, and HD to E, H 
GB and HD, together, will be equal to E 

and F together. Therefore, as often as 

E is contained in AB, fo often is E and F, 
together, contained in AB and CD, to- D F 
gether. And fo as often as F is contained 

in CD, ſo often are E and F, together, contained in 
AB, and CD together. Therefore, if there are any 
Number of Magmiudes Equimultiples of a like Number 
of Magmtudes, each of each ; whatſoever Multiple any 
one of the former Magniudes is of its correſpondent one, 
the ſame Multiple are all the former Magnitudes of all 
the latter ; which was to be demonſtrated. 


PRO- 
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PROPOSITION II. 


THEOREM. 


If the firſt be the ſame Multiple of the ſecond, 
as the third is of the fourth; and if the fifth 
be the ſame Multiple of the ſecond, as the fixth 

is of the fourth ; then ſhall the firſt, added to 
the fifth, be the ſame Multiple of the ſecond, as 
the third, added to the fixth, is of the fourth. 


LET the firſt AB be the ſame Multiple of the ſe- 
— cond C, as the third DE is of the fourth F; and 


Pos, becauſe AB is 
. as DE is 
r 
equal to F in DE. And, for the ſame Reaſon, there 
are as many Magnitudes equal to C in BG, as there 
are Magnitudes equal to F in EH. Therefore there 
are as many Magnitudes equal to C, in the whole AG, 
as there are Ma equal to F in DH. Where- 
fore AG is the Multiple of C, as DH is of F. 
And fo the firſt, added to the fifth, AG, is the ſame 
Multiple of the ſecond C, as 8 to the 
fixth, DH, is of the fourth F. Theref * 
be the ee, ofthe ſecond, as the 2 | 
fourth ; mi > 99 be ths ow N 
which 


cond, as the firth is of the fourth 

added to the fifth, Le Jo ee 
the third, added to gala 

was to be demonſtrated. 


PRO- 
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PROPOSITION III. 


THEOREM. 


If the firſt be the ſame Multiple of the ſecond, as 
the third is of the fourth, and there be taken 


22 of the firſt and third; then till 


he Magnitudes ſo taken be Equimultiples of 
| the ſecond and fourth. 


LET the firſt A be the ſame Multiple of the ſecond 
B, as the third C is of the fourth D; and let EF, 
GH, be Equimultiples of A 
and C. I fay, EF, is the fame 
Multiple of Bas GH is of D. 

For, becauſe EF is the fame 4 


Multiple of A, as GH is of C, 
there are as man itudes K 
ual to Ain EF, as there are 4 
9 al to C in GH. 
Now divide EF into the Mag- 
nitudes EK, KF, each equal 
to A, and GH into the Mag- 
nitudes GL, LH, each equal 
to C. Thenthe Number of the bl EK, L 
will be equal Wer the Magnitudes 
LH. enen gy le of B, we, 
is of D, and EK is equal to A, and L to C; EK 
will de the ſame Multiple of B, as GL is of B. For 
the ſame Reaſon, EF ſhall be the ſame Multiple of B, 
as LH is of D. Therefore becauſe the fuſt EK is the 
ſame Multiple of the ſecond B, as the third GL is of 
the fourth D, and KF the fifth, is the ſame Multiple 
of B, the ſecond, that LH, the ſixth, is of D the 
fourth : Therefore the firſt added to the fifth, EF, ſhall 
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be * the ſame Multiple of the ſecond B, as the third » 2 of abi. 


added to the ſixth, GH, is of the fourth D. If there- 
fore, the fir, be the ſame Muli A toy _ as — 
third is of t b, jon. there 
the firſt 221 ird; then will the Magnit e 
Equi multiples Ad the ſecond and fourth ; which was to = 
demonſtrated, 

P R O- 
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PROPOSITION IV. 
THEOREM. 

If the firſt have the ſame Proportion to the ſecond, 
asthe third to the fourth; then alſo ſhall ihe Equi- 
multiples of the firſt and third have the ſame 
Proportion to the Equimultiples of the ſecond and 
fourth, according to any Multiplication whatſo- 
ever, if they be ſo taken as to anſwer each other. 


LET the firſt A have the fame Proportion to the 
ſecond B, as the third C hath to the fourth D; 
and let E and F, the Equimultiples N 
of A and C, be any how taken; as | 
alſo G and H, the Equimultiples of 
B and D. I ſay, E is to G as F is 
to H. n 
For take K and L, any Equimul- | | 
iples of E and F; andalloMand -jf _ -. | 
iN, any, of & and H. 1 | 
Then, becauſe E is the ſame 
Multiple of A, as F is of C, and | | 
and L are taken Equimultiples of E 
and F; therefore K will be ® the | 1 
fame Multiple of A, as L is of C. - | | 
For the fame Reaſon, M is the fame K E 
L E 


Multiple of B, aa N is of D. And 
ſince A is to B, as C is to D, and I. 
K and L are Equimultiples of A 
and C; and alſo M and N Equi- | 
multiples of Band D; if K exceeds | - 
M, then + L will exceed Ni if K 
be equal to M, L will be equal to 
N; and if K is leſs than M, then L 5 
will be leſs than N: Bur K and |. 
L are Equimultiples of E and F, = 1472-74 
alſo M and N ace Equimulti- NN 
ples of G and H. Therefore, as Au | 
E is to G, fo, hall t F be to H. $. 
Wherefore, i the firſt have the ſame 
Proportion to the ſecond, as the third © 
to the fourth; then alfa ſhall the Egui- 
nuultiplas 
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multiples of the fir and third have the Proportion 
— of the ' ond frrh, cr bog 
to any Multiplication whatſoever 


cever, if they be ſo taken as to 
anſwer each other ; — was 39322 — 
Becauſe it is demonſtrated, if K exceeds M, then L 
will exceed N; and if K be equal to M, L will be 
equal to N; and if K be leſs than M, L will be leſs 
than N: It is manic, likewiſe, if M exceeds K, 
that N ſhall exceed L.; if equal, equal ; if leſs, 
leſs. And therefore, as G is to E, fo is 


Croll. From hence it is manife®d, if four i 
be proportional, that they will be alſo inverielypro- 
portional. 


* 


PROPOSITION V. 


THEOREM. 


I one Magnitude be the ſame Multiple of ano- 
ther Magnitude, as a Part taken from the 
one is of a Part taken from the other ; then 
the Refidue of the one ſhall be the ſame Mul- 
tiple of the Refidue of the other, as the Whole 

| is of the Whole. 


E x the M: 


de AB be the ſame Multiple of 
— the Magnitude CD, as the Part taken away AE, 
is of the Part taken away CF. I fay, 
that the Reſidue EB is ſame Mul- B 
tiple of the Reſidue FD, as the Whole | 
+ 


AB is of the Whole CD. 
For, let EB be ſuch a Multiple of CG, 
as AE is of CF. E 
Then. becauſe AE is the ſame Mul- 
tiple of CF, as EB is of CG, AE will be 
* the ſame Multiple of CF, as AB is of ® x of this, 
GF. But AE and AB are put Equimul- A 
tiples of CF and CD: Therefore AB is 
the ſame Multiple of GF, as of CD; and fo G is + + A. 2. of 
equal to CD. + Now, let CF, which i is common, be 5. 
taken away; then the Reſidue 'GC * to * 
ue 
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fidue DF. And then, becauſe AE is the fame Mul- 
tiple of CF, as EB s of CG, and CG is to F; 
AE ſhall be the ſame iple of CF, av EB is of FD. 
But AE is put the fame Multiple of CF, as ABis of 
CD: Therefore EB is the ſame Multiple of D, as 
AB is of CD; and fo the Reſidue EB is the fame 
Multiple of the Refadue'FD, as the Whole AB'is of 
ſane Maiph of anther Megwinde, as > Pars takes 

as a Part taken 
ELN then the 
Reſidue of the one ſhall be the ſame | the Re- 
fidue of the other, as the Whole is of the z which 
was to be demonſtrated. 


PROPOSITION VL 


THEOREM. 


If two Magnitudes be Equi of two Mag- 
nitudes, and ſome Magnitudes Equimultiples of 
the ſame, be taken away; then the Refidues 
are either equal to thoſe Magnitudes, or elſe 
Equimultiples of them. 


LET two Magnitudes AB, CD, be Equimultiples 
of two Magnitudes E, F; and let the Magni- 
tudes AG, CH, Equimultiples of the fame, E, F, be 
taken from AB, Ch: 1 U, the Reſidues GB, HD, 
are either equat to E, F, or are Equimultiples of 
them. | | 
For, firſt, Let G be to E. I'fay, HD is 
alſo equal to F. For ter CK be 7 | 
equal taF. Then, becauſe AG is A 
the ſame Multiple of E, as CH is IK 
of F; and Gg is equal to E; and j 
CK 10 F; AB will de the fame | {6 
11 


Multiple of E, as KH is of F. But 
AB and CD are put Equimultiples 
of E and F, Therefore K H is he G++H | I 
* Multiple of F, as CD is of 44 | | 


+ © And Beeaufe KH' and CD ce 


Equimultiples of F; KH will be equal to CD, Take 
a away 
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CH, which is common; then 

the Refidue KC is equal to the Re- A 

ſidue HD. But KC is equal to F. 

Therefore HD is equal to F; and 

ſo GB ſhalt be equal to E, and HD 

to F. G+ 

In like manner we demonſtrate, | 


if GB was a Multiple of E, that 
HD is a like Multiple of F. There- 
fore, if two Magnitndes be Equi- 
ples of two Magmtudes, and 
ſome Magnitudes, multiples of 
the ſame, be taken away ; then the Reſidues are either 
equal to thoſe Magnitudes, or elſe Equimultiples of them; 
which was to be demoaſtrateu. 


PROPQSITION VII. 


THEOREM. 


Equal Magnitudes bave the ſame Propertion to 
the ſame Magnitude ; and one and the ſame 
Magnitude bas the ſame Proportion to equal 
Magnitude 


J. 


LET A, B, be equal Magnitudes, and let C 


be 
other Magnitude. | fay, A and B have the 


ſame Proportion to C; and likewiſe 
C has the ſame Proportion to A as to 
B. 
For take D, and E, Equimultiples of | 
AandB; and let F be any other Mul- 
tiple of C. ; D 
Now, becauſe D is the ſame Mul- 
tiple of A, as E is of B, and A is equal 
to B, D ſhall be alſo equal to E; but | 


F is a Magnitude taken at Pleaſure. 
Therefore it D exceeds F, then E will | 
exceed F; if D be equal to F, E will E 
be equal to F; and if leſs, leſs. But 
D and E are Equimultiples of A and B; and F is 
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any other Multiple of C. Therefore it will de“ as * D. ;. 


Ais to C, ſo is B to C. 


K I ſay, 
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D is had, as is the neareft | 
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I fay, moreover, that C has the ſame Proportion to 
A as to B. For the ſame Conſtruction remaining, we 
prove, in like manner, that D is equal to E. 'I here- 
fore, if F exceeds D, it will alſo exceed E; if it be 
equal to D, it will be equal to E; and if it be leſs than 
D, it will be leſs than E. But F is a Multiple of C; 
and D and E, any other Equimultiples of A and B; 
therefore, as C is to A, fo ſhall “ C be to B. Where- 
fore, equal Magnitudes have the ſame Proportion to the 
fame Magnitude, and the ſown Magnitude to equal ones; 
which was to be demonſtrated. 


PROPOSITION VIII. 


5 THEOREM. 

The greater of any two unequal Magnitudes has 
a greater Proportion to ſome third Magnitude, 
than the leſs bas; and that third Magnitude 
hath a greater Proportion to the leſſer of the 
two Magnitudes, than it has to the greater. 


L ET AB and C be two unequal Magnitudes, where- 
— of Ag; is the greater; and let D be any third Mag- 
nitude. I fay, AB has a greater Proportion to D, 
than C has to D; and D has a greater Proportion to 
C, than it has to AB. 
| Becauſe AB is greater than C, make BE equal to 
C, that is, let AB exceed C 
by AE; then AE, multiplied - F 
ſome Number of Times, will 
be greater than D. Now let 
AEbe muitiplied until it ex- 
ceeds D, and let that Multiple 
of AE greater than D be FG. | 
Make GH the ſame Multiple K 
of EB, and K of C, as FG 
is of AE. Alfo, aſſume L 
double to D, P triple, and fo 
on, until ſuch a Multiple of 


ws 2 
H 


greater thanK ; let this beN, 

and let M be a Multiple of D, 

the neareſt leſs than N. | 
Now, becauſe N is the 


neareſt Multiple of D greater N M P L D 
| all 
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than K; M will not be greater than K; that r K 

will not be leſs than M. And ſince FG is the fame 
Multiple of AE, as GH is of EB; FG ſhall be®*: f «:. 
the ſame Multiple of AE, as FH is of AB; but FG 

is the ſame Multiple of AE, as K is of C: Where- 

fore FH is the ſame Multiple of AB as K is of C; 

that is, FH and K are Equimultiples of AB and C. 
Again, becaufe GH is the ſame Multiple of EB, as K 

is of C, and EB is equal to C; GH ſhall be t equal Ax. 
to K. But K is not leſs than M: Therefore GH 

ſhall not be leis than M. But FG is greater than D: 
Therefore the whole FH will be greater than M and 

D; but M and D, ther, are equal to N, becauſe 

M is a Multiple of D, the neareſt leſſer than N: 
Wherefore FH is greater than N. And fo, fince FH 
exceeds N, and K does not; and FH and K are 
Equimultiples of AB and C, and N is another Mul- 

tiple of D; therefore AB will have a greater Ratio t Def. 7, 
to D, than C has to D. I ſay, moreover, that D has 

a greater Ratio to C than it has to AB: For the 

ſame Conſtruction remaining, we demonſtrate, as be- 

fore, that N exceeds K, but not FH. And Nisa 
Multiple of D, and FH and K are Equimultiples of 

AB and C. Therefore D has + a greater Proportion 

to C, than D hath to AB. Wherefore, the greater of 

any two unequal Magnitudes has a greater Proportion to 

ſome third Magmitude than the leſs has; and that third 
Magnitude hath a greater Proportion to the leſſer of the 

two Magnitudes than it has to the greater; which was 

to be demonſtrated. | 


PROPOSITION IX. 


THEOREM. 


Magnitudes which have the ſame Proportion 10 
one and the ſame Magnitude,. are equal 4 one 
another ; und if a Magnitude bas the ſame Pro- 
portion to other Magnitudes, theſe Magnitudes 
are equal jo one another. ' 


LET the Magnitudes A-and B have the ſame Pro- 
portion to C. I fay, A is equal to B. . 
LE K 2 For 5 
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For; if it was not, A and B would not “ have the 
ſame Proportion to the ſame Magni- 
tude C; but they have. Therefote A 
is equal to B. A 
Again, let C have the ſame Propor- 
tion to A as to B. I fay, A is equal 


to B. ä 

For, if it be not, C will not have . 
the ſame Proportion to A as to B but 
it hath: Therefore A is neceſlarily 
equal to B. Therefore, Magnitudes 
— have the Proportion to one 
and the ſame Maguituae, are equal to one another ; and, 


if @a Magnitude has the ſame Proportion to other Magni-* 


tudes, theje Magnitudes are equal to one enatber ; which 
was to be demonſtrated. 


PROPOSITION X. 


THEOREM. 


Of Magnitudes having Pr 5 * to the ſame 
Magnitude, that which bas the greater Pre- 
portion, is the greater Magninuls : And that 

Magnitude to which the ſame bears a greater 


Proportion, is the leſſer Magnitude. 


ET A have a greater Proportion to C, than B has 
Led I fay, A is greater than B. , 


For, if it be not greater, it will either be equal or 


leſs. But A is not equal to B, becauſe 

then both A and B would have ® the 
roportion to the Magnitude 3 

but they have not. Therefore A is 

not equal to B: Neither is it leſs than | 

B; for then A would have + a leſs C 

Proportion to C, than B would have; 

but ĩt hath not a leſs Proportion: There- B 

fore A is not leſs than B. But it has 

been proved likewiſe not ta be wp 

it: Therefore A ſhall be 


greater 
let C ha to B than to A. 
” 


A 


N 
: 


: 
: 
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For, if it be not leſs, it is greater, or equal. Now, 
B is not equal to A, for then C would have * the * 7 Tb. 
ſame Proportion to A as to B; but this it has not. 
Therefore A is not equal to B; neither is B greater 
than A; for if it was, C would have + leſs Propor- f 8 / tir: 
tion to B than to A; but it has not: Therefore B is 
not greater than A. But it has alſo been proved not 
to be equal to it. Wherefore B ſhalt be leſs than A. 
Therefore, of Magnitudes having Proportion to the ſame 
Magnitude, that which has the greater Prepor tion, is the 
greater Magnitude : And that Magnitude to which the 


fame bears a greater Proportion, is the leſſer Magnitude; 


which was to be demonſtrated. —_ 
PROPOSITION XI, 


PROBLEM. ; 


Proportions that are one and the ſame to any third, 
are alſo the ſame to one another. 


ET A be to B, asCis to D; and C to D, as E 
to F. I ſay, A is to B, as E is to F. 
For, take G, H, and K, Equimultiples of A, C, and 


.. — — 
A — C— E 
B_—_—_ D- F 
— M N — 


E; and L, M, and N, other Equimultiples of B, D 
and F. Then, becauſe A is to B, as C is to D, and 
there are taken G and H, the Equimultiples of A and 
C, and L and M, any other Equimultiples of B and 
D; if G exceeds L, * then H will exceed M; and if * Def.; of 
G be equal to L, H will be equal to M; and if lefs, m_ 
leſs. Again, becauſe as C is t >, fois Eto F; and 
H and K are taken Eguĩmultiples of C and E; as like- 
wiſe M and N, any other Equimultiples of D and F; 
if H exceeds M, then K will exceed N; and if H be 
equal to M, K will be equal to N; and if lefs, leſs. 
But if H exceeds M, G will alſo exceed L.; if equal, 
equal; and if leſs, leſs. Wherefore, if G exceeds L., 
K will alſo excecd N; and if G be equal to L, K wil 

| K 3 be 
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be equal to N; and if leß, lefs. But G and K are 
Equimultiples of A and E; and L and N are Equi- 
multiples of B and F. Conſequently, as A is to B, ſo 

1 * 5. of is E to F. Therefore, Proportions that are one and 
the fame to any third, are alſo the ſame to one enolder ; 
which was to be demonftrated. 


PROPOSITION xn. 


THEOREM. 


If any Number of Magnitudes be proportional, as 
one of the Antecedents is to one of the Conſe- 
quents, ſo are all the Antecedents to all the 


Conſequents. 


L E T there be any Number of Proportional Mag- 
nitudes, A, B, C, D, E, F; whereof as A is to 5. 


8 — H——— K g 
A | CT E - | 
Bo D— , F — " 
L — M N — 


ſo C is to D, and ſo E to F. I ſay, as A is to B, ſo are 
all the Antecedents A, C, and E, together, to all the 
Conſequents, B, D, and F, together. 
For, let G, H, and K, be Equimultiples of A, C, 
and E; and A M, and N, any other Equimultiples 
of B, D, and F. 
Then, becauſe as A is to B, ſo is C to D, and ſo E to | 
F; and G, H, and K, are E quimultiples of A, C, and 
E; and L. M, and N, E rarer of B, D, and F; 
: 8 5. f if G exceeds L, H * will alſo exceed M, and K will 
exceed N; if G be equal to L, H will be equal to M, 
and K to N; and if 2 leſs. Wherefore, alſo, if G 
exceeds L, then G, H, and K, together, will * 
exceed L, M, and N together; and, if G ou 
L, then C, H, and K, together, will be ual 
| and N, together; and if if Iſs leſs : But G. ad TH 
i and K, are Equimultiples of A, and A, C, and E; 
| becauſe, if there are any Number of Magnitudes Equi- 
multiples to a like Number of Magnitudes, each to 
the other, the ſame Multiple that one Magnitude is of 


+ x bis, one, ſo ſhall + all the Magnitudes be of all. And, 8 
e 


if 
1 
l 
/ 
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the ſame Reaſon, L, and L, M, and N, are Equimul- 

tiples of B, and B, D, and F. Therefore, as A is to B, 

ſo * is A, C, and E, together, to B, D, and F, together. * Dy. 5. 
Wherefore, if there be any Number of Magnitndes pro- — 
portional, as one of the Antecedents is ta one of the Cinſe- 

quents, ſo are all the Antecedents ta all the Conſequents ; 

which was to be demonſtrated. 


PROPOSITION XIII. 


THEOREM. 
If the firſt has the ſame Proportion to the ſecond, - 
as the third to the fourth; and if the third has 
a greater Proportion to the fourth, than the fifth 
to the fixth; then alſo ſhall the firſt have a 
greater Proportion to the ſecond, than the fifth 
has lo the ſixth. 


LET the firſt A have the ſame Proportion to the ſe- 
cond B, as the third C has to the fourth D; anc let 


the third C have a greater Proportion to the fourth D, 


than the fifth E to the ſixth F. I fay, likewiſe, that the 


M G. H 

A C —— E 

D ———— 1 —— 1 —— 

No ——— Kk - L — 


firſt A, to the ſecond B, has a greater Proportion, than 
the fifth E, to the ſixth F. | 
For, becauſe C has a greater Proportion to D, than 
E has to F; there are ꝰ certain Equimultiples of C and D y. f 
E, and others of D and F, ſuch that the Multiple of C . 
may exceed the Multiple of D; but the Multiple of E 
not that of F. Now let theſe Equimultiples of C and 
E be G and H; and K and L thoſe of D and F; fo 


that G exceeds K, and H not L: Make M the ſame 


Multiple of A, as G is of C; and N the ſame of B, 
as K is of D. | 
Then, becauſe A is to B, as C is to D; and M and 
G are Equimultiples of Aand C; and N aug K of B 
and D: If M exceeds N, then + G will exceed K; and f 9% 5. 


dans ind: K; and if leſs, 


4 leſs. 
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leſs. But G does exceed K: Therefore M will alſo 

exceed N. Bat H does not exceed L. And M and 

H are Equimultiples of A and E; and N and L any 

Df. 7. of others of B and F. Therefore A has a “ greater Pro- 

; _ rtion to B, than E has to F. Wherefore, if the fir 

; s the ſame Proportion to the ſecond, as the third to the 

a fourth ; and if the third has a greater Proportion to the 

fourth, than the fifth to the ſixih; then, alſo, ſhall the 

firſt haue a greater Proportion to the ſecond, than the fifth 
has to the ſixth; which was to be demonſtrated. 


; PROPOSITION XIV. 


THEOREM. 


If the firft has the ſame Proportion to the ſecond, 
as the third has to the fourth; and if the firſt be 
greater than the third ;, then will the ſecond be 
greater than the fourth. But, if the firſt be equal 
to the third, then the ſecond ſhall be equal to the 
fourth; and, if the firſt be leſs than the third, 
then the ſecond will be leſs than the fourth. 


LET the firſt A have the ſame Proportion to the 

— ſecond B, as the third C has to the fourth D; 

| and let A be greater than C. I ſay, Bis alſo greater 
j than D. 

For, becauſe A is greater than C, and 

B is any other Magnitude ; A will have 

* 3 of this, greater Proportion to B, than C has to 

B: But as A is to B, ſo is C to D; there- 

113 of bis, fore, alſo, C ſhall t have a greater Pro- | 

portion to D, than C hath to B. But 

that Magnitude to which the ſame bears | 

Þ 10 of cbs. a greater Proportion, is 4 the leſſer Mag- | 


CEN ww. . 27 


nitude : Wherefore D is leſs than B; and 
conſequently B will be greater than D. [ 
In like manner we demonſtrate, if A be ABC 
equal to C, that B will be equal to D; 

and if A be leſs than C, they B 7 be leſs _ 
Therefore, i the firſt has the ſame Proportion to the ſe- 
cand, as the : for E. the por ; and if the firſt be 
greater than the third; then will the ſecond be greater 
than the faurth. But if . 


Book V. Euclids EIREMENTS. 137 


then the ſecona ſuuili be equal to the fourth ; and if the 
firft be leſs than the third, then the ſicond will bt leſs than 


PROPOSITION XV. 


THEOREM. 


Parts have the ſame Proportion as their lite 
Multiples, if taken correſpondentiy. 


L ET AB be the ſame Multiple of C, as DE is of 
F. Ifay, asCisto F, fo is AB to DE. 

For, becauſe AB and DE are 

Equimultiples of C and F, there A 

ſhall be as many Magnitudes equal 

to C in AB, as there are Magnitudes 

equal to F in DE. Now, let AB G 

be divided into the Magnitudes AG, 7 

GH, HB, each equal to C; and | 


D 


ED into the Magnitude DK, KL, K | 
LE, each equal to F; then the pt * © 
Number of the Magnitudes AG, 1. 
GH, HB, will be equal to the Num- 7 
ber of the Magnitudes DK, KL, I 
LE. Now, becauſe AG, GH, HB, 
are equal, as likewiſe DK, KL, LE; it ſhall be “, as 7 & A. 
AG is to DK, fo is GH to KL, and fo is HB to LE. | 
But as one of the Antecedeats is to one of the Conſe- 
quents, ſo + all the Antecedents to all the Conſe- f 12 of his. 
uents. Therefore, as AC is to DK, ſo is AB to 
E. But AG is equal to C, and DE toF. Whence, 
Paris ve the ame Properties as their bis Mawiphe 
arts ame Proportion as t ; 
ow" 5; which was to be demon- 
r . | | 


PRO- 
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PROPOSITION XVI. 


THEOREM. 


F four Magnitudes of the ſame Kind are propor- 
tional, they ſhall alſo be alternately propor- 


tional. 


LET four Magnitudes A, B, C, D, be proportion- 
al; whereof A is to B, as C is to D. I ſay, like- 
wiſe, that they will be alternately proportional; vix. 


as A is to C, ſo is B to D: For take E and F, Equi- 


15 of this. 


+ 171 of this, 


1 14 of this. 


® Def. 5. 


multiples of A and | 

B; and G and H, E G — 

any Equimultiples A ——— 

of C and D. B_—_— D——— 
Then, becauſe F H 

E is the ſame Mul- | 


tiple of A, as F is of B, and Parts have the ſame Pro- 
portion “ to their like Multiples, if taken correſpon- 
dently ; it ſhall be, as A is to B, ſo is E to F. But as 
A is to B, fois C to D. Therefore, alſo, as C is to 
D,fo+is E to F. Again, becauſe G and H are Equi- 
multiples of C and D, and Parts have the ſame Pro- 
portion with their like 040% 9 if taken correſpon- 
dently, it will be, as C is to D, fois G to H; but as 
C is to D, fois E to F. Therefore, alſo, as E is to F, 
ſo is G to H; and if four Magnitudes be proportional, 
and the firſt greater than the third, then the ſecond 
will be f greater than the fourth; and if the firſt be 
equal to the third, the ſecond will be equal to the 
fourth; and if lefs, leſs. Therefore, if E exceeds G, 
F will exceed H; and if E be equal to G, F will be 
equal to H; and if leſs, leſs. 1 * E and F are any 
Equimultiples of A and B; and Gand H, any Equi- 
multiples of C and D. Whence as A is to C, fo ſhall 
Bbe® to D. Therefore, if four Magnitudes of the 


fame Kind are proportional, they ſhall alſo be alternately 


proportional ; which was to be demonſtrated. 


PR O- 
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PROPOSITION XVIL 


THEOREM. 


If Magnitudes compounded are proportional, they 
ſhall alſo be proportional when divided. 


LET the compounded Magnitudes AB, BE, CD, 
DF, be proportional; that is, let AB be to BE, 
as CD is to DF. I fay, theſe Magnitudes divided are 
proportional; wiz. as AE is to EB, ſo is CF to FD. 
For let GH, HK, LM, and 
MN, be Equimultiples of AE, X 


EB, CF, and FD; and KX, 
and NP, any Equimultiples of 
EB and FD. K P 
Becauſe GH is the fame * + 
Multiple of AE, as HE is of B N 
EB; therefore GH“ is the T * x of this, 
fame Multiple of AE, as GE H | D | 
is of AB. But GH is the T EA 4 
ſame Multiple of AE, as LM hos > 4 
is of CF. Wherefore GK is » 1 C L 


the ſame Multiple of AB, as 
LM is of CF. Again, becauſe LM is the ſame Mul- 
tiple of CF, as MN is of FD, LM will be “ the ſame 
Multiple of CF, as LN is of CD. "Therefore GE is 
the ſame Multiple of AB, as LN is of CD. And ſo 
GK and LN will be Equimultiples of AB and CD. 
Again, becauſe HK is the ſame Multiple of EB, as 
N is of FD; as likewiſe KX the ſame Multiple of 
EB, as NP is of FD; the compounded Magnitude HX 
is + alſo the ſame Multiple of EB, as MP is of FD. T . 
Wherefore, fince it is, as AB is to BE, ſo is CD to 
DF; and GK and LN are Equimultiples of AB and 
CD; and alſo HX and MP any Equimultiples of EB 
and FD; if GK exceeds HX, then LN will t exceed t D 5. 
MP; and if GK be equal to HX, then LN will be 
8 to MP ; if leſs, leſs. Now let GK exceed 
HX; then, if HK, which is common, be taken away, 
GH ſhall exceed KX. But when GK exceeds HA. 
then LN exceeds MP ; therefore LN does exceed 
MP. If MN, which is common, be taken 2 


140 


Fuclids ElxmenTs. Book V. 


chen EM. will exceed NP, And fo, if GH exceeds 


* Def. 5. 


* 37 of this. 


KX, then LM will exceed NP. In like manner we 
demonſtrate, if GH be equal to KX, that LM will be 
equal to NP; and if lefs, les. But GH and LM are 

uimultiples of AE and CF; and EX and NP are 
any Equi multip les of EB and FD. Whence, * as AE 
is to EB, is CF wo FD. Therefore, if Magnitudes 
— are Wan, they ſhall alſo be = 

; which was to de demonſtrated 


PROPOSITION XVIII. 


THEOREM. 


If Magnitudes divided be proportional, the ſame 


alſo being compound:d, ſhall be proportional. 


E T the divided proportional Magnitudes be AE, 
L EB, CF, FD; that is, as AE is to EB, fo is CF 
to FD. 1 fay, they are alſo proportional 
when compounded ; viz. as AB is to BE, 
ſo is CD to DF. 8 


For, if AB be not to BE, as CO is to 
DF, AB ſhall be to BE, as C is to a 


Magnitude, either greater or es than EAT F 
Firſt, Let it be to a leſſer, viz. to GD. G 

Then, becauſe AB is to BE, as CD is to 

DG, compounded Magn (des are pro- 


portional; and —— N 
be proportional when divi herefore AE is to 


EB, as CG is to GD. But (by the Hp.) as AE is to 
EB, fo is CF to FD. Wherefore, alſo, as CG is to 


# 12 of <bis, GD, fa.+ is CF to FD. But the firſt CG is greater 


than the thixd CF; therefore the ſecond DG ſhall be 


147 this, I greater than the fourth DF. But it is lefs, which is 


abfurd. Therefore AB is not to BE, as CD is wDG. 

We demonſtrate in the fame manner, that AB to BE 

is got as CD to a greater than DF. Therefore AB 

to BE muſt neceffarily be as CD is to DF. And fo, 

if — wi divided be proportional, they will olſs be 

Proportional when compounded ; which was to be de- 
monſtrated. 


PR O- 
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PROPOSITION XIX. 


THEOREM. 


If the Whole be to the Whole, asa Part taken away 
is to a Part taken away ; then ſhall the Refdue 
be to the Refidue, as the Whole is to the Whole. 


LET the Whole AB be to the Whole CD, as the. 

Part taken away AE, is to the Part taken away 
CF. I fay, the Reſidue EB is to the Reſidue FD, as 
the Whole AB is to the Whole CD. 

For, becaule the Whole AB is to the Whole CD, 
as AE is to CF; it ſhall be ® alternately, as ABis to 16 of ch. 
AE, fois CD w CF, we — 

1 * ng proportio will | 
+ alſo proportiona = ps divided ; as BE A 77 Fad 
b. EA. „ DF toFC: And again, it 
will be by * Alternation, as BE is to DF, 
ſo is EA to FC. ButasEA is to FC, fo F+ c 
(by the Typ.) is AB to CD. And thore- 
fore the t Relidue EB ſhall be to the Re- 8 
ſidue FD, as the Whole AB to the Whole T 
CD. Wherefore, if the Whole be to the b 
Whole, as a Part taken away is to a Part 

taken away ; then ſhall the Reſidue be to the Refidue, as the 

Whole is to the Whale ; which was to be demonſtrated. 
| Carol. If four be will 
| neo on 
I CD then (by Alternation, ) it 
| ſhallbe, 2s ABis to CD, to is BE to DF. Where 
fore, fince the Whole AB is to the Whole CD, as 

the Part taken away BE is to the Part taken away 

| DF ; the Reſidue AE to the Reſidue CF ſhall be 
as the Whole AB to the Whole CD. And again, 
| by Inverſion and Alternation) as AB is to fo 
is CD to CF. Which is by converſe Ratio. 
| converſe Ratio, laid down in 
is 


herein) cannot be 


— 


four * Magnitudes are all of the ſame Kind, 
as will 3 7th Def — 1 
Bscl. ganver ſe 


of 


Ratio may be uſed when the 
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; of the firſt Ratio are not of the ſame Kind with the Terms 


4: of the latter. 3 * eats F that, it may not be im- 
q — to add this Dem ain following If four Mag- 
nitudes are. pr portions > converfly : For 
It AB K „ BE, a CD to | * it 


bi. ts, ® as AE is to BE, CF DF. And this inver fly 
„e, $as BE is to AE, ois DF toCF; ors aps ent 
I +8 of this, ing becomes, t as AB is to AE, fois CD to C by 


the 17th Definition, is converſe Ratio : By S. Cunn. 


PROPOSITION XX. 
THEOREM. 


Tf there be three Magnitudes, and others equal to 
themin Number, which, being taken two and two 
in each Order, are in the ſame Ratio; and if the 
firſt Magnitude be greater than the third, then 
the — will be greater than the ixtbh: Bui if 
the firſt be equal to the third, then the fourth will 
be equal to — Arth; and if the firſt be leſs than 
the third, the fourth will be leſs than the fixth. 


LET A, B. C, be three Magnitudes, and | 

D, E, F, others equal to them in Num- 
ber, which being taken two and two in each 
Oder, are in the ſame Proportion, viz. let 
A be to B, as D is to E; and B̃ to C, as | 


E to F; and let the firſt Magnitude A be 
eater than the third C. I fay, the fourth |- 
is alſo greater than the ſicth F. And if ABC 
A be equal to C, D is equal to F. But if A 
be leſs than C, D is leſs than F. | 
For, becauſe A is greater than C, and B | | 
is any other Magnitude ; and fince a greater 
» 8 of this, Magnitude hath. “ a greater Proportion to | 


the ſame Magnitude than a leſſer hat; A4 
will have a greater Proportion to B, than C 


+ By Hyp. bath to B. ut as A is to B, ſo 1 D to Ef DE. 
therefore D hath a greater Proportion to E, 


than C hath to B. Now inverfly, as C is to B, ſo is F 
to E. Therefore alſo D will have a greater Proportion h 
to E, than F has to E. But of Magnitudes having Pro- 
poruon to the ſame Magnitude, that which bas the 


eater 
6 & 
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eater Proportion is + the greater Magnitude. There- f 10 of <is 


ore D is greater than F. In the ſame manner we de- 
monſtrate, if A be equal to C, then D will be alſo 
equal to F; and if A be leſs than C, then D will be 
leſs than F. Therefore, if there be three Mag nitudes, 
and others equal to them in Number, which being taken 
two and two in each Order, are in the ſame 1 
the firſt Magnitude be greater than the third, then 
fourth will be greater than the faxth : But if the firſt be 
equal to the third, then the fourth will be equal to the 
* and if the firſt be leſs than the third, the fourth will 


be leſs than the ſixth ; which was to be demonſtrated. - 


PROPOSITION XXI. 


THEOREM. 


If there be three Magnitudes, and others equal to 
them in Number, which taken two and two, are 
in the ſame Proportion, and the Proportion be 
perturbate; if thefirſl Magnitude be greater than 
the third, then the fourth will begreater than the 


fixth ;, but if the firſt be equal to the third, then 
is the fourth equal to the fixth ; if leſs, leſs. 


ET three Magnitudes, A, B, C, be proporti- al; 

and others, D, E, F, equal to them in Number. 
Let their Analogy likewiſe be perturbate; 
viz. as A is to B, fois E to F; and as B is 
to C, ſo is D to E: If the firſt Magnitude 
A be greater than the third C, I fay, the E 
fourth D is alſo greater than the ſixth F. | | 


And if A be equal to C, then D is equal to 
F; but if A be leſs than C, then D is leſs 
than F. A 
For, ſince A is greater than C, and Bis 
ſome other Magnitude, A will have“ a | 
Proportion to B, than C has to B. 
t as A is to B, fois E to F; whence E. | 
has a greater Proportion to F, than C hath | 


to B: Now inverſly, as C is to B, ſo is E to 
D: Wherefore E ſhall have a greater 
Proportion to F, than E to D. But that D E 
Magnitude to which the ſame Magnitude 
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F 109f «his. bears a greater Proportion, f is the leſſer Magnitude. 


* 4 ibis. 


Therefore F is lefs than D; and fo D fhall be greater 
than F. After the fame manner we demonſtrate, if 
A be equal to C, D will be alſo equal to F; and if A 
be leſs than C, D will al be lefs than F. FF, there- 
fore, there are three Magnitudey, and others equal to them 
in Number, which, taken two and two, are in the ſame 
Proportion, and the Proportion be perturbate ; if the firft 
Alugnitude be greater than the third, then the 2 will 
be greater than the ſixth ; but if the firſt be equal to thi 
third, then is the fourth equal to the ſixth ; if leſs, leſs ; 
wnich was to be demonſtrated. 


PROPOSITION XXI. 


|  Tuzonzn, 

If there be any Number of Magnitudes and others 
_ equal! tu them in Number, which, taken two and 
two, are in the ſame Proportion; then they 

ſhall be in the ſame Proportian by Equality. 


LET there be any Number of Magnitudes, A, B, 
and C; and others, D, E, and F, equal to them in 
Number, which, taken two and two, are in the lame 
Proportion; that is, as A is to B, fois D to E; and as 
Bis to C, ſo is E to F. I fay, they are 
alſo proportional by Equality ; uiz. 
as A is to C, ſo is to D to F. | 
For tet G and H be any Equimul- | 
tiples of A and D; and K and Lany | 
Equimultiples of B and E; and like- 
wiſe M and N, any Equimultiples of |} 
Cand F. Then, becauſe A is ta B, A 
asD is toE; and G and H are 
Equimultiples of A and D; and K G 
and L Equimultiples of B and E, 


it hall be, “ as G is to K, fois H 
to L. For the ſame Reaſon, alſo, it 
will be as K is to M, D is L to N. 
And ſince there are three Magnitudes 
G, K, and M, and others H, L, and 
N, equal to them in Number, which 
being taken two and two, in each 
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G be leſs than M, 
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PROPOSITION XXII. 


PROBLEM. | 


If there be three Magnitudes, and others equal to 
them in Number, which, taken two and two, 
are in the ſame Proportion; and if their Ana- 
logy be perturbate, then ſhall they be alſo in the 
ſame Proportion by Equality. 
ET chere be three Magnitudes 

A, B, and C; and others equal 
to them in Number, D, E, and F, | | | 

which, taken two and two, are in -Y 

the fame Proportion, and their Ana- | | 

[I | 
BCDEp 
H 


eee ed aero des 


be pertu: bate; that is, as A is 
to B, ſo is E to F; andasBis to C, 
ſo is D to E. I fay, as A is to C, fo A 
is D to F. 
For, let G, H, and L, be Equi- | 


multiples of A, B, and D; and K, 
M, and N, any Equimultiples of C, 
„ 

Then, becauſe G and H are Equi- 
multiples of A and B, and ſince Parts 
have the ſame Proportion as their | 
like Multiples, when taken corre- | 
ſpandently ; it ſhall be *, as A is to B, ſo is G to H; ® 15 this. 
and, by the ſame Reaſon, as E is to F, fo is M to N. 

But A is to B, as E is to F. Therefore, f as G is to 1 x2: of chin, 

H, fois M to N. Again, becauſe B is to C as D 

is to E; da eee and D; 
25 


| 
| 


| 
| 
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as likewiſe K and M any Equimultiples of C and E; 
it ſhall be, as H is to K, fo is L to M. But it has been 
alſo proved, that as G is to H, fo is M to N. There- 
fare, becauſe three Magnitudes G, H, and K, and 
others, L, M, and N, equattothem in Number, which, 
taken two and two, are in the ſame Proportion, and 

their Analogy is perturbate; then if & exceeds K, 
* 21 of this. alſo L ® will exceed N; and G be equal to K, then 
L will be equal to N; and if G de leſs than K, L will 
* Hkewiſe be leſs than N. But G and Lare Equimul- 
'F | tiples of A and D; and K and N Equimultiples of C 
1 and F. Therefore, as A is to C, ſo ſhall D be to F. 
g Wherefore, if there be three Mapnitudes, and others 
"equal to them in Number, which, taken two and two, are 
| in the ſame Proportion; and if their Analogy be per- 
i turbate, then ſhall they be alſo in the ſame Proportion by 
f Equality ; which was to be demonſtrated. 


PROPOSITION XXIV. 


T HEORE u. 


If the firſt Magnitude bas the ſame Proportion to 
the ſecond, as the third to the fourth; and if the 
fifth bas the ſame Proportion to the ſecond; as the 
fixth has to the fourth ;, then ſhall the firſt com- 
pounded with the fifth, bave 
the ſame Proportion to the ſe- G| 
cond, as the third, compounded | H 
with the fixth, has to the 
fourth. 


LET the firſt Magnitude AB have 
the ſame Proportion to the ſe- p. 
cond C, as the third DE has to the 
fourth F. Let alſo the fifth BG have 
the ſame Proportion to the ſecond C, 
as the ſixth EH has to the fourth F. 
I fay, AG, the firſt compounded with 
the fifth has the ſame Proportion to 
the ſecond C, has DH, the third com- 
pounded with the ſixth, has to the 
fourth n l 


- - wy — hs = - 


— 2. WV 
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For, becauſe BG is to C, as EH is to P; it ſhall be 
(inverſly), as C is to BG, ſo is F to EH. Then, ſince 
ABiswC, as DE is to F; and as C is to BG, fo is F 


is DE to EH. And becauſe Magnitudes, being divided, 


are proportional, they ſhall alſo be + proportional when Þ 18 of his. 


compounded. Therefore, as AG is to GB, ſo is DH 


to HE: But as GBist to C, fo alſo is HE to F. f He- 


Wherefore, by Equality“, it ſhall be, as AG is to C, 
ſo is DH to F. Thercſore, if the firſt Magnitude has 
the ſame Proportion ts the ſecond, as the third to the 
fourth; and if the fifth has the ſame Proportion to the 
ſecond, as the fixth has to the fourth; then hall the firſt, 
compounded with the fifth, have the ſame Proportion 20 
the ſecond, as the third, compounded with the ſixth, has to 
the fourth ; which was to be demonſtrated. 


PROPOSITION XXV. 


THEOREM. 
If four Magnitudes be proportional; the greateſt, 
and the leaſt of them, will be greater than the 
other to. 


LE four Magnitudes, AB, CD, E, F. be propor- 


tional, whereof AB is to CD, as E is to F; let 
AB be the greateſt of them, and F 
the leaft. ſay, AB and F, are B 
greater than CD and E. 
For, let AG be equal to E, and 
CH to F. Then, becauſe AB is to 
CD as E is toF; and fince AG G+ | - 


and CH are each equal ta E and P; 
it ſhall be as AB is to DC, fois AG 
to CH. And becauſe the Whole H+ 


AB is to the Whole CD, as the | 
Part taken away AG is to the Part | 


taken away CH; it ſhall alſo be *, | | ® 19 of this, 


as the Reſidue GB to the Reſidue | 

HD, fo is the Whole AB to the | 

Whole CD. But AB is greater A CEF 

than CD; therefore, alſo, GB ſhall 

be greater than HD. r 
2 


to EH; it ſhall be, * by Equality, as AB is to BG, fo * 22 bin 


| EROS 
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and CH to F; AG and F will be equal to CH and 
E. But if equal Things are added to unequal Things, 
the es ſhall be unequal. Therefore GR, HD, 
berg Unggual, Yor GB b the greater, if AG and F are 
added to GB; and CH and E to HD; then AB and F 
will neceſſarily be greater than CD and E. Where- 


fore, if four Magnitudes be proportional ; the greateſt, 
4 KL 3 ud than the wher two ; 
ich demodtiſtr 1 4% | 


The END of the FirTn Book. 
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BOOK VI. 


DEFINITIONS. 


J. SIMILAR Rig Right- lined Figures are ſuch 

as have each of their ſeveral Angles equal 

to one another, and the Sides about the equal 
Angles proportional to each other. 

II. . are ſaid to be reciprocal, when the 
antecedent and 3 Terms of the Ratios 
are in each Fi 

III. A Right Line is s ſeid to be cut into mean and 
extreme Proportion, when the Whole is to the 
greater Segment, as the greater Segment is ta 
the leſſer. 

IV. The Altitude of any Figure is a perpendicu- 
lar Line drawn from the Top, or Vertex, to 
the Baſe. 

V. A Ratio is ſaid to be compounded of Ratios, 
when the Quantities of the Ratios, being mul- 
tiplied into one another, do produce a Ratio. 


— — 
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PROPOSITION I. 
TAR \ TuzOR BM. 


Triangles and Parallelograms, that have the ſame 
| Altitude, are to each other as their Baſes. 


ET the Triangles ABC, ACD, and the Pa- 
rallelograms EC, CF, have the fame Altitude, 


viz. the Perpendicular drawn from the Point 
A to BD. I ay, as the Bafe BC is to the Baſe CD, 
ſo is the Triangle ABC, to the Triangle ACD ; and 
ſo is the Patallelogram EC to the Parallelogram CF. 
For, produce BD both Ways to the Points H and L; 
and take GB, GH, any Number of Times equal to 
the Baſe BC; and DK, KL, any Number of Times 
equal to the Baſe CD; and join AH, AG, AK, AL. 
Then, becauſe CB, BG, GH, are equal to one 
another, the Triangles AHG, AGB, ABC, alſo, will 
be ® equal to one another: Therefore the ſame Mul- 
tiple that the Baſe HC is of the Baſe BC, ſhall the 
Triangle AHC be of the Friangle ABC. By the fame 
Reaſon, the ſame Multiple that the Baſe LC is of the 
Baſe CD, ſhall the Triangle ALC be of the Triangle 
ACD. And if the Baſe HC be equal to the Baſe C 
the Triangle AHC is alſo “ equal to the Tri 
ALC : And if the Baſe HC exceeds the Baſe CL, 
then the Triangle AHC will exceed the Triangle 
ALC. And if the Baſe HC be leſs than CL, then the 
Triangle AHC will be leſs than ALC. Therefore, 
fince there are four Magnitudes, viz. the two Baſes 
Triangles ABC, ACD; and 
fince the Baſe HC, and the Triangle AHC, are Equi- 
multiples of the Baſe BC, and the Triangle ABC: And 


the Baſe CL, and the Triangle ALC, are Equimulti- 


s of the Baſe CD, and the Triangle ADC : And it 
been proved, that if the Baſe HC exceeds the Bafe 
CL, the Triangle AHC will exceed the Triangle 
ALC] and if equal, equal; if lefs, leſs: Therefore, 


D. 5. 5. as the Baſe BC is to the Baſe CD, fo + is the Triangle 


to the Triangle ACD. 
| And 


| 
| 
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And becauſe the Parallelogram EC is + double to f 41. 1. 
the Triangle ABC; and the Parallelogram FC, double 
+ to the I riangle ACD; and Parts have the ſame Pro- 
portion “ as their like Multiples: Therefore, as the 15. 1. 
Triangle ABC is to the Triangle ACD, fo is the Pa- 
rallelogram EC to the Parallclogram CF. And fo, 
ſince it has been. proved that the Baſe BC is to the 
Baſe CD, as the Triangle ABC is to the Triangle 
ACD; and the Triangle ABC is to the Triangle 
ACD, as the Parallelogram EC is to the Parallelp- 
gram CF; it ſhall bet, as the Baſe BC is to the Büſe f 11. 5. 
CD, ſo is the Parallelogram EC to the Parallelogr 
FC. Wherefore, Triangles and Parallelograms, that 
have the ſame Altitude, are to each ther as their Baſes 
which was to be demonſtrated, 


PROPOSITION II. 


THEOREM. 


Fa Right Line be drawn parallel to one of the 
Sides of a Triangle, it ſhall cut the Sides of the 
Triangle proportionally ,, and if the Sides of the 
Triangle be cut proporticnally, then a Right 
Line, joining the Points of Section, ſpall be 

parallel to the other Side of the Triangle. 


LET DE be drawn parallel to BC, a Side of the 
Triangle ABC. I ſay, DB is to DA, as CE is 

to EA. 

For, let BE, CD be joined. 

Then the Triangle BDE is“ equal to the Triangle * 35. 1. 
CDE; ſor they ſtand upon the ſame Baſe DE, and 
ate between the ſame Parallels DE and BC; and ADE 
is ſome other Triangle. But equal Magnitudes have 
+ the ſame Proportion to one and the fame Magnicude. + 7. 5, 
Therefore, as the "Frianzle BDE is to the Triangle 
ADE, ſo is the Triangle CDE to the Triangle ADE. 

But as the Triangle BDE is to the Triangle ADE, 


ſa g is BD to DA; for fince they have the ſame Alti- f 1 of «is. 


tude, viz a Perpendicular drawn. from the Point E to 
AB, they are to each other as their Baſes, And, for 
the ſame Reaſon, as the Triangle CDE is to the Tri- 

| L 4 angle 


1 
: 
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angle ADE, ſb is CE'w EA: And therefore as BD 
is to DA, ſois * CE EA. 

And if the Sides AB, AC, of the Triangle ABC, 
be cut proportionally; that is, ſo that BD be to DA, 
as CE is . n DE Nee 1 DE i is 
parallel to BC... 

For — remaining, becauſe BD 
is to DA; as CE 'is to EKA; and BD is + to DA, as 
the Prianzle BDE is to the Triangle ADE ; and CE 
is to EA, das the Triangle CDE is to the Triangle 
ADE it ſhall be as the Triangle BDE is to the Tri- 
e ADE, ſo is ® the Triangle CDE to the Triangle 
E. And fince the Triangle BDE, CDE, have 
the fame Proportion to the Triangle ADE, the Tri- 
1 BDE ſhall be + equal to the Triangle CDE; 
_ have the fame Baſe DE: But equal Tri- 

Bug 4 5 pon the ſame Baſe, t are between the 
— 1 ; DE is parallel to BC. 
Wherefore, if a Right Line be drawn parallel to one 
the Sides of a Triangle, it ſhall cut the Sides of the Tri- 
angie proportionally ; and if the Sides of the Tri le be 
cut proportionally, then a Right Line, joining the Points 
of Settion, ſhall be parallel Þ the other Side of the Tri- 
angle; which was to be demonſtrated. 


PROPOSITION m. 


THEOREM. 


If one Ang le of a Triangle be biſefied, and the 
Right Line, that biſefts the Angle, cuts the Baſe 
alſo; then the Segments of the Baſe will have 
the ſame Proportion as the other Sides of the 
Triangle. And if the Segments of the Baſe 
Bae the ſame Pr 


of the Triangle have; then @ Right Line, 
drawn from the V ertex, to the Paint of Seftion 
of the Baſe, will biſes the Angle of the Tri- 


angle. 


ET there be a Tria ABC, and let its Angle 
L BAC be * bilefed b the K — 1 


ſay, as BD is to DC, ſo is BA to 
N For, 


oportion that the other Sides 


| 


— 
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For, thro C draw * CE parallel to DA, and pro- 37. Is 
duce BA, till it meets CE in the Point K. | 
Then, "becauſe the Right Line AC falls on the Pa- 
rallels AD, EC, the, Angle ACE n 1. 
CAD: Bun the Angle CAD (by the Hypotheſu) 
ual to the Angle BAD. Therefore the: Angle 
BA will be equal to the ACE. — 2 
cauſe the Right Line BAE falls on the Pa lek AD, 
EC, the outward Angle BAD is + — to the inward Þ 7. 5. 
Angle AEC ; but the Angle AEC has been proved. 
equal to the Angle BAD: Therefore ACE hall be 
equal to AEC; and fo the Side Ak is equal t to the f 6. r. 
Side AC. And becauſe the Line AD is draws parallel 
to CE, the Side of the Triangle BCE, it ſhall be, “ aa 2 of bis. 
BDis to DC, ſo is BA to AE; but AE is equal to AC. 
Therefore, as BD is to DC, lo is+ BA wAC..:; :: 
„ Js the Angle 
ine oi ay, 
BAC is biſected by he Right Line AD, N 
For, the ſame Conſtruction remaining, becauſe BD 
is to DC, as BA is to AC; and as BD is to DC. fo 
is T BA to AE; for AD is drawn parallel to one Side & 2 of bis. 
EC of the Trian le BCE; it ſhall be, as BA is to 
AC, ſo is BA to A . Therefore AC is equal to AE +; t 9: 4- 
and, accordingly, the Angle AEC is equal tothe Angle | 
ECA; But the Angle AEC is equal * to the outward * * 
Angle BAD; and the Angle ACE equal to the alter- 
nate Angle CAD. Wharebore the Angle BAD is alſo 
equal to the Angle CAD; and fo the Angle BAC is 
diledted by Ge . t Line AD. re, if one 
2 4 * be biſefied, and the Right Line, 
s the Angle, cuts the Baſe alſo; then the Seg- 
the Hoſe will have a . For as the 
25 Sa 1 Triangle. 7 if the Segments of the 
ſame Pr 


; hag pf the other Sides 7 the 
Rr Lave ; then a ght Line, drawn from the Ver- 


tex, to the Point of Seftion of the Baſe, will biſ the 
es fi the es hich was to be demonſtrated. 
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PROPOSITION Iv. 


TREFEOR EM. 
The Sides about the equal Angles of equiangular 
Triangles are proportional; and the Sides, 
-* which are ſubtended under the equal Angles, 
are Fonnlogius, or of like Ratio. 


E T ABC, DEC, be equiangular Triangles, hav- 
ing the Angle ABC equal to the Angle DCE, the 
Angle ACE <qvatto the Angle DEC, and the Angle 
BAC equal to the Angle CPE. I fay, the Sides that 
are about the equal Angtes of the Triangles ABC, 
DCE, are proportional; and the Sides that are ſub- 
tended under the equal Angles, are homologous, or 
of like Ratio | 
Set the Side BC in the ſame Right Line with the 
Side CE; and becauſe the Angles ABC, ACB, are 
* lefs than two Right Angles, and the Angle ACB 
is equal to the Angle DEC, the Angles ABC, DEC, 
are leſs than two Right Angles. And fo BA, ED, 
produced, will meet + each other; let them be pro- 
duced, and meet in the Point F. "Then, becauſe the 
Angle DCE is equal to the Angle ABC, BF fhall be 
T parallel to DC. Again, becaufe the Angle ACB is 
equal to the Angle DEC, the Side AC will be 1 paral- 
lel to the Side FE; therefore FACD is a Parallelo- 
gram, and conſequently FA is ® equał to DC, and AC 
to FD; and becauſe AC is drawn parallel to FE, the 
Side of the Triangle FBE, it ſhall + be, as BA is to 
AF, fois BC toCE: Bur CD is equal to AF, and 
(by Alternation) as BA is to BC, ſo is CD to CE. 
Again, becauſe CD is parallel to BF, it ſhall be, + as 
BC is to CE, fo is FD to DE, but FD is equal to 
AC. Therefore as BC is to CE, fo is f AC to DE: 
And ſo by Alternation, as BC is to CA, fo is CE to 
ED. Wherefore, becauſe it is demonſtrated, that AB 
is to BC, as DC is toCE; andas BC is toCA, fo is 
CE to ED; it ſhall be, * by Equality, as BA is to 
AC, fois CD 10 DE. Therefore, the Sides about the 
equal Angles of equiangular Triangles are proportional ; 


and the Sides, which are ſubtended under the equal Angles, 


are 
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are homologous, TY 6 — which was to be de» 
monltrated. 


PROPOSITION V. 


THEOREM. 


If the Sides of two Triangles are proportional, 

the Triangles Pall be equiangular ;, and their 
Angles, under which the homologous Sides are 
ſubtended, are equal. 


LET there be two Triangles ABC, DEF, having 
their Sides proportional; that is, let AB be to BC, 
as DE is to EF; and as BC to CA, fois EF to FD: 
And, alfo, as BA to CA, ſo ED to DF. I fa 
Triangle ABC is equi to the Triangle Bee, ; 
and the Angles are equal, under which the homolo- 
gous Sides are ſubtended ; viz. the Angle ABC equal 
to the Angle DEF ; and the Angle BCA equal to the 
Angle EFD and the Angle BAC equal to the Angle 


S pd ra with the Line EF, make 
® the Angle FEG equal __ and the * 23. I, 
Angle EEG coat tn the Aga Then the re- 
toads + equal to the remaining An- f Cr. 32. f. 
ww fo the Triangle ABC is equiangular to the 
Tri EGF; and, conſequently, the Sides that are 
ed under the equal Aogles, are 
Therefore, as AB is to BC, ſo is 1 GE to EF; but t 4 «4:5. 
See : There- 
is to EF, fois GE to EF. And ſince * «1. f. 
DE, EG, have the ſame Proportion to EF; DE hal 
be + equal to EG. For the fame Reaſon DF is equal t 2 5. 
to FG ; but EF is common. Then, becauſe the two 
Sides DE, EF, are equal to pes oy EF, 
and the Baſe DF is equal to the Baſe FG, the 
DEF bt equal to the Ang je GEF; and the Triangle f 3. . 
' DEF equaliothe Triangle GEF ; "and the other An- 
gles of the one equalto.the other Angles of the other, 
which are ſubtended by the equal Sides. Therefore 
. e GFE, and the 


the e DFE i equal 
| Avele EDE equal to the Angle EGF, And * 
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the Angle DEF is equal to the Angle GEF; and the 
Angle GEF equal to the Angle A ; therefore the 
Angle ABC ſhall be alſo equal to the Angle DEF. 
For the Game Reaſon, the Angle ACB ſhall be equal 
to the Angle DFE ; as alſo the Angle A equal to the 
Angle D: Therefore the Triangle ABC will be equi- 
angular to the Triangle DEF. Wherefore, if the 
Sides of two Triangles are dropertional, the Triangles 
Hall be dy and their Angles, under which the 
homologs Sides are Jn, are _ which was 
to be demonſtrated. 
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THEOREM. 


I 1 two Triangles have one Angle of the one equal 
to ene Angle of the other, and if the Sides about 
the equal Angles be proportional, then the Tri- 
angles are equiangular ; and have thoſe Angles 
equal, under which are ſubtended the — 
gous Sides. 


LET there be two Triangles ABC, DEF, having 
one Angle BAC, oi the one, equal to the Angle 
EDF of the other ; and let the Sides about the equal 
Angles be proportional ; viz. let AB be to AC, as 

ED H DF, I ay, the Triangle ABC is equian- 
gular to the Tri DEF; and the Angle ABC 


equal to the EF; and the Angle AC; equal 


W Angie 1 
| For, at the Points D F, with the Right Line 
® 23 7. DF, make * the Angle F .equal. to either of the 


Angles BAC, EDF 3 and the A- D G equal to the 


le ABZ. 

Then the the other Angle abt ap to the other 
Ang lei G; and fo the T py oF 
to * Tiiengle DGF; —_— conſequently, is 

1 4 of this. to AC, ſo t GD DE: But (by the Ip.) as:BA 

*11.5- is to AC, fo is ED to-DF. Therefore, av ED is ® to 

9. . DF, ſo GD % DF; whence ED is f equal to DG, 

and DF. is common; therefore - the two Sides KD, 

-DF, are <qual to the two Sides GD, DE; and the 


es cqual to the Angle GDF : 2 


. r 
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the Baſe EF'is ® equal to the Baſe FG, and the Tri- * 4. 1. 


angle DEF equal to the Triangle DGF; and the 
other Angles of the one equal to the other Angles of 
the other, each to each; under which the equal Sides 
are ſubtended. Therefore the Angle DFG is equal to 
the Angle DFE, and the Angle G equal to the Angle 
E; but the Angle DFG is equal to the Angle ACB: 
Where fore the Angle Ach is equal to the Angle DFE ; 


but the Angle BAC is 3 alſo equal to the Angle EDF: t By e. 
Therefore the other Angle at B is +equal to the other + 32. 1. 


Angle at E; and fo the Triangle ABC'is equiangular 
to the Triangle DEF. Therefore, if two Triangles 
have one Angle of the one equal to one Angle of the other; 
and if the Staes about the equal Angles be proportional; 
then the Triangles are equiangular ; and have thoſe Angles 
equal, under which are ſubtended the homacogous Sides; 
which was to be demonſtrated. 


PROPOSITION VII. 


THEOREM. 


Tf there are two Triangles, having one Angle of the 
one equal to one Angle of the other, and the Si 
about the other Angles proportional; and if 
remaining third Angles are either both leſs, ar 
both not leſs, than Right Angles ; then ſball the 
Triangles be equiangular, and bave thoſe Angles 
equal, about which are the proportional Sides. 


ET two Tri les ABC, DEF, have one Angle 

of the one equal to one Angle of the other, uix. 
the Angle BAC equal to the Angle EDF ; and let the 
Sides about the other Angles ABC, DEF, be propor- 
tional; viz. as DE is to EF, fo let AB be to BC; 
and let the other Angles at C and F be both leſs, or 
both not leſs, than Right 2 I fay, the Triangle 
ABC 7 7 ne to the Triangle DEF; and the 
Angle ABC is equal to the Angle DEF; as allo the 


other Angle at C equal to the other Angle at F. 

For, if the Angle ABC be not equal to the Angle 
DEF, one of them will be the greater, which let be 
ABC. Then at the Point B with the ad" 
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® 23. I, 


+ Cor, 32. 1. the remain 


t 4 of this. is to BG, ſo is 1 DE to E 


* By Hyp. 
111. LL 
T 9. 5. 
® 5. 1. 
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1 ABG equal to the Angle 
E 
Now, becauſe the Angle A is equal to the * 
D, and os Dae equal to the Angle DE 
= ngle AGB is + hag fon. ty 
ing Angle DFE: And therefore the Triangle ABG 
is equiangular to the Tong DEF; and fo, as AB 
but as DE is to EF, fo 
is ® AB to BC. Therefore, as AB is to BC, ſo is 
AC to 1 BG; and fince AB has the fame 
to BC, that is, as to BG, BC ſhall be + equal to BG; 
2 „the Angle at C“ equal to the 
ER | 
or BGC, i lk than a Right Angle; and _ 
AGB is greater than a Right Angle. 
22 AGB has been proved equal to the Angle 
at F; therefore the Angle at F is greater than a Right 
Angie: But (by the Hyp.)] it is not greater, fince © is 
not greater than a Right Angle, which is abſurd. 
Whoefore the Angle is not unequal to the An- 
gle DEF; n the ſame; but 
the Angle at A is equal to that at D; whales 2a 
remaining at D the remaining Angle 


at F; and, uently, the Triangle A BC is 
angular to the Triangle DEF. Therefore, i 4 


art two Triangles haumg ane Angle of the one 
one Angle of the ather, and the Sides about the other * 
third Ang _ 


geht Angles ; 
. and have theſe Angles 
about whnch are * het Sides; Which 


Exclid's ELEMENTS. 


mT 
PROPOSITION VIII. 


\ FTruronEM, | 


if + Pandey be drawn, in a Right-angled 
Triangle, from the Right Angle to the 2 
then the Triangle on each Side of the P 
dicular are ſimilar, both to the Whole, an 
lo one anel ber. 


L me ABC be a Right-angled Triangle, whoſe 
Angle is BAC; and let the Perpendicular 
AD, * 332 from the Point A to the Bale . 1 
ſay, the Triangles ABD, ADC, are ſimilar to one 
another, and th whole Triangle AdC | 
For, becauſe the Angle BAC is equal to the Angle 
ADB, for each of them is a Right Angle; and the 
Angle a: B is common to the two Triangles ABC, 


the remaining Angle ACB ſhall be“ equal to * Co. 32. 2. 


the remaining Angle BAD. Therefore the Tria 
ABC is equiangular to the Triangle ABD; and fo, 


as + BC, which ſubtends the Rig ht Angle of the Tri- + 4 of «his, 


angle ABC, is to BA, ſubtending the Right Angle of 
the Triangle ABD, fo is AB, f — the ASC 
of the Tria le ABC, to DB, ſubtending an Angle 
—_— gle C; viz. the Angle BAD, of the 
riangie ABD ; and fo, moreover, is AC to AB, ſub- 
tending the Angle B, which is common to the two 


439 


Triangles. Therefore the Triangle ABC is t equi- t 52 I. 


”—_— r and the Sides about 7 
les are proportional. Wherefore the 

Tasse 2458 is t ſimilar to the l _— 

the fame Way wedemonſtrate, that the 

is alſo ſimilar to the 8 ABC. — hp each 


of the Triangles ABD, ABC, is fimilar to the whole 
Li the ſaid Triangles alſo ſimilar | 

I fay, id Tri are ilar to one 
cn 

Pos, danonls the Rigds e BDA is equal to the 
Right Angle ADC, and the BAD has been 
proved equal to the Angle C ; it follows, that the re- 
* 


be equal to the remaining c. 32. 
the | Ange * 
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Þ 4 of this, Ang 


＋ 31. 1. 


T2 of this. 
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Angle DAC. And fo the 2 ABD is equi- 

ular to the Triangle ADC. Wherefore as + BD, 
ſubtending the Angle BAD of the Triangle ABD, is 
to DA, ſubtending the Angle at C of the Triangle 
ADC, which is equal to the Angle BAD; fo is AD, 
ſubtending the Angle B of the Triangle ABD, to DC, 
ſubtending the Angle DAC, equal to the Angle B. 
And, moreover, ſo is BA to AC, ſubtending the Right 
Angles at D; and, conſequently, the Triangle ABD | 
is ſimilar to the Triangle e gr if a 
Perpendicular be drawn in a Right- riangle, 
from the Right Angle to the Baſe, then be 3 
each Side of the Perpendicular are ſimilar, both to the 
Whole, and alſo to one another ; which was to be de- 
monſtrated. {\_ 


Coroll. From hence it is manifeſt, that the Perpendi- 
cular drawn in a Right. angled Triangle from the 
Right Angle to the Baſe, is a mean Proportional be- 
tween the Segments of the Baſe. Moreover, either 
of the Sides containing a Right Angle, is a mean 
Proportional between the whole Baſe, and the Seg- 
ment thereof, which is next to the Side. 


PROPOSITION IX. 


PROBLEM. 
To cut off any Part required from a given Right 
„ 


LET AB be a Right Line given, from which muſt 
be cut off any required Part; ſuppoſe. a third. 
Draw any Right Line AC from the Point A, mak- 
ing an A at Pleaſure with the Line AB. Aſſume 
any Part D in the Line AC; make DE, EC, each 
equal to AD; join BC, and draw + DF chro' D, pa- 
rallel to BC. 


Then, becauſe FD is drawn parallel to the Side BC 
of the Triangle ABC, it ſhall be, f as CD is to DA, 
ſo is BF te FA. But CD is double to BA. Therefore 
BF ſhall be double to FA; and fo BA is triple to AF. 
Wherefore, there is cut off AF, a third Part required, 
of the giuen Right Ling AB; — , x M 
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' PROPOSITION x. 
| PROBLEM. 


77 divide @ given undivided Right Line, as an- 
other given Right Line is divided. 


LET AB tea iven undivided Right Line, and 
AC a divided Line. Ir is required to divide AB, 

as AC is divided. ' 
Let AC be divided in the Points D and E, and fo 
as to contain any Angle with AB. Join the 
oints C and B; through D and E let DF, EG, be 
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drawn * parallel to BC; and through D draw BHK, * 37. r. 


to AB. 
Then FH, HB, are each of them Parallel 


and ſo DH is + equal to FG, and HK to GB. And t 34. 7. 


becauſe HE is drawn parallel to the Side KC of the 


Triangle DKC, it ſhall be f as CE is to ED, fo is t 2 this, 


KH to HD. But KH is equal to BG, and HD to 
GF. Therefore, as CE is 5 ED, ſo is BG to GF. 
_ becauſe FD is drawn parallel to the Side EG 

of the Triangle AGE, as ED is to DA, ſo ſhall 3 
GF be to FA. But ithas been proved, that CE is to 
ED, as BG is to GF. Therefore, as CE is to ED, 
ſois BG to GF; and as ED is to DA, fois GF to FA. 
Wherefore, the gruen undivided Line AB is divided as 
the given Line AC is, which was to be done. 


PROPOSITION XL 


PROBLEM. 


LET AB,AC, — Line, f placed, 
as to make any Angle with each other. It is re- 
quired to find a third Proportional to AB, AC. | 

. AC, to the Points D and E; make 
BI) n the Points B, C; and draw 
7 the Line DE tho 3 parallel to BC. 


1 31. . 
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Then, becauſe BC is drawn parallel to the Side DE 


t 2 of this. of the Triangle ADE, it ſhall be, t as ABis to BD, 


+ 1. 1. 


{ 12. 1. 


＋ 31+ 3. 


ſo is AC to CE. But BD is equal to AC. Hence, 
as AB is to AC, fois AC to CE. Therefore, a third 
Proportional CE is found to two given Right Lines AB, 
AC; which was to be dune. a 


PROPOSITION XII. 


PROBLEM. 


Three Right Lines being given, to find a fourth 
Propertional to them. 


LE T A, B, C, be three Right Lines given. It is 
required to find a fourth Proportional to them. 
Let DE and DF be two Right Lines, making any 
Angle EDF with each other. Now make DG equal 
to A, GEegual to B, DH equal to C; and draw the 
Line GH, as alſo, +EF thro' E, parallel to GH. 
Then, becauſe GH is drawn parallel to EF, the 
Side of the Triangle DEF, it ſhall be, as DG is to 
GE, fo is DH to HF. But DG is equal to A, GE 
tu B, and DH to C. Conſequently, as A is to B, fo is 
C to HF. Therefore, the Right Line HF, a fourth 
Proportional to the three given Right Lines A, B, C, is 


found ; which was to be done. 


PROPOSITION XIIL 


PROBLEM. 


To find a mean Proportional between two given 
Right Lines. 


ET the two given Right Lines be AB, BC. It is | 
required to find a mean Proportional between 
them. Place AB, BC, ,in a dire& Line; and on the 


Whole AC deſcribe the Semicircle ADC, and i draw 


BD at Right Angles to AC from the Point B; and let 
AD, DC, be joined. | in 

Then, becauſe the Angle ADC, in a Semicircle, 
is + a Right Angle; and ſince the Perpendicular DB is 
drawn hom the Right * the Baſe ; — 
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DB is t a mean Proportional between the t. 8. of 


of the Baſe AB, BC. Wherefore, a mean Froper- 
tional between the two given Lines AB, BC, ts found; 
which was to be done. 


PROPOSITION XIV. 


THEOREM. 


Equal Parallelograms, having one Angle of the 
one equal to one Angle of the other, have the 
Sides about the equal Angles reciprocal ,, and 
thoſe Parallelograms that have one Angle of 
the one equal to one Angle of the other, and the 
Sides that are about the equal Angles recipro- 


cal, are equal. 


ET AB, BC, be 8 the 
L * B om let the Sides DB, BE, be 


in one ſtrait Line; then alſo will 4 the Sides FB, BG, f 4. 1. 
be in one ſtrait Line. I fay, the Sides of the Parallelo- 
grams AB, BC, that are about the equal Angles, are 
reciprocal ; that is, as DB is to BE, fo is GB to BF. 
For, let the Parallelogram FE be compleated. 
Then, becauſe the Parallelogram AB is equal to the 
Parallelogram BC, and FE is ſome other Parallelo- 
m; it ſhall be, as AB is to FE, fo is+BC to FE; 17. 5. 
tas A; is to FE, ſo is tDBtoBE; and as BC is f 1 this 
to FE, ſo is GB to BF. Therefore as DB is to BE, 
ſo is GB to BF. Wherefore the Sides of the Paralle- 
lograms AB, BC, that are about the equal Angles, are 
reciprocally proportional. 

And if the Sides that are about the equal Angles are 
reciprocally proportional; viz. if DB be to BE, as GB 
is to BF; [ fy, the Parallelogram AB is equal to the 
Parallelogram BC. 

For, ſince DB is to BE, as GB is to BF; and DB 
to BE, as the Parallelogram AB f to the Parallelo- 

m FE; and GB t to BF, as the Paralle 

C to the Parallelogram FE ; it ſhall be as AB is to 
FE, fois BC , to FE. Therefore the Parallelog am 
AB is equal to the Parallelogram BC. And fo, equal 
Parallelagrams, having one Angle of the one equal to one 
Angle of the other, cont "a about the a 
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1 14. 1. 
1 7. 5+ 


ti this. 


11. 5. 
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„ N and thoſe P that have one 
ngle 0 the one equal to one Angle of the other, and the 


wt, about the les reciprocal, 
, 8 


PROPOSITION xv. 
THEOREM. 


Equal Triangles, bavixg one Angle of. the one 
_ — the other, bave — Sides 


the &qual Anples retiprocal ; and thoſe Triangles 
hat bave one Angie of the one equal to one An- 


ie be other, and have alſo the Sides about 
the equal Angles reciprocal, ate equal. 


ET the equal Triangles ABC, ADE, have one 
Atgle of the one equal to one Angle of the other; 
of. the BAC vu to the Angle DAE. I ay, 
the Sides about the Angles are reciprocal ; 
is, as CA is to AD, fois EA EA to AB. 

'For, place CA and AD in one ſtrait Line ; then 
EA and AB ſhall be f alto in one ftrait Line; and let 
BD be joined. Then, becauſe the Triangle ABC is 
equal to the Triangle ADE, and ABD is fome other 
Triangle, the Triangle CAB chall be + to the Tri- 
angle BAD, as the Triangle ADE is to the Triangle 
BAD. But, as the Triangle CAB is to the Triangle 
BAD, fois CA to AD; and as the Triangle EAD 
is to the Triangle BAD, fo tis EA to AB. There- 
fore, as CA is to AD, “ fois EA to AB. Wherefore 
the Sides of the Triangles ABC, ADE, about the 
equa} Angles are reciprocal. | 

-_ _ if the Sides about the equal of the Tri- 

es ABC, ADE, be reciprocal, viz. if 'CA be to 
„ as EA is to AB; 1 57 the Triangle ABC is 


equal to the Trian 


Por, again, ings ADE. Then, becauſe CA 
is to AD, #s EA is to AB; and CA to AD f, as the 
Triangle ABC to che Triangle BAD; and EA to 
AB f, as the Tri EAD to the Triangle yo 
therefore, as the Triangle ABC is to the Triang 
* bu: TranglcEAD be tothe Triangle 
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BAD. Whence the Triangles ABC, ADE, havs the 

ſame Proportion to the Triangle BAD; and fo the 
Triangle ABC is + equal to the Triangle ADE. f 5. 5. 
Therefore, equal Triangles, having one Angle of the one 

equal to one Angle of the ather, have their Sides about the 

equal Angles reciprocal ; and thoſe Triangles that have 

one Angle of the one equal to one Angle of the other, and 

have alſo the Sides about the equal Angles reciprocal, are 

equal ; which was to be demonſtrated. 


PROPOSITION XVI. 
THEOREM. | 


If four Right Lines be proportional, the Rectangle 
contained under the Extremes is equal ta the 
Rectangle contained under the Means; and if the 
Rectangle contained under the Extremes be equal 

to the Rectangle contained under the Means, 


then are the four Right Lines proportional. 


LE T four Right Lines AB, CD, E, F, be propor- 
tional, fo that AB be to CD, as E is to F. I fay, 
rs x 2 under the Right Lines ay: and 
„ Is equal to the Rectangle contained under the Right 
Lines CD and E. Is | 

For, draw AG and CH, from the Points A and C, 
at Right Angles to AB and CD; and make AG equal 
to F, and CH equal to E; and let the Parailelograms 
BG, DH, be compleated. 

Then, becauſe AB is to CD, as E is to F; and fince 
CH is equal to E, and AG to F; it ſhall be, as AB is 
to CD, fois CH to AG. Therefore, the Sides that are 
about the equal Angles of the Parallelograms BG, DH, 
are reciprocal; and ſince thoſe Parallelograms are ; 
equal *, that have the Sides about the equal Angles * 14 gf tis. 
reciprocal ; therefore the Parallelogram BG is equal to 
the Parallelogram DH. But the Parallelogram BG is 
equal to that contained under AB and F ; for AG is 
equal to F, and the Parallelogram DH cqual to that 
contained under CD and E, face CH is equal to E. 
Therefore the ReQangle contained under AB and F, 
is equal to that eonlnes vader C1] and E. 

| 3 


: 
| 
| 
| 
| 
1 
' 
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And if the Rectangle contained under AB and F be 
equal to the Rectangle contained under CD and E; I 
2 the four Right Lines are Proportionals; viz. as 
AB is to CD, fois E to F. | 
For, the ſame Conſtruction remaining, the Rectan - 
contained under AB and F is equal to that con- 
tained under CD and E; but the Rectangle contained 
under AB and F is the ReQangle BG; for AG is equal 
to F; and the Rectangle contained under CD and E 
is the Rectangle DH; for CH is equal to E. There- 
fore the Parallelogram BG ſhall be equal to the Paral- 
lelogram DH, and they are equiangular ; but the Sides 
of equal and equiangular Parallelograms, which are 


® r4 of this, about the equal Angles, are “ reciprocal. Wherefore, 


vo, LO 


as ABis to CD, fo is CH to AG; but CH is equal to 
E, and AG to F; therefore, as A; is to CD, fois E to 
F. Wherefore, if four Right Lines be propertional, the 
Rectangle contained under the Extremes is equal to the 
Rectangle contained under the Meant; and if the Rett- 
angle contained under the Extremes be equal to the Recr- 
angle contained under the Means, then are the four Right 
Lines proportional ; which was to be demonſtrated. 


PROPOSITION XVII. 


THEOREM. 


F three Right Lines be proportional, the Rectangle 
contained under the Extremes is equal to the 
Square of the Mean; and if the Rectangle 
under the Extremes be equal to the Square of 
the Mean, then the three Right Lines are 


proportional, 


LE T there be three Right Lines, A, B, C, propor- 

tional; and let A be to B, as Bis ro C. I fay, 

the Rectangle, contained under A and C, is equal to 
the Square of B. | 185 
For, make D equal to B. 

Then, becauſe A is to B as B is to C; and B is 

equal to D; it ſhall be ®, as A is to B ſo is D to C. 

But, if four Right Lines be Proportionals, the Rectan- 


+ 16 ibu. gle contained under the Extremes is + equal to the 


ectangle under the Means. Therefore the — 
gle 
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gle contained under A and C is equal to the Rectangle 
under B and D: But the Rectangle under B and D is 
equal to the Square of D; for B is equal to 1): Where- 
fore the Rectangle contained under A, C, is equal to 
the Square of B. 


And if the Rectangle contained under A and C be 


_—_ B: I fay, as A is to B, fo is B 
to 


For, the ſame Conſtruction remaining, the Rectan- 
ge contained under A and C, is equal to the Square of 

; but the Square of Bis the Rectangle contained un- 
der B and D; for B is equal to D; and the Rectangle 
contained under A and C ſhall be equal to the Rectangle 
contained under B and D. But if the Rectangle con- 
tained under the Extremes be equal to the Rectangle 
contained under the Means, the four Right Lines ſhall 
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be + Proportionals. Therefore A is to B, as D is to f 16 of this, 


C; but B is equal to D. Wherefore A is to B, as B 
is to C. Therefore, if three Right Lines be propor- 
tional, the Rectangle contained under the Extremes is equal 
to the Square of the Mean; and if the Rectangle under 
the Extremes be equal to the Square of the Mean, jhen the 
three Right Lines are proportional; which was to be 
demonſtr ated. 


PRO POSITION XVIII. 


PROBLEM. 
Upon a given Right Line, to deſcribe a Right-lined 
Figure, fimilar, and ſimilarly ſituate, to a 
Right-lined Figure given. 


LET AB be the Right Line given, and CE the 

Right-lined Figure. It is requited to deſcribe 
upon the Right Line AB a Figure fimilar, and fimila- 
rily ſituate, to the Right-lined Figue CE. 


Join DF, and make, * at the Points A and B, with 23. 1. 


tne Line AB, the Angles GAB, ABG, ſeverally equal 
to the Angles C and CDF. Whence the other An- 


gle CFD is + equal to the other Angle AGB; and fo f Cor. 32.1, 


the Triangle FCD is equiangular to the Triangle 
GAB: And, conſequently, as FD is to GB, fo is 


1 FC to GA; and ſo is CD to AB. Again, make I 4 fi 


M 4 


* 0 * 
1 — eo 


4 
˖ 
' 
F 
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the Angles BGH, GBH, at the Points B and G. 


with the Right Line BG, ſeverally equal to the 

+ Cr. 32. 1. EFD, EDF; then the remaining Angle at E is equal 

to the remaining Angle at H. Theretoee the Triangle 

FDE is equiangular to the Triangle GBH; and, con- 

t 4 ef this. ſequently, as FD is to GB, fo is 1 FE to GH; and ſo 

to HB. But it has been proved, that FD is toGB, 

as FC is to GA, andas CD to AB. And therefore, as 

*:11.5, FC is to AG, ſo is ® CD to AB; and fo FE to GH; 

and ſo ED to HB. And becauſe the Angle CFD is 

equal to the Angle AGB ; and the Angle DFE equal 

to the Angle BGH; the whole Angle CFE ſhall be 

equal to the whole Angle AGH. By the fame Reaſon, 

the Angle CDE is equal to the Angle ABH ; and the 

Angle at C equal to the Angle at A; and the Angle E 

equal to the Angle H. Therefore the Figure AH is 

equiangular to the Figure CE ; and they have the 

Sides about the equa) Angles proportional. Conſe- 

® Def. 1. of quently, the Right-lined Figure AH will be * fimilar 

this, to the Right-lined Figure CE. Therefore, there is de- 

| ſeribed upon the given Right Line AB, the Right-lined 

Figure AH, fimilar, and ſimilarly fituate, to the given 
Right-ined Figure CE; which was to be done. 


PROPOSITION XIX. 


THEOREM. 


Similar Triangles are in the duplicate Proportion 
of their homologous Sides. 


LET ABC, DEF, be ſimilar Triangles, having the 
Angle B equal to the Angle E; and let AB be to 
BC, as DE is to EF, fo that BC be the Side homolo- 
gous to EF. I fay, the Triangle ABC, to the Tri- 
angle DEF, has a duplicate Proportion to that of the 

Side BC to the Side EF. | 
* 11 of this: For, take * BG a third Proportion to BC and EF; 
that is, let BC be to EF as EF is to BG, and join GA. 
Then, becauſe AB is to BC, as DE is to EF; it 
ſhall! be (by Alternation), as AB is to DE, fo is BC 
to EF; but as BC is to EF, ſo is EF to BG. There- 
fore, as AB is to DE, ſo is 1 EF to BG: Conſe- 
quently, the Sides that are about the equal _—_ 


2 11. 5. 


— — I A˖˙ 0 „„ T » ũ 67 4 13 MPHELEE Ia — — — — r _ 
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the Triangles ABG, DEF, are reciprocal : But thoſe 
Triangles that have one Angle of the one equal to one 
Angle-of the other, and the Sides about the equal An- 
les reciprocal, are } equal. Therefore the Triangle 1 15 of this, 
ABG is equal to the Triangle DEF ; and becaufe BC 
is to EF, as EF is to BG; and if three Right Lines 
be proportional, the firſt has a duplicate Proportion D. 10.5. 
to the third, of what it has to the ſecond; BC to BG 
ſhall have a duplicate Proportion of that which BC has 
to EF; and as BC is to BG, fo is the Triangle ABC 
to the Triangle ABG; whence the Triangle ABC 
bears to the Triangle ABG a duplicate Preportion to 
what BC doth to EF; but the Triangle ABG is equal 
to the Triangle DEF. Therefore the Triangle ABC, 
to the Triangle DEF,ſhall be in the duplicate Proportion 
of that which the Side BC has to the Side EF. Where- 


fore, ſimilar Triangles are in the cate Proportion 

on Sides; which 4 9 

Coroll. From hence it is maniſeſt, if three Right Lines 
be proportional; then, as the firſt is to the third, 
ſo is a Triangle made upon the firſt, to a fimilar and 
ſimilarly deſcribed Triangle upon the ſecond; be- 
cauſe — proved, that as CB is to BG, ſo is 
the Triangle ABC to the Triangle ABG; that is, to 
the Triangle DEF ; which was to be demonſtrated. 


PROPOSITION XX. 
THEOREM. 

Similar Polygons are divided into fimilar Trian- 
gles, equal in Number, and homologous to the 
Wholes ; and Polygon to Polygon, is in the du- 
plicate Proportion of that which one bomolo- 

Fons Side bas io the other. 


L ET ABCDE, FGHEKEL, be ſimilar Polygons, and 

let the Side AB be homologous to the Side FG. 

I fay, the Polygons ABCDE, FGHEL, are divided 

into equal Numbers of ſimilar Triangles, and homolo- 
to the Wholes ; and the Polygon ABCDE, to the 

— FGHEL, is in the duplicate — of 

that which the Side AB has to the Side FG. 

For let BE, EC, GL, LH, be joined. 


Then, 


- 0 — * — * 8 CG > * 5 - 
— ICONS LITE; —— - AT — 


1 22. 3. BC as FG is to GH; it ſhall be , by 
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Then, becauſe the Polygon ABCDE is fimilar to 
the Polygon FGHKL, the Angle BAE is equal to the 
Ang Je GFL; and BA is to AE, as GF is to FL. 
5.4 ſince ABE, FGL, are two Triangles having 
ope Angle of the one equal to one Angle of the other, 
and the Sides about the equal Angles proportional ; the 
* 6 of thii, Triangle ABE will be equiangula to the Triangle 
FGL, and alſo fimilar to it. Thereſore the Angle 
ABE is equal to the Angle FGL ; but the whole An- 
9 2 1. ef gle ABC 1s ® equal to the whole Angle FGH, becauſe 
of the Similarity of the Polygons; therefore the re- 
maining Angle EBC is equal to the remaining Angle 
LGH : (And fince by the Similarity of the T riangles 
ABE, FGL), as EB is to BA, fois LG to GF; and 
fince, alſo, by the Similarity of the Pol yg gons, AB i is to 
quality of Pro- 
portion, as EB is to BC, fo is LG to GH; that is, the 
Sides about the equal Angles EBC, LGH, are propot- 
tional. Wherefore the Triangle EBC is equiangular 
to the Triangle LGH, and, conſequently, alto fimilar 
to it. For the ſame Reaſon, the Triangle ECD is 
likewiſe fimilar to the Triangle LHK ; therefore the 
fimilar Polygons ABCDE, FGHEL, are divided into 
equal Numbers of ſimilar Triangles. 
I fay, Jon bm alſo — to the Wholes; that 
is, that the Triangles are proportional; and the An- 
tecedents are ABE, EBC, ECD; and their Conſe- 
quents FGL, LGH, LHK. And the Polygon ABCDE, 
tothe Polygon FGHKL, i is in the duplicate Proportion 
of an homo] s Side of the one, to an homglogous 
Side of the N that is, as AB to FG. 
For, becauſe the Triangle ABE is fimilar to the 
® 19 of this, *. 'e FGL,- the Triangle ABE ſhall be“ to the 
— FGL, in the duplicate Proportion of BE to 
Gl.: For the ſame Reaſon, the Triangle BEC, to 
-” Triangle GLH, is “ in a duplic 2 
1 1. 3. BE to GL : Therefore the Triangle ABE is + to 
the Triangle FGL, as the Triangle BEC is to the 
Triangle GLH. Again, becauſe = Triavgle EBC, 
is ſimilar to the Triangle LGH, the Triang — EBC, 
to the Triangle LGH, ſhall be in the * Pro- 
n of the Right Line CE to the Right Line 
L; 3 * Wann ECD to oo Tri- 


1+: - a 


roportion of 


«? p40 vo”, 


Book VI. Euclids ELemenTS. 


_ LHE, ſhall be in the duplicate Proportion of 
CE to HL. Thereſore the Triangle BEC is to the 
Triangle LGH, as the Triangle CED is to the Tri- 
angle LHK. But it has been proved, that the Tri- 
angle EBC is to the Triangle LGH, as the Triangle 
ABE is to the Triangle FGL. Therefore, as the 
Triangle ABE is to the Triangle FGL, fo is the Tri- 
angle BEC to the Triangle GHL; and ſo is the Tri- 
angle ECD to the Triangle LH. But as one of the 
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Antecedents is to one of the Conſequents, fo are | all f 12. 3. 


the Antecedents to all the Conſequents. Wherefore, 
as the Triangle ABE is to the Trian le FGL, fo is 
the Polygon ABCDE to the * or GHEL: But 
the Triangle ABE, to the * e F 
duplicate Proportion of the homologous Side AB to the 
homologous Side FG ; for ſimilar "Triangles are in 
the duplicate Proportion of the homologous Sides, 
Wherefore the Polygon ABCDE, to the Polygon 
FGHKL, is in the duplicate Proportion of the homo- 
logous Side AB to the homologous Side FG. There- 
fore, femilar Polygons are divided into ſimilar Triangles, 

in 7. and gras to 3 and Po- 
Hen to Polygon, is in t cate Proportion of that 
which one homologous Side has to the ather ; which was 
to be demonſtrated. 


It may be demonſtrated, after the fame manner, that 
fimilar quadrilateral Figures are to each other in the 
duplicate Proportion of their homologous Sides; and 
this has been already proved in Triangles. 


Carell. 1. Therefore, univerſally, ſimilarly Right lined 
Figures are to one another in the duplicate Propor- 
tion of their homologous Sides; and if X be taken 
a third Proportional to AB and FG, then AB will 


have to X a duplicate Proportion of that which AB | 


has to FG; and a Polygon to a Polygon, and a 
quadrilateral Figure to a quadrilateral Figure, will 
be in the duplicate Proportion of that which one 
ho! s Side has to the other; that is, AB to 
FG; but this has been proved in Triangles. 
2. Therefore, univerfally, it is manifeſt, if three Right 
Lines be proportional, as the firſt is to the third, fo 
is a Figure deſcribed upon the firſt, to a fimilar and 
ſumilarly 


GL, » is in the 19 of tha, 


— * 


— 
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ſimilarly deſcribed Figure on the ſecond ; which was 
to be demonſtrated. 


PROPOSITION XXL 


THEOREM. 


Figures that are ſimilar to the ſame —_— 
Figure, are alſo ſimilar to one a 


LET each of the Right-lined Figures A, B, be 
ſimilar to the Right-lined Figure C. I fay, the 
A Figure A is alſo ſimilar. to the Right - lined 
re B. | 
or, becauſe the Right-lined Figure A is fimilar to 
* Def. 1. the Right-lined Figure C, it ſhall be “ equiangular 
of ths, thereto; and the Sides about the equal Angles pro- 
portional. in, becauſe the Right-lined Fi B 
15 ſimilar to the Right-lined Figure C, it de 
equiangular thereto; and the Sides about the equal 
Angles will be proportional. Therefore each of the 
Right-lined Figures A, B, are b wr to C, and 
they have the Sides about the equal Angles propor- 
tional. Wherefore the Right-lined Figure A is equian- 
gulat to the Right-lined Figure B; and the Sides about 
the equal Angles are proportional. Wherefore, A is 
ſimilar to B; which was to be demonſtrated. 


PROPOSITION XXII. 


THEOREM. 


if four Right Lines be proportional, the Right- 
lined Figures, fimilar and fimilarly deſcribed 
pon them, ſball be proportional; and if fimi- 
dar Right lined Figures ſimilarly deſcribed upon 
Lines be proportional, then the Right Lines 
Hall be alſo proportional. | 


ET four Right Lines AB, CD, EF, GH, be pro- 
La onion; 2nd as AB in to CD, ſo let EF be to 


Now, let the fimilar Figures K AB, LCD, be ſi- 
* 18 of «his. milarly deſcribed ® upon AB, CD; and or — 
| Figures 
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Figures MF, NH, fimilarly deſcribed upon the Right 
Lines EF, GH. I fay, as the Ri tkned Figure 
— is to the Right-lined Figure LCD, fo is the 
ht-lined Figure MF to the Right-lined Fi ure NH. 
or, take X 2 third Proportional to AB, CD; 11 i. 
„„ GH. 
Then, becauſe AB is to CD, as EF is to GH; and 
as CD is to X, @ is GH to O; it ſhall de +, by Þ 23. f. 
eee ſo is EF to O. 
is to X, as the Right · lined Figure K A; is to 1 c. 20. 
t-lined Figure LED; and as EF is toO, fo — 
2 Rig lined Figure MF, to the — 


Figure NH. e ogy 
KAB is to the Right-lined Fi D, ++ 


Righe-lined Figure MF to the t-lined Fi NH. 
And, if the —— lined Fignre KAB be to the 
Right-lined Figure LCD, as the Right-lined Fi 
is to the 


igure 
dt. Ined Fig NH; I fay, as AB 
is to CD, "<5 747 ha a 
For, make + EF to PR, as AB is to CD, and de- f 12 this 
ſcribe upon PR a Right-lined Figure SR ſimilar, and 
alike ſituate, to either of the Figures MF, NH. 

Then, becauſe AB is to CD, as EF is toPR; and 
there are deſcribed upon AB, CD, fimilar and alike 
ſituate Right-lined Figures KAB, LCD; and upon 


EF, PR, ſimilar and alike ſituate Figures Mr, SR; 

it tall be (b what has been already proved), 2s the 
lined Figure KAB is pen t-lined Figure 

10 D, ſo is the be Right- lined Fi F to the Right- 


— SR: But (by che \) as the Ri t-lined 
is to the Right-lined Figure LCD, fo 

7 2 Right lined Figure MF to the Right-lined Fi- 
gure NH. Therefore, as the Right-lined Figure MF 
15 to the Right-lined Figure NH, fo is the Right-lined 
Figure MF to the Right-lined Figure SR: And fince 
the Ripght-lined Figure MF has the ſame Proportion . 
to NH, as it hath to SR, the Righ gh ned K NH 
ſhall be 1 equal to the Right-lined Figure $ it is tg.5. 
alte ſimilar to it, and alike deſcribed ; therefore GH 

is equal to PR, And becauſe AB is to CD, as EF 
is to PR; and PR is equal to GH; it ſhall be as AB is 
to CD, fo is EF to GH. Therefore, if four Right 
Lines be proportional, the Right-lined Figures, ſimilar 
and ſimilarly deſcribed upon them, [ball be PORT; 
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end if ſolar Right-lined Figures, deſcribed 
—- be proportional, h wy — Fc Hall 
— which was tobe demonſtacd. 


LEMMA. 


400 three Right Lines A, B. and C. being given, 
the Ratio of the firſt A, to the third C, is equal 


to the Ratio compounded of the Ratio of the firſt 
A to the ſecond B, and of the Ratio to the ſe- 
cond B to the third C. _ 


1 Example, Let the 2 
er Denominator 0 is, 
let A be three Times Aa + es 
Exponent of the Ratio e 5 
12, produced by the Multiplication CB ae 
compounded Exponent of the Ratio of 14e. or, fince 
A contains B thrice, and B contains Ce, Times A will 
contain C thrice four Times, that is, 12 Times. Thus i 
”=—— of ether Multiples, or Submualtiples ; but this 
em may be univerſally demonſtrated thus : The 


Quantity of the Ratio of A to B, is the Number +; viz. 


which, multiplying the Conſequent, produced the Antece- 


* 8. likewiſe the Nn of the Ratio of B to C, is 


C. e 7 756 multiplied by each other, 
produce the Number >, » which is the Quantity of the 


Ratio that the Rectangle, comprehended under the Right 
Lines A and B, has to the Rectangle comprehended under 
ABC the Right Lines B and C; and jo the faid Ratio of the 
Retina inde A and to the Reftangle under B and 
C, is that which, in the Senſe of Def. 5. of this Book, 
is c the Ratios of A toB, and B to C; but 
(by 1. 6.) the rr is to be 
Rectangle contained under B and C, as A i % C there- 
fore the Ratio of A ts C, is equal to the Ratio compounded 
of the Ratios of Ave B, and of Bte C. | 


if 
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I any four Right Lines A, B, C, (4 
ed, the Ratio of the fir A to the fourth D, us 
rr 


the 
third C to 
Fer, in three Right Lines A, C, and D, 


A to D is equal ta the Ratio compounded of 
At C, andof C te D; i 


7 


Le: 
In | 


T Þ$ 
> 
BET 


: 
TD 


> OF 
iz 

185 

oF 


to 
compounded of the Ratios of A to B, and of 
Therefore the Ratio of A to D is equal to the Ratio com- 
pounded of the Ratios of A to B, of B taC, andof Cto 


D. Aﬀter the ſame manner we demonſtrate, in 
Number of Right Lines, that the Ratio of the firſt to 
laft is equal to the Ratio compounded of the Ratios of the 
r/4 to the ſecond, hd en he _”” 


T 


to the faurth, and ſo en to the la 
Thus 1s true Quantities be, 
Lines, which 1 x. x the ſame we 
„C, &c. as there are Magnitudes, 
1 > dr the Right Line 
ght Line B, firft Magnitude is to 
"the Right L og 4! x rm 7 peagfty + 
fe Aid & 23 
5 4 715 ropertion, that 
, Righe Lins A i the laſt Right Line, as the 


rere ts theft; 1 

Line A to the laſt Right 9 the Ratio com- 

of the oof AtoB, B io C, | + „ 

laſt Right Line: But (by the Hyp.) the Ratio of any one 

of the Right Lines ts that mary it, is the as the 

of a Magnitude of the ſame Order to that neareſt 

it. And therefore the Ratio of the fit Magnitude to 

the laſt, err 
the f Magnitude to the ſecond, of the ſecond to 

. which was to be demon- 


PR O- 


«umn Yo = = 


— 


* 


4 < 6 
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F 22 of «bis, compleat the Parallelogram 


1 22. 5. 
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PROPOSITION XXIII. 


THEOREM. 


Equiangular Parallelograms have the Proportiou 
to one another that is compounded of their Sides. 


ET AC, CF, be — n 
Lb S 8. 


I ſay, the Parallelogram AC to the Parallel CF, 

is in the Proportion compounded of their Sides ; v:z. 

e BC to CG, and of 
to CK. 

FE let BC be placed in the fame Right Line with 


Then DC ſhall be “ in a ftrait Line with CE, and 
DG ; and then 4, as BC 
is % CG, ſo is ſome Right Line K to L; and as DC 


is to CE, fo let L be to M. 


Then the Proportions of K to L, and of L to M, 
are the ſame as the Proportions of the Sides; viz. of 
BC to CG, and DC to CE; but the Proportion of 
& to Mis 1 compounded of the Proportion of K to L, 
and of the Proportion of L to M. Therefore, alſo, 
K to M hath a Proportion compaunded of the Sides. 
"Then, becauſe BC is to CG as the Parallelegram AC 
is * to the Parallelogram CH : And ſince BC is to 
CG, as K is to L; it ſhall be +, as K is to L, ſo is the 
Parallelogram AC to the Parallelogram CH. Again, 
becauſe DC is to CE, as the Parallelogram CH is to the 
Parallelogram CF; and fince as DC is to CE, fo is L 
to M; ** as L is to M, 2 
Jjogram be to the Parallelogram CF: And con- 

- fince it has been proved that K is to L, as 
the 


AC is to the | m CH; 
und as Lis to M, fo is the Parallelegram CH to the 
Parallelogram CF; it ſhall be f, by Equality of-Pre- 
portion, as K is to M, fo is the P m AC to 
the Parallelogram CF ; but K to M hath a Proportion 
compounded of the Sides: Therefore, alſo, the Paral- 
lelogram AC, to the Parallelogram CF, hath a Pro- 
portion compounded of the Sides. Wherefore, egui- 


angular Parallelograms have the Proportion to one * 
other 
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other that is their Sides; which was to be 
compounded of WAS 


PROPOSITION XXIV. 


THEOREM. 


In every Parallelogram, the Parallelograms that 
are about the Diameter, are ſimilar to the 
Whole, and alſo to one another. 


LET ABCD be a Parallelogram, whoſe Diameter 
is AC; and EG, HK, be Parallelograms about 
the Diameter AC. I fay, the Parallelograms EG, 
HK, are fimilar to the Whole ABCD, and alſo to 
each other. 
For, becauſe EF is drawn parallel to BC, the Side 
of the Triangle ABC, it ſhall be *, as BE is to EA, * 2 of bir 
ſo is CF to FA. Again, becauſe FG is drawn paral- 
lel to CD, the Side of the Triangle AC, it ſhall be 
as CF is to FA, fo is ® DG to GA. But CF is to 
FA (as has been proved), as BE is to EA, There» 
fore, as BE is to EA, ſo is + DG to GA; and by + 17. f. 
compounding, as BA is to AE, fo is t DA to AG; f xs. f. 
and, by Alternation, as BA is to AD, fo is AE to 
AG. Therefore the Sides: of the — — 
ABCD, EG, which are about tbe common Angle 
are ional. And becauſe GF is paral- 
lel to DC, the Angle AGF is * equal to the Angle 29. 1. 
ADC, and the Angle GFA equal to the Angle DCA; 
and the Angle DAC is common to the two Trian- 
gles ADC, AGF. Wherefore the Triangle ADC 
will be equiangular to the Triangle AGF. For the 
ſame Reaſon, the Triangle ACB is equiangular to the 
Triangle AFE. Therefore the whole Parallelogram 
ABCD is equiangular to the Parallelogram EG ; 
and fo AD is to DC, as AG is + to GF; DC is to 14 this, 
CA, as GF isto FA; and AC is to CB, as AF is to 
FE; and, moreover, CB is to BA, as FE is to EA. 
Wherefore, ſince it has been proved, that DC is to CA, 
NA and AC nean 
it uality of Proportion, as is to 
ſo is Gr A £3 32 Sides that are about 
the equal Angles of the — ABCD, EG, 


are 


- - — 


— 
* „„ 92 


— K — —— — — — ů— s 
. — ; = 4 - "I 


7 
li 


HE 


* 
6 — — — 


— 
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ee . Fee the 
ſame Reaſon, grek Parallel ABCD is fimilar to 


the Parallelogram KH. both the Paralle- 
| EG, HK, we Hts to the Parallelogram 
_ But Right-lined Figures that are ſimilar to 

+ar of ob, the 4 fame Right-lined Fi + are ſimilar to one an- 
other. DE N — thay + * 
the Paralletogram m every Parallelo- 
Fam, the Par that are about the Diameter, 
| are fimilar to the le, and offs to one another z which 
was to be 


PRO POSITION Nx. 


PROBLEM. 


To deſcribe s Right lined Figure fimilar to a 
|  Right-lined Figure which Hall be given, and 


2 to another Right-lined Figure given. 


ET ABC, and D, be two given Right-lined Fi- 
L res; it is required to deſcribe another Figure, 
bwin W A Be and equal to D.  - 
® 44.7, Or che Side BC of given Figure ABC e, make 
the BE equal to the Right-lined Figure 

ABC} and on the Side CE make * the Parallelo- 
-lined Figure D, in the 


CM. eq ual to the Right 
Angje FOE, af, vr C Then BC, 
+ 14-7. , EM, e 


| 15 of Find + OH a Wen f between BC and CF; 
* 18 of this. and on GH let there be deſcribed ® the Right-lined 
Figa INS COT TY WES 


AN becauſe BC is to GH, as GH is to CF, 
wer finbe wen thive Right Lines men , the 
_ firſtis to the third, as the Figure deſerided on the fir 

1 C20. is+ to a ſimilar and akke fnuare Figure derer 

Vin  theſecondyit ſhall be, as BC'is to CF, fo-is the Right 
. ABC to the Ripght-lined' Figase K 


is to CF, dt. Fan bes 
Parallelogram EF. - Therefore, as the . 
11 ſo 
in the Paraliclogram BE 40 — — 
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i Figus 


Eng Rs De 
But Ne 


Rp id Fg the * Weg 5 2 KGH is alſo 13 alſo 


to the n | 
py os Right-lined Fowl D. B. Tree 


eee igu 1 But 
is to * 
At, a, Figure K, . 


ſcribed the Right-iined Figur 
Figure een Dy wh which 
was to be done. 


PROPOSITION XXVI. 


THEOREM. 
9 fron. Par am be taken away a 2 
Amilar to the , and in like manner 
ate, baving alle © an \ Angle 2 with it, 


then is that age bout + ww, Di- 
amster n Whole, 


AF be takes a 
1. AE 


D, ſimilar to , and in 
the Angle DAB common. 

1123 

meter with the Parallelogram 


from the 


. 


+ 
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| Zut i e Parallelo- 7 . 
E | | AB, fo is 

AK. And 

— Gy | 

or Mg groater 

. the \ 

metet 38 the 
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having alſo an Angle commin with it; then is 


1 43+ 7+ 


Therefore, of all the eee, 
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AF. Therefore, i 93 
— — and in like manner = 
* 


rallelogram about the ſame Diameter with the Whale ; 
which was to be demonſtrated. 


PROPOSITION XXVII. 


THEOREM. 


Of all. | Parallelograms applied to the ſame Riche 


Line, and wanting in Figure by Parallelograms 

ſimilar, and alike ſituate, to that deſcribed on the 
half Line, the greateſt is that which is applied 
to the half Line, and it is fimilar to the Defect. 


| Suge ah a. en ine, biſected in the Point C; 
Jet the Par lelog ram AD be applied to the 
Right ine AB, wanting in Figure the Parallel 

CD eee 
of the A is the al 
Parallelograms applied to — Right Line AB, wanting 
in Figure by Parallelograms ſimilar and alike ſituate to 
on For, let the Parallelogram AF be applied to the 

Right Line AB, wanting in Figure the Parallelogram 
HE, fimihr and alike — to the Parallelogram CE. 
I fay, the Parallelogram AD is greater than the Paral- 
lelogram AE. 


or, becauſe the Parallelogram CE is ſimilar to the 


* 26ef lis Parallelogram HE, they ſtand ® about the fame Dia- 


meter. Let DB, their Diameter, be drawn, and the Fi- 
deſcribed ; then, fince the Parallelogram CF is + 
equal to FE, let HK, which is common, be added ; 
and the Whole CH is equal to the Whole KE. But 
4 is 1 I egg! to CG, 8 Right Line AC is 
therefore CG is equal to KE; add the 
— — = , and the Whole AF isequal 
to the Gnomon L ; and fo CE, that is the Paral- 
lelogram oY is e eee 
ee 


on the 2 
Erie elf and 


ja Line, and wanting 
Lis nd ain 
greateſt is that which is 


Ze ts the mf, Which was to be demon- 
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PROPOSITION xxVII 
PROBLEM, | 


To a Right Line given to apply @ Parallelogram 
equal to a Right-lined Figure given, deficient by 
4 Parallelogram, . which is fimilar to another 
given Parallelogram; but it is neceſſary that the 
Right-lined Figure given, to which the Paralle- 
logram to be applied muſt be equal, be not greater 
than the Parallelogram which is applied to the 
Bal Line, fince the Defefs muſt be ſimilar, viz. 
the Defett of the Parallelagram applied to the 
half Line, and the Defet3 of the Parallelogram 
to be applied. 
],ET AB be a given Right Line, and let the given 
Right- lined Figure, to which the Paraftclogram to 
be applied to the Right Line AB muſt be equal, be C, 
which muſt not be greater than the Para 2 
ps to the half Line, the Deſects being fimitar ; and 
et D be the Parallelogram, to which the Defect of the 
Parallelogram to be applied is fimilar. Now it is re- 
. to apply a Parallelogram equal to the given 
ight-lined Figure C to the given Right Line AB, de- 
ficient by a Parallelogram fimilar to D. 
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Let AB be biſ in E, and on EB deſcribe “ the # 18 ii. 


Parallelogram EBFG, ſimilar and alike ſituate to D; 
and compleat the Parallelogram AG. 

Now, AG is either equal to C, or than it, 
becauſe of the Determination. If AG be equal to C, 
what was propoſed will be done; for the Paralellogram 
AG is applied to the Right Line AB equal to the given 
Right-lined Figure C, deficient to the Parallelogram 
EF, ſimilar to the Parallelogram D. But, if it be nct 

ual, then HE is greater than C; but EF is equal to 
HE ; therefore EF ſhall alfo be greater than C. Now 


make + the Parallelogram KLMN fimilar and alike + 25 ef thir. 


ſituate to D, and equal to the Exceſs, by which EF ex- 
ceeds C. But D is fimilar to EF; wherefore EM 
ſhall alſo be ſimilar to EF. Therefore let the Right 
Line KL be homologous to GE, and LM to GF: 
r 
a e e ET e 


* 


2 = — ry 
- oy — 
_= — 1 — — ꝗ—äñẽ ñ— — — 9 
* 0 
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greater than KM; and fo the Right Line GE 
greater than KL, and GF than LM. Make GX 
a equal to LM, ai * 


milar to — but KM i is ſimilar to Et erefors 


727.0 is * ſimilar to EF; and 6 X is + about the 
ſame Diameter with FE : Let GPB be their Diatne 
ter the Figure be deſcribed. 


is equal to C and EM together, 
to KM, the G Tor remain- 
— Figure C; and becauſe 
which is is common, be 
mY is equal to the Whole 
ual to TE, fince the Side AE is 
| fore TE is equal to OB, 
mon, and then he e TS 
Whok Gnomon ood but the Gnomon 
TS ſhall. be 


* FLOVoarfrrow xX. 


PROBLEM. 


Toa Right Live given to apply a . e 
equal to a Right-lined Figure given, excecding 
by a Parallelegram, which ſhall be ſimilar ts 


another groen- Parallelogram. 


1 A be a given Right Line, and let C be the 

given Right - lined Fi — to which that to be ap- 
ied to AB muſt be equal: Likewiſe, let D be the 
arallelogram, to which the exceeding Parailelogram | 


is po! Nin Ling 3 it is yg to 7295 2 1 
to to We given 
3 H 28 


Fi 
| f let che 
n 8 Ng Line 2 1535 


4 25 of this. Di 0+ Para en Ces 
C together, but fimilar to D, and ; 
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GH bs Juni. 2 . 
to FL, and K 
GH is e 


t Li 
greater Daren 7 12 H. 7 From 


end 2 l. PLAT be ag ual to KH, FEN equal 
to KG, and compleat the Paralle ram MN ; there- 
fore MN is equal and ſimilar to G ; but GH is ſimi- 
lar to EL, and fo MN ſhall be 1 fimilar to EL.; and, . 21 of wit 
accot 


MN. 


y, EL is * about the fame Diameter with 26 F th 
t FX be their Diameter, and deſcribe the 


Figure. 

Then, fince GH is equal to EL and C t 
likewiſe to MN ; therefare MN ſhall be equal to EL 
and C . Let EL, which is common, be taken 


away ; then the Gnomon rr 

C; and ſince AE is — rear Jar 
AN will be aloe — — that is, 
to LO; and if which is common, be added, then 
the whole Parallelo 2 
err; but the G err is equal to C; 

fore AX mall alſo be equal to C. —— the Pa- 
rallelogram AX is applied to the given Right — 
equal to the given Right-lined Figure C, — 
the Parallelagram PO, fumilar to to the Paralle 
which was to be done. 


— 


VF 


PROBLEM. 


To cut à given terminate Right Line according ts 
extreme and mean Ratio. <= 


ET AB be a given terminate Line; i is requizes 
8 ame according 9 aas and mean 


— © C3. 
+ by u 
28 75 


L 
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to A remaining; bit BF is to AD; 


'therefore the Sides that att about equa] Angles are 
pr T4 175. nal; and 8 0 FE is to ED, 


® 34+ 1, of FE%'s equal ts AG: tharks, to 
AF; 7565 AB is to AP, 
to EB; bu 11 2 there- 
Þ 14+ 5. e an EB; and fo the Ri 22 
Ak, r een ie in 
oĩnt and AE is n e 

ae was to be dine 


t 21. 2. "Divide t AB fo ih E, hat ids wr. 7 OT 
under AB, BC, be equal to the Square of AC. | 
Then, becauſe the Rectangle under AB, BC, is 
® x7 of this, equal to the Square of AC, it ſhall be *, 2 AB ito 
AC, 8 and fo, the Right Line AB is cut 
into thedon and ank Ratio ;\ which was to de done.” 


PROPOSITION XXXI. 
Tuo ZN. 
Any Figure deſenibed upon the Side of 4 Right- 
angled Triangle, ſubtending the Right Angle, is 
equal to the two Figures deſcribed upon the Sides 


containing the Ri r Angle, being femilar and 
alike ſituate to the former Figure. 


L T ABC be a r ar Triangle, having the 

Right Angle BAC. I fay, the Figure deſcribed 
on BC is equal to the two Figures deſcribed on BA, 
AC, together, which are fimilar and Foun ſituate to 


the Figure deſcribed on BC.- 

For, draw the — A 
FF 

an rian e Ri 
ar to — 5 = BC; the Tri — 2585 
: he 85 which art 3 e Perpendiular * will 
vs this e rian ABC, to 
4 oe ee Is Fete ABC: is fimi- 
eder — be%/ CB toBA, 
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ſo is BA to BD; And ſince, when three Right Lines 


are proportional, the ficſk ſhall be + to the third, as a + Ce. 20. 
Figure deſcribed on the firſt, ta a fimilar and alike of . 


ſituate Fi deſcribed. on the ſecond ; therefore, as 
CB is to BD, ſo is a Figure defcribed on CB, to a 
ſimilar and a like fituate Figure deſcribed on BA. For 
the fame Reaſon, as BC is to CD, fo is a Figure de- 
ſcribed on BC to one deſcribed on CA. Wherefoze, 


alſo, as BC. is to BD and DC together, fois . the t 2. 5. 
that 


Figure deſcribed on BC to thoſe two - 
are deſcribed ſumilar and alike fituate on BA and AC; 
but BC is equal to BD and DC together : Therefore 
the Figure deſcribed on BC is equal to thoſe t a 
wayne wo yang"; oe any gs 1 and alike 
tuate to that on BC. Wherefore, am e deſcri, 
n the Side of a Right-angled Triangle, e. 
Lab Angle, 1s to the Figures deſcribed upon the 
Sides containing the. Right Angle, being ſimilar and alike 
ſituate to the former. Figure; which was to be demon- 


PROPOSITION XXXII. 
THEOREM. 

If two Triangles, having two Sides proportional to 
two Sides, be ſo compounded, or ſet together, at 
one Angle, that their homologous Sides be paral- 
lel; then the other Sides of theſe Triangles will 
be in one ſtrait Line. | 


LET there be two Triangles ABC, DCE, having 
two Sides BA, AC, of the one, proportional to 
two:Sides CD, DE, of the other; viz. let BA be to 
A, as CD is to DE; alſo let AB be parallel to DC, 
Fra AC to DE. I ſay, BC, CE, are both in one ſtrait 

For, becauſe AB is parallel to DC, and the Right 
Line. AC falls on, them, the alternate. Angles, BAC, 
ACD, will be “ equal to each other. And by the * 29. 1 


ſame Reaſon, the Angle CDE is equal to the 
ACD, wherefore- dhe Angle. BAC is equal to 
Augie CDS. Then, becauſe ABC, DCE, are. two 
Trangles, — A equal to one Angle 


. . — - + V — —— ——⅜ 


* 
2 — 


— — 


- 
— 


— —„— 


2 
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and- che Sides about Angles proportional, 
I AC as CD t E 3 the Ser e 


® 6 b. "will. Ne ge to the Tri DCE; where- 
fore the Angle ABC: is 


tional to r be. — + hag 
per” | bY un 

the other Sides of theſe Triangles will be i 
Line; n ee 


7 —— 


-PROPOSITION xXXXII. 


Turok M. 


.bs coca the Angles have the ſame p- 

+ jou with the the peu on which 40 
fand, mbetber the Angles be at the Centres, or 
at the Circumferences ; and fo likewiſe are the 


Sefaors, 6s being 8s the Centres. 


LET ABC, DEF, be equal Circles; and let the 

gles BGC, EHF, be at their Centres G, H; 
gende Auge, BAC, EDF, at their Cucumferences. 
F fay, 25 the Circumference BC is to the Circumſe- 


rence EF, ſo is the A BGC to the EHF; 
and ſo is ihe A — ; 2d 
is tlie 2 4 to the 

For, aſſume 8 


reners OK; KL, eich — BCz.and denn 
Number . MIT, each 
"OH; BM, WWp> | + 14d dl, 


So 


Then, baſk Crowne BE CK, RL, 
are "equal to cc other; the Angles c, 


KGL; will be *-alſo equal to ont another.; .. 


the Circumference BL is the ſame Multiple of the 
Circumference BC, as the Angle 


EN, then the Angle BG ſhall be 
3 and if the Circumſerence 


if leſs 


44 


1 


» 

of the 

— — BC, and the to wit, 
the Circamference BL, and the Ang as alſo 
Equim of 2 


Angle EHN ; and becauſe it is proved, if the 
— BL exceeds the Circumference EN, 
Angle BGL will likewiſe exceed 2 
4 - if lefs, leſs; it ſhall 


1 N 


as the 
Circumference i tothe Chrumference BF, fo is 


+ the Angle BGC to che 

ngle C is to the Angle ; ſo is Tthe A 
BAC to the An e EDF, for the former ave ® 
td the Jatter : Las the Circumference BC'is 
Ard e ſo is the Angle BGC tothe 
e EHF; and ſo the Angle BAC to the Angle 


| Wherefore, in Circles, the Angles have the 
as the _ er ences Sw 
be at the Centres, or at the Circumferences. 
fay, moreover, that as the Circumſerence BC is > 
the Circumſerence EF, ſo is the Sector GC to the 
1 


vin BC, CK, and aſſume the Points X, 
Seck. and join BX, 


Then, becauſe the two Sides BG, GC, are equal 
to the two Sides OG, GK, en! Guy I 
Tr Baſe BC 2 


++ 
3 


abp 


» 


— 


EHF; but as we D 5. 5. 


115. 5. 
T 20. 3. 


- - = = 
run Omer yon ———_—_——_—_" 


C nar wy= ww > 


Y — 0 —————ů —- — — — — — * — 


D — — 
— 


bs nd . 
— + _—_ k „„ 


6 
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ä Ai. Ae tre tt 


up 
the An 


ſo likwiſe are the Sectors 


Circumference EN, then the Sector BGL. will be 


wit, the two Circumferences BC, EF, and the two 


rer Book VI. 


CE; as — 4 GBC to the Triangle 
GCK. And, becauſe ircumference BC is equal 
and the Circumference 
I up the whole Circle ABC, 
aware ngaans or Circumference, which makes 
the ſame Circle ABC, the Angle BXC is equal to 
COE; and ſothe Segment BXC is 

to the nt COK ; and they are upon equal Ri 
Lines BC, CE ; but ſimilar Segments of Circles, 
ftand upon equal Right Lines, are * equal to each 
other: Therefore the Segment BXC is equal to the 


* COK. But the Triangle BGC is alſo 


ual to the Triangle CGE,” and fo the whole Sector 

will be to the whole Sector CGK. By 
the ſame Reaſon, the Sector GEL will be equal to 
the Sector GBC, or GCE. ; therefore the three Sec- 
tors BGC, CGE, Rs are ae. to one another ; 


Fei 4m NE is the ſame Multiple of the Cir- 
cumference EF, as the Sector HEN is of the Sector 
HEF ; but if the Circumference BL be equal to the 


to the Sector EHN ; and if the Circumference 
exceeds the Circumference EN, then the Sector 


h BGL. vill alſo exceed the Sector EHN ; and, if leſs, 


leſs, Therefore, fince there are four Magnitudes, to 


Sectors GBC, EHF; and there are taken the Circum- 
ference BL, and the Sector GBL, Equimultiples of 
the Circumference CB, and the Sector GBC; as alſo 
the Circumference EN, and the Sector HEN Equi- 
multiples of the Circumſerence EF, and the Sector 
HEF ; and becauſe it is proved, that, if the Circum- 
ference BL exceeds the Circumference EN, the Sector 
BGL will alſo exceed the Sector EHN; and, if equal, 


+ Def. 5. g._<qual ; if leſs, leſs ; therefore, + as the Circumference 


BC :s to the Circumference EF, ſ% ts the Sector GBC to 
the Seftar HEF ; which was to be demonſtrated. 


| Grall,x. An e at the Centre of Clubs > 
a kit dog as,an Are on which it ftands is 
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| if the be 
BAC mall de do ; 


les as the Arc is to the whole Circumfe- 


rence. 

> 3d Jon ee een which ſub- 
at or 
IL IEEE. 
Circumference ILE, as the Angle IAL is to four 
Right Angles ; but as IAL, or BAC, is to four 
Right Angles, ſo is the Arc BC to the whole Cir- 
cumference BCF. Therefore, as IL is to the whole 
Circumference ILE, fo is BC to the whole Circum- 
ference BCF; and fo the Arcs IL, BC, are ſimilar. 
3. Two Semidiameters AB, AC, cut off ſimilar Arcs 

IL, BC, from concentric Circumferences. 
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ELEMENTS. 


br InTTIE loNA 


I. Goh is that which harLength, Breadth, 
of e a 

II. The Term of a Solid is @ Superficies.. | 
III. A Right Line is perpendicular ta a Plane, 
'' when ii makes. Right . with all the 
Fc oor go: 


cular to 6 Plane, when 
all the Right Lines in ane Plane, drawn at 
Right Angles to the common Sefiion of the t 
Planes, are at Right Angles to the other Plane. 

V. The Inclination of @ Right Line to a Plane, is 

the acute Angle contained under that Line, and 

another Right one drawn. in. the Plane from 
that End of the inclining Line wahich is in the 

Plane, ia the. Point where a Right Line falls 

. 

to the Plane. 

VI. The Inclnation of «Plane te « Plane, is the 
ante cuntaineu under the Right. Lines 
drawn.in doth the Planes to 8 * of 

I er 


Plaue. 
IV. A Plane ts 
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abeir 2 and making Right 


=> 
2 ſaid Angies 2 71 2 . 
vill. Parallel Planes are ſuch, which, being 
Sinden fd Few avs fuck 

uch, as are on- 

ee of ſimilar Plaus. 
* Equal and faniler fold Figures wares are thoſe, that 

are contained under umbers /amilar 
and equal Planes. To” hon 
XI. A joked dongle is the Inclivation of more then 

| two Right Lines, that touch one another, and 

are not in the ſame Superficies: Or, a ſolid 
Ale i that which is contained under more 
than two plane Angles, which are not in the 


| ſame Superficies, but being all at one Point. 
XII. r 
under divers Planes ſet per one Plane, and 
1 | 
1 — 
k two are 
lar, and and the other Par ams. 
XIV. A Sphere is a ſolid Figure, made when the 
Diameter of a Semicircle remaining at Reſt, the 
Semicircle is turned about till it returns ta the 
ſame Place from whence it begun ts move. 
XV. The Axis of « Sphere js that fixed Line, 
. 
Centre of a Sphere is the with 
that of the Semicircle. ow 
XVII. The Diameter of a Sphere is a Right Line 
þ the Center, and termingted or 


draus 
einer Side'by the Superficies 


XVIII. A Cone #s @ ws 

the Sides of 4 

the Right Hngi, renaming 
is turned about wtil 


it returus to the Place from 
| hence 
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wbence it firſs began to move. And if the fixed 

Right Lines be equal to each other, that contains 
© tbe Right Angle, then the Cone is a 


Conne; but, n 
Cone; if greater, an acute-angled Cone. 


| XIX. The Axis of a Cone is that fixed Right 


Line, about which the Triangle is moved. 
XX. The Baſe of a Cone is the Circle deſcribed 
by the Right Line moved about 


XXI. A Cylinder is @ Figure deſeribed by the Mo- 
tion of a Right-angled Parallelogram, one of the 
Sides containing the Right Angle, remaining fix- 


ed whilethe Parallelogram is turned about to the 
. ſame Place from whence it began to be moved. 
XXII. The Avis of a Cylinder is that fixed Right 
Line, about whichthe Par am is turned. 
XXIII. And the Baſes of a Cylinder are the Cir- 
cles that are deſcribed by the Motion of the two 
oppoſite Sides of the Parallelogram. 
XXIV. Similar Cones and Cylinders are * ſuch, 
whoſe Axes and Diameter: of their Baſes are 


proportional. 
Figure contained under 


XXV. A Cube is a ſolid 
fix I | 
XXVI. A Tetrahedron is à ſolid Figure contained 
under four equal equilateral Triangles. - 
XXVII. An Ofabedron is a ſolid Figure con- 
tained under eight equal equilateral Triangles. 
XXVIII. A Dodecabedron is a ſolid Figure con- 
tained under twelve equal nnn and equi- 
angular Pentagons. 
XXIX. An Icoſabedron is a ſolid Figur e contained. 
under twenty equal equilateral Triany les. 
XXX. 4 Para is 4 Figure — 
under fix quadrilateral Figures, _— thoſe 
wich are oppoſite are * 


PpRO- 
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PROPOSITION IL. 
THEOREM, 


One Part of a Right Line cannot be in @ plane 
Superficies, and anot ber Part above it. 


OR, if poſſible, let the Part AB of the Right 
Line ABC be in a plane Superficies, and the 
Part BC above the ſame. | 
There will be ſome Right Line in the aforeſaid 
Plane, which, with AB, will be but one ſtrait Line. 
Let this Line be DB. 
Then the two given Right Lines ABC, ABD, have 
one common Segment AB, which is impoffible ; for 
one Right Line will not meet another in more Points i 
than one. Wherefore, one Part of a Right Line can- | 
not be in a plane Super ficies, and another Part above it; | 
which was to be demonſtrated. | | 


PROPOSITION IL 


Tu Ion IA. 


If two Right Lines cut each other, they are both 
in one Plane; and every Triangle is in one 
Plane. | | 


LET tw6 Right Lines AB, CD, cut esch. other in 
and 


the Point E. I ſay, they are both in one Plane; 
every Triangle is one Plane. - 
For, take any Points F and G, in the Right Lines 
AB, CD; and join CB, FG; and let there bedrawn 
FH, GK. In the firſt Place, I fay, the Triangte EBC 
is in one Plane. 

For, if one Part FHC, or GBK, of the Triangle 
EBC, be in one Plane, and the other Part in another 
Plane; then one Part of each of the Lines EC, EB, 
ſhall be in one Plane, and the other Part in another 
Plane ; which we have proved * to be abſurd. There- of evi, 
fore the Triangle EBC is in one Plane; but both the 
Right Lines EC, EB, are in the fame Plarie as the 

| O Triangle 


# 4x. 10. 
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Triangle BCE is; and AB, CD, are both in the ſame 
Plane as EC, EB, are. Wherefore, the Right Lines 
AB, CD, are both in one Plane; and every Triangle 
is in one Plane; which was to be demonſtrated. 


PROPOSITION II. 


THEOREM. 


If two Planes cut each ather, their common Sec- 
tion will be a Right Line. 


LET two Planes AB, BC, cut each other, whoſe 
common Section is the Line DB; I fay, DB is 
a Right Line. 
For if it be not, draw the Right Line DEB in the 
Plane AB, from the Point D to the Point B, and the 
ight Line DFB in the Plane BC. 
hen two Right Lines DEB, DFB, have the ſame 
Terms, and include a Space, which is “ abſurd. 
Therefore DEB, DFB, are not Right Lines. In 
the ſame manner we demonſtrate, that no other Line 
drawn from the Point D to the Point B, is a Right 
Line, beſides DB, the common Section of the Planes 
AB, BC. F, therefore, tus Planes cut each other, 
their common Section will be a Right Line; which was 
to be demonſtrated. 


PROPOSITION IV. 


THEOREM. 


If to two Right Lines, cutting one another, a 
third ſtands at Right Angles in the common 
Section, it ſhall be alſo at Right. Angles to the 

Plane drawn thro the ſaid Lines. 


ET the Right Line EF ſtand at Right Angles 
L .the two Riche Lines AB, CD, in the common 
Section E. I fay, EF is alſo at Right Angles to the 
Plane drawn through AB, CD. 


For 2 


to 
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For, take the equal Right Lines EA, EB, CE, 
DE; and thro' E any how draw the Right Line 
GEH, and join AD, CB; and from the Point F, let 
there be drawn FA, FG, FD, FC, FH, FB: Then, 
becauſe two Right Lines AE, ED, are equal to two 
Right Lines CE, EB, and they contain * the equal 15. 1. 
—_ AED, CEB; the Baſe AD ſhall be + equal to + 4. 1, 
the Baſe CB, and the Triangle AED equal to the Tri- 
angle CEB; and fo, likewiſe, is the Angle DAE equal 
to the a_ EBC; but the Angle AEG is “ equal to 
the Angle BEH ; therefore AGE, BEH, are two Tri- 
angles, having two Angles of the one equal to two 
Angles of the other, each to each, and one Side AE 
equal to one Side EB; viz. thoſe that are at the equal 
Angles; and fo the other Sides of the one will be 1 f z6. 1. 
equal to the other Sides of the other. Therefore GE 
is equal to GH, and AG to BH; and fince AE is equal 
to EB, and FE is common and at Right Angles, the 
Baſe AF ſhall be + equal to the Baſe FB: For the + 4. 1. 
ſame Reaſon, likewiſe, ſhall CF be equal to FD. 
Again, becauſe AD is equal to CB, and AF to FB, 
the two Sides FA, AD, will be equal to the two Sides 
FB, BC, each to each ; but the Baſe DF has been 
proved equal to the Baſe FC. Therefore the Angle 
FAD is “ equal to the Angle FBC: Moreover, AG * 8. 1. 
has been proved equal to BH; but FB alſo, is 
to AF, therefore the two Sides FA, AG, are equal to 
the two Sides FB, BH; and the Angle FAG is equal 
to the Angle FBH, as has been demonſtrated ; where- 
fore the Baſe GF + is equal to the Baſe FH. Again, 
becauſe GE has been proved equal to EH, and EF is 
common, the two Sides GE, EF, are equal to the 
two Sides HE, EF; but the Baſe HF is equal to the 
Baſe FG ; therefore the Angle GEF is equal to 
the Angle HEF; and fo both the Angles GEF, 
HEF, are Right Angles : Therefore FE makes Right 
Angles with GH, which is any how drawn thro' E. 
After the ſame manner we demonſtrate, that FE is 
at Right Angles to all Right Lines that are drawn in 
the Plane to it; but a Right Line is ® at Right Angles D 3. f 
to a Plane, when it is at Right Angles to all Right 458. 
Lines drawn to it in the Plane. Therefore FE is at 
Right Angles to a Plane rates Right * 

2 


3 
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+ 4 of this, _— — | 


2 Dy: 3. 


BC, is not above the Plane 
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CD. Wherefore, i Right Lines, cutting 
— a third — Angles in the cm- 
mon Sedtion, it ſhall be alſo at Right Angles to the Plane 
drawn thro the ſaid Lines 3 which was to be demon- 


PROPOSITION V. 


THEOREM. 


if ta three Right Lines, touching one another, a 
fourth ſtands at Right Angles in their common 
Section, thoſe three Right Lines ſpall be in one 
and the ſame Plane. 


ET the Right Line AB ſtand at Right Angles,'in 
L Pome Contact B, 1 — 


BC, BD, BE. I ſay, BC, BD, BE, are in one and 
the ſame Plane. 


it will e 
Section, with the other Plane, a ftrai 
let be BF; then three Right Lines 


Angles to a P 
ſhall make 1 Right i 
rr 
2 2 * r 

is a Right Angle: But the Angle A 
757.) ü adh 2 R A0 le; ade =. Ang wb 
is equal to the Angle ABC, and are both in the 
ſame Plane, which cannot be; and fo the Right Line 

thro' BE and BD 
Wherefore the three Right Lines BC, BD, 
in one and the ſame Plane. Therefore, i 
Lines, tonching one another, a fourth 
22 
demonſtrated, 
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PROPOSITION VI. 


THEOREM. 


ET be perpendicular 
L L N 


— rn, 
and join the Right Line BD, to which let DE be 
drawn in the fame Plane, at Angles, make 
DE equal to AB; and join BE, „AD. 
Thea becauſe AB is at Ri ehe Angles to the afore- 
6 ne, it hall be ® at Right Angles to all 
1 drawn inthe Plane; butAB 
FD, BE meh ane a Right WD 
is a 
the ſame Reaſon, likewiſe, is W—_—_— 
CDB, CDE, a Right Angle, Then, becauſe 
is equal to DE, and BD is common; the two Sides 
IG gt — _— rms en Ws 


but they ight l. n . Baſe 
AD is 7 equal u the Baſe BE .. 
is equal to DE, and AD to BE; the 3 
BE, are equal to the two Sides ED, DA; but AE, 
their Baſe, is common; wherefore the Angle ABE 
is f equal to the le EDA. But ABE is a Right f 8. 1. 
Angle; therefore EDA is alſo a Right Angle; and ſo 
ED is perpendicular to DA: But it is alſo perpendi- 
cular to BD and UG; Gates eg ons Rogen, 
in the Point of Contact, to three Right Lines BD, 
DC: Wherefore theſe three laft Rip ht Lines 2 pin 
in one Plane. But BD, DA, are in the ſame Plane as 
AB is; for every Triangle is + in the ſame Plane; dof 
therefore it is neceſſary, that AB, BD, DC, be in one 
Plane. But both the Angles ABD, BDC, are Right 
Angles ; wherefore AB is | parallel to CD. There- f a8. . 
fore, if two Right Lines be perpendicular to one and 
the ſame Plane, "thoſe Right Lines are * to ont 
zther ; which was to be demonſtrated 
O 3 PRO- 


r 


—_— lk. a. 
» <——— — & - a - 


| 198 Euchd's ELEMENTS. Book XI. 


PRO POSITION VII. 


THEOREM. 


If there be two parallel Lines, and any Points be 
taken in both of them, the Right Line joining 
thoſe Points ſhall be in the ſame Plane as the 
Parallels are. 


LET. AB, CD, be two parallel Lines, in 
2-4 which are taken any Points E, F. 147. A go 
Line joining the Point E, F, is in the ſame Plane as 
the Parallels are. 

For, if it be not, let it be elevated above PIE" ERR 
if poſſible, as EGF, thro' which let fome Plane be 
drawn, whoſe Section, with the Plane in which the 

* q of this, * are, let “ be the Right Line EF; then the 
two Right Lines EGF, EF, will include a Space, 
+ 4x. 10. 1. which is + abſurd : Therefore 2 Right Line, drawn 
from the Point E to the Point F, is not elevated above 
the Plane ; and, conſequently, it muſt be in that 
_ thro' the Parallels AB, CD. Wherefore, if 
2 two parallel Lines, and any Points be taken in 
Fn the Right Line pear A thoſe Points ſhall 
rh dap. the Parallels are ; which was to 
be demonſtrated. 


PROPOSITION VIII. 


THEOREM. 


If there be two parallel Right Lines, one of which 
is perpendicular to ſome Plane; then the 
other be perpendicular to the ſame Plane. 


See the Fig. Þ ET AB, CD, be two parallel Right Lines, one 
of Prop, VI. of which, as AB, is perpendicular to ſome Plane. 
I fo, the other CD, is atfo perpendicular to the fame 


For, let AB, CD, oi the Bon hos Piles i. 
* 7 of this, D; and let BD be joined; then AB, CD, BD, are “ in 
one Plane. Let D be drawn in the other Plane, at 


Right 
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Right Angles to BD, and make DB equal to AB; and 

join BE, "FE, AD: Then, fince AB is perpendicular 

to the Plane, it will » be perpendicular to all Right“ Pe. 3. 

Lines touching it, that are drawn in the ſame Plane ; 

therefore each of the Angles ABD, ABE, is a Right 

Angle. And fince the Right Line BD falls on the 

Right Lines AB, CD; the Jag les ABD, CDB, ſhall 

be + equal to two Right * Therefore the ws. Y F 29. 

CDB is alſo a Right Angle; and ſo CD is perpendi 

cular to DB. And fince AB is equal to DE, and BD 

is common; the two Sides AB, BD, are equal to the 

two Sides ED, DB. But the Angle "ABD is equal to 

the Angle EDB; for each of them is a Right Angle; 

therefore the Baſe AD is f eq ual to the Baſe BE. f 4. 2. 

„ fince AB is ual to DE, and BE to AD; the 

two Sides AB, BE, ſhall be equal to the two Sides 

ED, DA, each to each: But the Baſe AE is common ; 

wherefore the Angle ABE is equal to the Angle 8. 2. 

EDA: But the Angle ABE is a Ri ht Angle; there- 

fore EDA is alſo a Nee Angle, — ED is perpendi- 

cular to DA: But it is likewiſe perpendicular to DB; 

therefore ED ſhall alſo be + 1 to the Plane f 4of thin, 

paſſing thro' BD, DA, and, likewiſe, ſhall be f at © P/ 3+ 
ight Angles to all Right Lines, drawn in the ſaid 

Plane that touch it. But DC is in the Plane paſſing 

thro* BD, DA, becauſe AB, BD, are “ in that Plane; 2 of thir. 

and DC is + in the ſame Plane that AB and BD are in; T 7 of thin. 

wherefore ED is at Right Angles to DC, and ſo CD 

is at Right An = to DE, as ws. to DB. Therefore, 

CD andi at hs. 5 in the common Section D, to 

a Lines OE. B, mutually cutting one another ; 

and, acc hy is at Right — to the Plane paſſing 

thro” DE, D which was to be demonſtrated. 


04 PR O- 
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PROPOSITION IX. 


THEOREM. 


Right Lines that are parallel to the fame Right 
Line, not being in the ſame Plane with it, are 
alſo parallel to each other. 


E T both the Right Lines AB, CD, be parallel to 
the Right Line EF, not being in the ſame Plane 
with it. I fay, AB is parallel to CD. 

For aſſume any Point & in EF, from which Point 
G let GH be drawn, at Right Angles to EF, in the 
Plane paſting thro* EF, AB: Alſo let GE be drawn 
at Right Angles to EF in the Plane paſſing thro? EF, 
CD: Then, becauſe EF is perpendicular to GH and 
GK, the Line EF ſhall alfo be“ at Right Angles to a 
Plane paſſing thro? both GH and GK: But EF is pa- 
rallel to AB; therefore AB is + alfo at qo tag 
the Plane paſſing thro' HGK. For the Reaſon, 
CD is alſo at Right Angles to the Plane paſſing thro” 
HGE ; and therefore AB, and CD, will be both at 
Right Angles to the Plane paſſing thro' HGK. But if 
two Right Lines be at Right Angles to the ſame Plane, 
they ſhall be 1 parallel to each other; tKerefore AB is 
parallel to CD. And ſo, Right Lines that are parallel! 
to the ſame Right Line, not being in the ſame Plane 
with it, are alſo parallel to each other; which was to 
be demonſtrated. 


PROPOSITION X. 


THEOREM. 


If two Right Lines, touching one another, be pa- 
rallel to two other Right Lines, touching one 
another, but not in the ſame Plane, thoſe Right 
Lines contain equal Angles. 


E T two Right Lines AB, BC, touching one an- 
other, be parallel to two Right Lines DE, EF, 
touching one another, but not in the ſame Plane. 1 
ſay, the Angle ABC is equal to the Angle DEF. 


Fur, 


Book XI. Euch4s Elements. 201 
For, take BA, BC, ED, EF, equal one to another, 
und join AD, CF, BE, AC, DF: Then, becauſe BA 
ual and ores pat 1 Line AD mall 

For the ſame 33. 1. 


— 7 — "FIRES ual to 
CF; but AC, DF, j ; wherefore A 1 1. 


t Lines D 
DF; chere - 
6 Bu AT tothe BE DF, ther 0 8. 2. 
Whence, i two Right Lines, one another, be 


parallel ts two other Right Lines touchs one another, 
but not in the ſame Plane, thoſe Right Lines contain 
demoaſtrated. 


equal Angles ; which was ta be 
PROPOSITION XL 


PROBLEM. 


From a Point given above a Plane, to drawa 
Right Lin pryndiaer to ther Plone 


T A be the Point given, above the given Plane 

L* BH. It is required to draw a Right Line from 
the Point A, perpendicular to the Plane BH. 

Let a _ Line — be any how drawn in the Plane 
BH ; and Jet AD be drawn 2 from the Point A, * * 1 
perpendicular to BC; then if AD be perpendicular to 
the Plane BH, the Thing required is already done ; 
but, if not, ler DE be drawn in the Plane from the 
Point D, at Right Angles to BC; and let AF be dran 
* from the Point A, perpendicular to DE: Laſtly, 
thro F draw GH, parallel to BC. 

Then, becauſe BC is perpendicular to both DA and 
DE, BC will alſo be + perpendicular to a Plane paſſing + 4 of is 
ro ED, DA. But GH is parallel to BC; and if 
there are two Right Lines parallel, one of which is at 
Right Angles to ſome Plane, then ſhall the other be 1 f 8 ie 
at Right Angles to the ſame Plane: Wherefore GH is 
at Right *. to the Plane paſſing thro ED, oe 


202 
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and fo is ® perpendicular to all the Right Lines, inthe 
ſame Plane that touch it. But AF, which is in the 
Plane paſſing thro ED and DA, doth touch it. There- 


— — to AF ; and ſo AF is perpen- 
dicular to GH ; but AF, likewiſe, is perpendicular to 
DE; therefore AF is 1 to both HG, DE. 
But if a Right Line 8 
Right Lines, in their common Section, that Line will 
be + at Right Angles to the Plane paſſing thro' theſe 
Lines. Therefore AF is perpendicular to the Plane 
drawn thro' ED, GH ; that is, tothe given Plane BH. 
Therefore, AF is drawn from the given Point A, 
above the given Point BH, perpendicular to the ſaid 
Plane; which was to be done. | 


PROPOSITION XI. 


PROBLEM. 


To ereft a Right Line perpendicular to @ given 
Plane, from a Point given therein. 


LET A be agiven Point in a iven Plane MN. It 
is required to draw a Right Line from the Point 

A, at Right Angles to the Plane MN. | 
Let ſome Point B be ſuppoſed above the given Plane, 


® 12 of this. from which let BC be drawn * perpendicular to the 


+ 31.1. 


8 and let AD be drawn from A, parallel 
to . 

Then, becauſe AD, CB, are two parallel Right 
Lines, one of which, v:z. BC, is perpendicular to the 


{ 8 of this. Plane MN; the other, AD, ſhall be f alſo perpendi- 


cular to the ſame Plane. Therefore, a Right Line ts 


erefted perpendicular ts a given Plane, from a Point 
given thereon ; which was to be done. 
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PROPOSITION XIIL 


THEOREM. 

Two Right Lines cannot be erefied at Right An- 
gles to a given Plane, from @ Point therein 
given. 

en » if it is poſſible, let two Right Lines AB, AC, 


ar to a given Plane on the 
ſame 1 at a given Point A, in the given Plane. 
Then let a Plane be drawn thro BA, AC, cutting 


but the Line PAF in oy wen Plane, touches 
it; therefore the Right , AC, DAE, are in 
one Plane: And becauſe CA is perpendicular to the 


a3 


the given Plane thro A in the Right Line ® DAE; 3 this, 


_ Plane, it ſhall alſo be + perpendicular to all + Def. 3. 


ight Lines drawn in that Plane, and A it: 
r e. For the 
ſame Reaſon, BAE is alſo a Right Angle; wherefore 
the Angle CAE is equal to BAE, and they are both 
in one Plane; which is abſurd. Therefore, two 
Rig he Lines cannot be erefted at Right Angles, to a given 


Plane, 8 therein given ; which was to be 


PROPOSITION XIV. 


THEOREM. 


Thoſe Planes, to which the ſame Right Line is 
per pendicular, are parallel to each other. 


ET the Right Line AB be perpendicular to each 
L dr Pane, DE. EF. I fay, theſe Planes are 


parallel. 

For, if they be not, let them be produced till they 
meet each other, and let the Right Line GH be the 
commen Section, in which take any Point K, and 
join AK, BK. Then, becauſe AB is perpendicular 
to the Plane EF, it ſhall alſo be perpendicular to the 

t Line BK, being in the Plane EF produced ; 


Righ 
— the Angle is a Right Angle. And, 
for the fame — BAK is alſo a Right Angie: 


— 
„* 


269 G = 


r 


* 


e 
4 
1 
1 


® 13 of this. For, let BG 


I 17. 1. 


® Def. 3. 


© 29, I. 


I 4 ef bit. 
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And fo the two Angles ABK, BAK, of the Triangle 
AB, are equal to two Right which is * im- 
poſſible : Therefore the Planes CD, EF, being pro- 
duced, will not meet each other; and fo are neceſſa- 
rily parallel. Therefore, thoſe Planes, to which the 


me Right Line is perpendicmlar, are parallel to each 
fa e 4 » are par 


ether ; which was to be 
PROPOSITION XV. 


THrtEroOREmM. 


Tf two Right Lines, touching one anot ber, be pa- 
rallel to two Right Lines, touching one another, 
and not being in the ſame Plane with them, 
the Planes draum thro' thoſe Right Lines are 
parallel to each other. | 


LET two Right Lines AB, BC, touching one an- 
other, be parallel to two Right Lines DE, EF 
touching one another, but not in the ſame Plane with 
them. I fay, the Planes paſſing thro AB, BC, and 
DE, EF, being produced, will not meet each other. 
Lean * from the Point B, perpen- 
dicular to the Plane paffing thro DE, EF, meeting 
the ſame in the Point G; and thro' G let GH be 
drawn Þ parallel to ED, and GE parallel to EF; then, 
becauſe BG is perpendicular to the Plane paſling thro' 
DE, EF, it ſhalt alſo make * Right Angles with all 
Right Lines that touch it, and are in the fame Plane. 
But GH and GK, which are both in the fame Plane, 
touch it ; therefore each of the Angles BGH, BGK, 
is a Right Angle. And fince BA is pazallel to GH, 
the Angles GBA, BGH, are * equal to two Right An- 
gles: But GA is a Right Angle; wherefore GBA 
thall allo be a Right Angle; and fo BG is i 
cularto BA. For the fame Reaſon, Gh is alſo perpen- 
dicular to BC; therefore fince a ' Right Line BG 
ftands at Right Angles to two Right Lines BA, BC, 
mutually cutting each other; BG ſhall alſo be f at 
Right Angles to the Plane drawn thro' BA, BC. But 
it is perpendicular to the Plane drawn thro' DE, EF; 


'thereture BG is perpendicular to both the Planes drawn 


thro' 
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thro! AB, BE, and DE, EF. But thoſe Planes to 
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which the ſame Right Line is perpendicular, are * pa- 14 of chin. 


rallel; therefore the Plane drawn thro* AB, BC, is pa- 
rallel to the Plane drawn thro DE, EF. Wherefore, 
if two Right Lines, touching one another, be parallel to 


two Right Lines ane another, and not being in 
the ſame Plane with 3 the Planes drawn thro” 
thoſe Right Lines are parallel to each other; which was 
to be demonſtrated. 


PROPOSITION XVI. 


THEORE Ms 


If two parallel Planes are cut by another Plane, 
their common Sefions will be parallel. 


LET two parallel Planes AB, CD, be cut by any 
Plane EFGH ; and let their common Sections be 
EF, GH. I fay, EF is parallel to GH. 

For, if it is not parallel, EF, GH, being produced, 
will meet each other either on the Side FH, or EG, 
Firſt, let them be produced on the Side FH, and meet 
in K; then, becauſe EFK is in the Plane AB, all 
Points taken in EFK will be in the ſame Plane. But 
K is one of the Points that is in EFK ; therefore K is 
in the ſame Plane AB. For the ſame Reaſon K is 
alſo in the Plane CD; wherefore the Planes AB, CD, 
will meet each other, But ws Angrof om 

are ſuppoſed parallel; therefore the Right Lines 
Nen an Side FH. Alter the 


r * 


produced, on the Side EG. But Right Lines, that 
will neither Way meet each other, are parallel; there- 
fore EF, is el to GH. /, therefore, two parallel 
Planes are cut by any other Plane, their common Seflions 
1H be paralle]; which was to be demonſtrated. 


PRO- 
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PROPOSITION XVII. 


TRZOREZM. 


If two Right Lines are cut by parallel Planes, 
they ſhall be cut in the ſame Proportion. 


LET two Rig ght Lines AB, CD, be cut by parallel 
Planes GH, EL, MN, in the Points A, E, B 
C,F,D. If y, as the Right Line AE is to the Right 
Line EB, ſo 4 CF to F 
For, let AC, BD, AD, be joined; let AD meet the 
Plane KL in the Point X; and join EX, XF. Then, 
becauſe two parallel Planes KL, MN, are cut by the 
16 . Plane EBDX, their common Sections EX, BD, are * 
1 For the ſame Reaſon, becauſe two parallel 
GH, KL, are cut by the Plane AX FC, their 
common Sections AC, FX, are parallel; and becauſe 
EX is drawn parallel to the Side BD of the Trian 
ABD, it ſhall be, as AE is to EB, fois + AX to XD. 
Again, becauſe XF is drawn parallel to the S 3 C* 'of 
the Triangle ADC, it ſhall be t, as AX is to XD, io is 
CF to FD. But it has been proved, as AX is to X13, 
ü. 3. fois AE to EB. Therefore, as AE is o EB, fois 10 
to FD. Wherefore, if two Right Lines are cut by 
parallel Planes, they ſhall be cut in the ſame Proportion; 
which was to be demonftrated. 


PROPOSITION XVIII. 


THEOREM. 


Fa Right Line be perpendicular to ſome Plane, 
then all Planes paſſing thro* that Line will be 


perpendicular to the ſame Plane. 


LE T the Right Line AB be 1 to the 
Plane CL. I fay, all Planes that paſs thro' AB, 
are likewiſe perpendicular to the Plane CL. 

Fer, het « Fibas DE paſs thro the Right Line AB, 
whoſe common Section, with the Plane CL, is the 
Right Line CE; and take ſome Point F in CE; from 
which let FG be drawnin the Plane DE, perpendicu- 


4 


+ 2. & 
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lar to the Right Line CE: Then, becauſe AB is per- 
icular to the Plane CL, it ſhall alſo be“ perpen- Dy. 3. 
dicular to all the Right Lines which touch it, and are in 
the ſame Plane: Wherefore it is icular to CE; 
and, conſequently, the — 4 ABF is a Right Angle: 
But GFB is likewiſe a Right Angle; therefore AB is 

arallel to FG. But is at Ripht Angles to the 
CL; therefore FG will be + at Right Angles to t 8 sf this. 
that ſame Plane. But one Plane is perpendicular to 
another, when the Right Lines drawn in one of the 
Planes, perpendicular to the common Section of the 
Planes, are tf perpendicular to the other Plane. But 1 P/. 
FG is drawn in one Plane DE, icular to the Y . 
common Section CE of the Planes, and it has been 
proved to be perpendicular to the Plane CL: In like 
mannet any other Line in the Plane DE, drawn per- 
pendicular to CE, is proved to be perpendicular to the 

Place CL. Theretore the Plane DE is at Right An- 

gles to the Plane CL. After the ſame manner we de- | 
monſtrated, that all Planes paffing thro* the Right 
Line AB, are-perpendicular to the Plane CL. There- 
fore, if a Right Line be perpendicular to ſome Plane, then | 
all Planes, paſſing thro* that Line, will be perpendicular 
ta the ſame Plane; which was to be demonſtrated. 


PROPOSITION XIX. 


THEOREM. a 


If two Planes, cutting each other, be perpendicu- 
lar to ſome Plane, then their common Section 
will be perpendicular to that ſame Plane. 


ET two Planes AB, BC, cutting each other, be 
— perpendicular to ſome third Plane, and let their 
common Section be BD. I fay, BD is perpendicular 
to the ſaid third Plane, which let be ADC. | 
For, if poſſible, let BD not be pe lar to 
the third Plane; and from the Point D let DE be 
drawn in the Plane AB, icular to AD; and 
let DF be drawn, in the Plane BC, perpendicular to 
CD: Then, becauſe the Plane AB is perpendicular to 
the third Plane, and DE is drawn in the Plane AB, 
WWW 


4+ 
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D. 4. rr In 
like manner we prove, that DF alfo is 
fro wal apap Ae 
NIN is third Plane, on the ſame Side, at 
1 13 of this. 222 oint D; which is + ant abſurd : Therefore, to 
this third Plane n toy Light Right Line 
perpendicular at D, and on the ſame Side, e 
No ma Belen of Go Phew A BC: — 
fore DB is perpendicular to the third Plane. I there - 
ſore, two Planes, cutting each other, be perpendicular 
» fone Plone, then ther cxmmein dation we be for- 
pendicular 10 that ſame Plane; which was to be de- 
monſtrated. 


PROPOSITION XX. 


THEOREM. 


If a ſolid Angle be contained under three plane 
Angles, any two of them, bowſocver taken, are 
greater than the third. 


Lf. L Ar three 
ne CAD, DA x two 
of the Ang 5556.80 — 2 
4 — 
For, if the Angles BAC, CAD, DAB, be equal, 
it is evident, that any two, bowſoever taken, are 
er than the third; but, if not, let BAC be the greater, 
23. 1. and make * the Angle BAE, at the Point A, with 
r thro” ag 3 


_ 2 ns A le. 5 
ro” cutting the ight Lines 
AC, 4 2 om B, C 
Then, becauſe DA is 
mon, the two Sides 
=—_ AE, AB; but the 
F 4+ 1. le BAE ; — 
BE: And fance the 
Inte 

fore the rema 

rr S4 Ae and ſin 
AE, and 3 and 
| 25- 1, than the Baſe EC ; the Angle 


n mt. _— 1 oy” 


—_ am > anc a a ao. am 4a. Ss. | Py 


Book XI. PEnehits EuzMments. 20g 


than the 5488 EAC. But, from Conſtruction, the 
BAE; wherefore 


that they bag than the 
le be contained under 


PROPOSITION XXI. 


THEOREM. 


Every ſolid Angle is contained under plane An- 
gles, together, leſs than four Right ones. 


LEF A be a ſolid Angle, contained under plane 
es BAC, CAD, DAB. I ſay, the Angles 
AD, DAB, are leſs than four Right An- 


„ Points B, C, D, in each of the Lines 

AB, AC, AD; and Jem BC, CD, DB: Then, 

becauſe the folid Angle at B is contained under three 

plane Angles CBA, ABD, CBD; any two of theſe 

are ® greater than the third : Therefore the les 22 of this, 
than the Angle CBD. 

Angles BCA, ACD, are 


ACD, CDA, ADB, are 
CBD, BCD, CDB. 
ual F 32. 1. 


A, BCA, 
D, DAB, are ul to fx K T es; 8 
| CBA, 5 B. ABD, 
Therefore the 
— 
the 


are greater than two Rig 
three other Angles d. 


Ls 


LM 36 


| PROPOSITION XXL 
TrHzroRFM. 1 17 

If there FN 
how taken, are greater than the third, and the 
Right Lines that contain them be. z then 
it is poſſible to make 4 Triangle of the Right 
pony * Lines which form 
_ the Angle s. | 


137 F ABG, DEF, Gx, be given 
let the equa Right 


8878 contain them; e 


tg drglats gether — — 


I - 


® 4.1. 4 
eater than 
8. E. N N- 
than either others at 
+ 24-7 Line AC wilt de grea 


| 2 it e that 
1 23. 1. 


r A 


IT 
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EBC, 


of 26d 


than the An 


r e 
5 2 


> a 


? 


** 
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For the ſame Reaſon, the Angle DEF is equal to the 


Angle MXN, and the Angle GHK 4 2 
NXL therefore the threg Angles ABC, DEF, GH a 


ger. 15. 1. 


1 2. 6. 


146. 


* 25» I, 


1 Cor, 15. 1. 


12 of «bis. 


* Df. 3. 


are equal to the three Angles LXM, MXN, NXL. 
But mn Fg A 
equal to four Rig 


angles LXM, MXN, NXL are 
t Angles; and fo the three 

ABC, 1 * GHK, — A any 1 op Right 
Angles : are put our Right Angles, 
* abend therefore AB is nat equal ix 
I fay allo, 1 leſs KS if this be 
poſſibl ( u A, and to and 
join b! Then, — AB is equal to BC, XO 
ſhall be equal to XP; and the remaining Part OL, 
equal to the remaining Part PM; and ſo LM is + pa- 
rallel to OP, and the Triangle LMX is equi 

to the Tri le OPX : Wherefore XL is 4 to LM, as 
XO is. to OP; and (by Alternation) as XL is to XO, 
ſo is LM to OP. But L is greater than XO; there- 
fore LM ſhall allo be greater than OP. But LM is 
put equal to AC; wherefore AC ſhall be greater than 
O: And fo, becauſe the two Right Lines AB, BC, 
are equal to the two Right Lines OX, XP, and the 
Baſe AC greater than the Baſe OP; ABC 


whoſe Length let be ſuc 5 

5 N uare of 
ceegs the Square of LX; and let RM., RN, 
be joined ; RX is perpendicular to the Plane 


of the Circle LMN, it ſhall alſo be ® perpendicular 


to Lx, MX, NX: And becauſe Lx is equal 
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XM, and XR is , and at Right Angles to 


For the ſame Reaſon, RN is equal RL, or RM; 
therefore three Right Lines RL, RM, RN, are equal 
to each other. And becauſe the Square of XR is equal 
to the Exceſs by which the Square of AB'exceeds the 
Square of LX, the Square of AB will be equal to the 
Squares of LX, XR, together: But the Square of RL 
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common, 
them, the Baſe LR hall be * equal to che Baſe RM. * 4. 1 


is + equal to the Squares of LX, XR, for LXR is a f 47. 7. 


Right Angle; therefore the Square of AB will be equal 
to the Square of RL; and ſo AB is equal to RL. But 
BC, DE, EF, GH, HK, are every one of them equal 
to AB; and RN, or RM, equal to RL; wherefore 
AB, BC, DE, EF, GH, HK, are each equal to RL, 


RM, or RN: And fince the two Sides RL, RM, are 


equal to the two Sides AB, BC; and the Baſe LM is 


equal to the Angle ABC. For the ſame Reaſon, the 


Angle MRN is equal to the Angle DEF, and the An- 
rr K: Therefore, @ ſo-- 


Angle is made at R of three plane Angles LRM, 
MRN, LEN, equal to three plane Angles groen ABC, 
DEF, GHK, „ 

Now, let the Centre of the Circle X be in one Side 
of the Triangle, viz. in the Side MN; and join XL. 
[ fay, again, that AB is than LX. For, if it 
be not ſo, AB will be either equal, or leſs than LX. 
Firſt, let it be equal; then the two Sides AB, BC, are 
equal to the two Sides MX, LX, that is, they are 
equal to MN : But MN is put equal to DF ; there- 


equal to the Baſe AC; the Angle LRM ſhall be + 1 5. » 


fore DE, EF, are equal to DF, which is “ impoſſible; 20. 1. 


therefore AB is not equal to LX. In like manner we 
prove, that it is neither leſſer; for the Abſurdity will 
much more evidently follow. Therefore AB is greater 
than LX. And if the Square of RX be made equal 
to the Exceſs by which the Square of AB exceeds the 
Square of LX, and RX be raiſed at Right Angles to 
the Plane of the Circle, the Problem may be done in 
like manner as before. 

Laſtly, Let the Centre X of the Circle be without 
the Triangle LMN, and join LX, MX, NX: 
Lay, AB'is greater than LX. For, if it be not, it 


tither be equal, or leſs. Firſt, let it be equal; 
a 4 P 3 then 


[ts 


; 
8 


$ 
— 


I 


X, with he R 


AC, tas" it, LM thald be equal-to the Baſe OS. 
Fer a fame i. 


OT: And 
ſinoe de ewe Sides ELN, afe egiial to the co 
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t 34. 1. DCF. — — — 
to the two Sides DC, CF, 88 
4. . to the Angle DCF; 8 be equal 
the Baſe DF, and the Triangle ABH. equal to — 
Triangle DFC:' And fince the Paral BG is 


T 47. 1. + double to the Trian 1 
CE to the Tri — the — 2 ran 
ſhall be equal to the ParalleJogram CE. In like man- 
ner we demonſtrate, that the Parallelogram AC is equal 
to the Parallelogram GF, and the Parallelogram AE 

to the Parallelogram BF. V therefore,'a Solid 
be contained under fix parallel Planes, the oppoſite Planes 
thereof are 3 which" Was w be deman- 


'£ „ 
f ſtrated, that, if a Solid be contained under ſix paral- 
lel Planes, the oppoſite Planes thereof are ſimilar and 
equal, becauſe each of the Angles are equal, and 
the Sides about the equal Angles are proportional. 


PROPOSITION XXV. 


„ 


_— ns... 
If a ſolid Parallelepipeden be cut by a Plane, 


parallel to appofite Planes, then, as Baſe is ia 
Baje, ſo is Solid to Solid. 


LET the folid Parallelepipedon ARCD be cut by a 

Plane YE, parallel to the oppoſite Planes RA, 

DH. I fay, as the Baſe EF @ A is to the Baſe EHCF, 
ſo is the Solid ABFY to the Solid EGCD. 

For, let A ho both Ways produced, and make 

HM, MN, & to EH, and AK, KL, Q.. 

equal to AE 5 — the Parallelograms LO, K e, 

HX, MS, as likewiſe the Solids LP, KR, 'H Q, 

MT, be com _ Then becauſe the Right Lines 

LK, KA, 2 the Parallelograms LO, 

1 36. . K O, AF, ſhall be * equal ; 2s likewiſe;the Pa- 

+ 24 of this, —— K , KB, AG. And, moreover, + the 

Parallelograms Lv, KP, AR, for they are oppoſite to 

one another.. For the ſame Reaſons, ee 


„% =P 


— --” % meGupr_ ———__—_—__—_ —_ —  ———_— 
— — 


r — — v — 
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HG, HI, IN; and ſo are the Paralle- 
jograms H, Ma, NT: Therefore three Planes of 
the Solid LP are equal to three Planes of the Solid 
KR, or AY, — and the Planes oppoſite to 
to them: T herefore the three Solids 
Y, will be equal * to each other. For the * Df. 10. 
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theſe are 
LP, KR, 
fame Reaſon, the three Solids ED, Ha, MT, are 7 *" 
equal to each other; therefore the Baſe LF is the ſame 


Multiple of the Baſe AF, as the Solid LY is of the 
Solid AY. For the fame Reafon, the Baſe NF is 
the ſame Multiple of the Baſe HF, as the Solid NY is 
of the Solid ED; and if the Baſe LF be equal to the 
Baſe NF, the Solid LY ſhall be equal tothe Solid NY ; 
and if the Baſe LF exceeds the Baſe NF, the Solid LY 
ſhall exceed the Solid NY ; and, if it be leſs, leſs : 
Wherefore becauſe there are four M nitudes, wiz. 
the two Baſes AF, FH, and the two Solids AY, ED, 
whoſe Equimultiples are taken, to wit, the Baſe LF, 
and the Solid LY ; and the Baſe NF, and the Solid 
NY : And fince it is proved, if the Baſe LF exceeds 
the Baſe NF, then the Solid LY will exceed the Solid 
NY; if equa), equal; and if leſs, leſs: Therefore as 
the Baſe — do the Baſe FH, bh 22455 Solid AY D. 5. 5 
to the Solid herefore, if a arallelepipe- 
don be cut by a Plane, parallel to L, which wa then, 
a D to Baſe, ſo ſhall Solid be to 
be demonſtrated. 


PROPOSITION XVI. 


| PROBLEM. | 
At 4 Right Line given, and at a Point given in 
it, to make a ſolid Angle equal to a ſolid An- 
gle given. 


Laage 
1 iven ſolid contained under the 
EBC. EDF, z it is required to 
K id Angle at the given Point A, in the wen 
Right Line AB, equal to the given ſolid . 
Aſſume any Point F in the Right Line DF, from 


which let FG be 2 is ts Plane ® 52 of in 


C tk. ret de td 
I 


wet DD ti — ourgbe — — — — 


1 12 of this. K erec 1 Hk, & Right 


® Def. 3. A do the 
22 * 


11. 


* 
* 
— 


11 


e 


i 
27 


Laſtly, 
Angles 
thro' BAL; and make KH 


* 
Plane 


HKA, HKB, are Right Wo 
cauſe the two Sides KA, AB, are equal de the 
ides GD, DE, each to each, and contain equal 
es, the Baſe BK ſhall be + equal to the Baſe EG: 
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PROBLEM. n 
4 Right Line given, to deſcribe 8 Parallele- 
 Pipedon, femilar, and in like manner fitnate, to 


. 


BH, and the Solid AL; 
is u EC is to GC, ſo is AB to AK; via. 
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PROPOSITION XXVII. 


THEOREM. 


If a ſolid Parallelepipedon be cut by a Plane paſ- 
fing thro* the Diagonals of two oppoſite Planes, 
that Solid will be biſefted by the Plane. 


ET the ſolid Parallelepipedon AB be cut by the 
L Plane CDEF, thro* the Di s CF, 
DE, of two Planes. I ſay, the Solid AB is 
biſected by the Plane CDEF. | 
* 34.1 For, becauſe the Triangle CGF is ® equal to the 
Triangle CBF, and the Triangle ADE to the Triangle 
+ 24 7 bu. DEH, and the Parall CA to + the Parallelo- 
gram BE, for it is te to it; and the Parallelo- 
gram GE to the Parallelogram CH ; the Priſm con- 
tained by the two Triangles CGF, ADE, and the 
three Parall GE, AC, CE, is equal to the 
Priſm contained under the two Triangles CFB, DEH, 
1 Def. 10. and the three Parallelograms CH, BE, CE; for t they 
of this, are contained under Planes equal in Number and Mag- 
nitude. "Therefore, the whole Solid AB 15 biſefied 
the Plane CDEF ; which was to be demonttrated. 


PROPOSITION XXIX. 


THEOREM. 


Solid Parallelepipedons, being cauſtituted upon the 
ſame Baſe, and baving the ſame Altitude, and 
whoſe inſiſtent Lines are in the ſame Right 
Lines, are equal to one another. 


LET the ſolid Parallelepipedons CM, BF, be con- 

ſtituted upon the ſame Baſe AB, with the ſame 

Altitude, whoſe inſiſtent Lines AF, AG, LM, LN, 

CD, CE, BH, BK, are in the fame Right Lines 

** I fay, the Solid CM is equal to the Solid 
For, becauſe CH, CK, are both Parallelograms, 

„4. . CB ſhall be “ equal to DH, or EK ; wherefore DH 
is 


+ 
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is equal to EK. Let EH, which is common, be taken 
away, then the Remainder DE will be ual to the 
Remainder HK, ED, nnd he Pra ern DG is + equal +8. 2. 
Sor HEB, and the P DG equal 
elogram HN ; fix Os ne Deke the 
Tongs AFG B equal the Ti e LMN. Now 


t ual Paral 1b. 
ee 
BN, for they are 


: Therefore the Priſm con- 
niced under the ewe Triangles AFG, DEC, and the 
three Parallel CF, DG, CG, is * ual to the ® Def: 10, 
Priſm contained under the two Triangles LMN, HBK, thre 
— BM, HN, BN. Let the 

is the Parallel am AB, 
— GEHM, be led. the 
the whole folid Parallelepipedon CM is equal to the 
_ ſolid 2 A. 4 3 alid 

arallelepipedons, being it 

and having the ſame Altitude, and 2 pi 50 Lines 
are in the ſame Right Tins, are equal to one another; 
which was to be demonſtrated. 


PROPOSITION XXX. 


THErOREM. 


Solid Par 'pedons, being conſtituted upon the 
ſame Baſe, and having 22 ſame Altitude, whoſe 
infiſtent Lines are not Ys placed in the ſame Rigbt 
Lines, are equal ts one another. 


LET there be ſolid Parallelepipedons CM, CN, 
having equal Altitudes, and ſtanding on the ſame 
Baſe AB, and whoſe inſiſtent Lines AF, AG, LM, 


LN, CD, CE, BH, BE, are not in the ſame Right 
_ I fay, the Solid CM is equal to the Solid 
a IG DH, be produced, and GE, FM, be 
ter 

als FM, 25 proce t the Pole O, P, and 


— 5 — > 
— po — 2 —⁹ Wn r 


| 


1 
F 


® 23. Io 
1 31+ 1. 


E 


whoſe Baſe i 
poſite to XPR 


ing oppdfiteto GEEN ; for 
e 
CE, CP, 


Lines GP, s 
equal to the Sold 
roxy” Sar 
was to 


PROPOSITION NN. 


Ta zon AR. 


a Fit, Let HK, BE, AG, LM, . 
RS, be at Ri to 3 let 


i 
2 7 
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E R 
the 8 ore, as the Baſe AE is to the 
CF, a to the Solid CD. Where- 


fore, aralleleptpedans, that haue the Alti- 
nh Crd le Ther which was wo be 
demonſtrated. a 


PROPOSITION XIII. 


T1012 U. 


Similar ſolid Parallelepipedons are to one maky 
| * triplicate Proper tian f their den 


ET AB, CD, be ſimilar ſolid Parallelepipedons, 
L. Be AE be to the Side 
CF. 1 foy, the Solid AB, to the D, hath a 


of which the Side AF ha 
to 82 Cf. * 


For, produce AE, GE. HE, to EK, EL, EM; 
and EK equal to CF, and EL to FN, and 
EM to FR; and let the Parallelogtam KL, and like- 
wiſe the Solid KO, be compleated: Then, becauſe the 
two Sides KE, EL, are equal to the two Sides CF, 
FN ; and the Angle KEL equal to the Ar oy 
(fincethe A le AEG is equal to the Angle 
cauſe of the Similari de Sole AB. CD) the Fa- 
rallelogram KL be ſimilar and equal to the Pa- 
rallelogram CN. For the ſame Reaſon, the Paralle- 

am KM is equal and fimilar to the Patallelogtam 
c and the Parallel OE to DF ; therefore 
three Parallelograms of the Solid KO are equal and 
ſimilar to three Par of the Solid CD: But 
_ thoſe three Parallelograms are * equal and ſimilar to 24 of this, 
the three oppoſite Parall - therefore the whole 
Solid KO is equal and fimi ar to the whole Solid CD. 

Let the Parallelogram GK be compleated, as alſo the 
Solids EX, LP, ipon the Baſes GE, KL, having the 
ſame Altitude as AB: And ſince, becauſe of the imi- 
larity of the Solids AB and CD, it is, as AE is to CF, 
ſois EG to FN ; and ſo EH to FR; and FC is equal 
0 
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1 1. 6. AE is to r 85 8 the 
— OK * is to E Ick 0 


KL; and HE f 1 EM, ſo is PE to KM: 
fore, as the Parallelogram'AG is to the Parallelogram 
GE, ſo is GK to KL, and PE to KM. 2 
t 32 of this. is to GR, fo is ꝗ the Solid AB to the Solid EX; 
as GK is to KL, fo is the Solid EX to the Solid H. 
and as PE is to KM, fo is the Solid PL to the Solid 
KO: Therefore, as the Solid AB is to the Solid EX, 
11. 5. ſo is * EX to PL, and PL to KO: But if four Mag- 
nitudes be continually proportional, the firſt to the 
+Def. 11. 5. fourth hath + a triplicate Proportion of that which ik 
has to the ſecond. Therefore, alſo, the Solid AB, to 
the Solid. KO, hath a triplicate Proportion of that 
which AB has to EX: But as AB is to EX, ſo is the 
Parallelogram AG to the Parallel GR; and ſo is 
the Right Line AE to the Ri ne ER Where- 
fore the Solid AB to the Solid KO, bath aP 
triplicate of that which AE has to EK. But the Solid 
KO is equaljto the Solid CD, and the Right Line EK 
equal to the Right Line CF: Thereſore, the Solid AB, 
to the Solid CD, has a Propartion triplicate of that which 
the hemolagous Side AE has to the EN ERIE 
width was to be ** ; | 


Cal From hence it is . if by Right Lines 
be continually proportional, as the firſt is to the 
fourth, fo is a ſolid Parallelepipedon deſcribed upon 
the firſt, to a ſimilar ſohd Purallelepipedon, Hike 
ſituate, deſcribed upon the ſecond ; becauſe the firft 
to the fourth, has a'Proportion pla of * 
which it has to the 2 


PR O- 
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PROPOSITION. XXXIV., 
r 


The Baſes and Altitudes of equal ſolid Paralletepi- 
pedons are reciprocally proportional; and thoſe 
ſolid Parallelepipedons, whoſe Baſes and Alti- 


tudes are teciprocally proportional, are equal. 


ET AB, CD, be equal ſolid Parallelepipedons., I 
L fay, their Baſes and Alicudes are —_— 
tional; that is, as the Baſe EH is to the Baſe 
P, ſo is the Altitude of the Solid CD to the Altitude 
of ie $G@UD-- ff Kg: 
Firſt, let the inſiſtent Lines AG, EF, LB, HK, 
CM, NX, OD, PR, be at Right Angles. to their 
Baſes: I fay, as the Baſe EH is to the Bate NP, ſo is 
CM to A0. For, if the Baſe EH be equal to the 
Baſe NP, and the Solid AB is equal to the Solid CD; 
the Altitude CM ſhall alſo be equal to the Altitude 
AG : For if, when the Baſes EH, NP, are equal, the 
Altitudes AG, CM, are not fo ; then the Solid AB 
will not be equal to the folid CD, but it is put equal 
to it: Therefore the Altitude CM is not unequal to 
the Altitude AG, and fo they are neceſſaril 5 to 
one another; and, conſequently, as the Baſe EH.is to 
the Baſe NP, fo ſhall CM be to AG. But now let 
the Baſe EH be unequal to the Baſe NP, and let EH 
be the greater; then, ſince the Solid AB is equal to 
the Solid CD, CM is greater than AG; for, other- 
wiſe, it would follow, that the Solids AB, CD, are 
not equal, which are put ſuch: Therefore, make CT 
equal to AG, and compleat the ſolid Parallelepipedon 
VC upon the Baſe NP, having the Alritude CT: 
Then, becauſe the Solid AB is equal to the Solid CD, 
and VC is ſome other Solid; and fince equal Magni- 
tudes have *® the ſame Proportion to the ſame Magni- ® 7.5 
tude; it ſhall be, as the Solid AB is to the Solid CV, 
ſo is the Solid CD to the Solid CV: But i: the Solid 
AB is to the Solid CV, fo is + the Baie EH to the + ; of this, 
Baſe NP; for AB, CV, are Solids havimg;Equal Al- 
titudes: And as the Solid CD is to the Solid CV, ſo 
a is 
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125 of this. is f the Baſe MP to the Baſe PT. and ſo is MC to CT: 

Therefore, as the Baſe EH is to the Baſe NP, b is MC 
to CT. ButCT is al to AG; wherefore, as the 
Baſe EH is to the Baſe NP, u is MC to AG: There- 
fore, the Baſes and Altitudes of the equal ſolid Parallele- 


rallelepipedons AB, CD, be reciprocally 
that is, let the Baſe EH be to the 
titude of the Solid C 


; 
f 
FE 
K 
i 


85 
Z 
J 
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Fer 


lid CD is to the Altitude of the Solid 
tude of the Solid CD ſhall | 


2 


111 


3 
7 


to , 
'B the Baſe 
NP, 
Tenn i L 
to 
NP, as 3 it 
ſhall be, NP, ſo is MC 
to CT: is to the Baſe NP, fo is 
i - for the Solids AB, CV, 
have equal Altitudes ; and as MC is to CT, fo is the 
Baſe MP to the Baſe PT, and fo the Solid CD to the 
Solid CV : Therefore as the Solid AB is to the Solid 
Salid CD ; 
CD, whoſe 
mal, are 


XN, DO, MC, RP, n 
Baſes; and fronr the Points PF, G, B, 
R, let there be drawn Perpendiculars 


and fo, . B50. r 


2 ö Euclids ELEMENTS, 
meeting the ſame 
PN wa YES nid 
Then, Lap, if the Solids. AB, 
equal, their Baſes and Altitudes are 1 


art ALA, viz, as the Baſe EH is to the 
NP, fa is the Altitude ofthe Solid CD wo the Ala 


of the Solid AB. | 
the Solid AB is equal to the Solid CD, 


£29 


For, 
and the Solid AB is * equal to the Solid BT ; for they * 30 J i: 


ſtand upon the ſame Baſe FK, and have the fame Al- 
titude ; , ; 2d the Sd DC i * equa 9 the Sold DZ, 
ſince they ſtan 4 pps the fame Baſe XP, and have the 
ſame 71S ; therefore the Solid BT ſhall be equal to 
the Solid DZ. But the Baſes and Altitudes of thaſe equal 
Solids, Altitudes are at Right Angles to their 


Baſes, are + reciprocally 


3 therefore as t From 


the Baſe FK is to the EN {o is the Altitude of J, 4, 
te Sold DZ to the Alcitude of the Solid BT... But Fr 
IS 


the-Baſe equal to the Baſe EH, and the Baſe XR 
to the Baſe NP; wherefore, as the Baſe EH is to the 
Baſe NP, ſo is the Altitude of the Solid DZ ta the Al- 
rude of the Solid BT. But the Solids DE, DC, have 


he fas, 4 


8 


EH is to the Baſe NP, as the Ahki- 
41 DC is tothe Alticude of e Solid AB; 


d Parallele- 
pipedans gre rea oporti 
„let the Ba — of the fold Pa- 
AB, CD, be reciprocally proportional; 
u. 4 Baſe Eli to the Baſe NP, ſo let the Alti- 
tude of the Solid CD be to the Altitude of the Solid 
AB: I fay, the Solid AB is equal to the Solid CD. 
For, the ſame Conſtr remaining, becauſe the 
Baſe EH is to the Baſe NP, as the Altitude of the 
ne} auf root For igy ypet yon 
the Baſe EH is equal to the Baſe FK, and NP wo. XR; 
it ſhall be, as the Baſe ER is to the Baſe XR, ſo is the 


Altitude of the folid to the Altitude of the Solid 


AB. But the Altitudes of the Solids AB, BT, are 
the ſame; as alſo of the Solids CD, DZ; therefore 


| 


the Baſe FK is to the Baſe XR, as the Altitude of the 
Solid D ia to the Altitude of the Solid BT; where- 
hee ar 5 dan -- 


de, and ſo have the Solids BT, BA; 
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dons BT, DZ, are ally at; but 
thoſe folid Parallelepipedons, oſe Altitudes are at 
Right Angles hoo — the Baſes and _ 
tudes are reci are equal to + eac 
other. But the Sohd BY i is equal to the Solid BA, 
for they ſtand upon the fame Baſe FE, and have the 
ſame Altitude; and the Solid DZ is alſo equal to the 
Solid DC, ſince they ſtand upon tbe ſame Baſe XR, 
and have the ſame Altitude: Therefore the Solid AB 
is equal to the Solid CD; whence folid Paralielepipe- 
dons, whoſe Baſes and Altitudes are recepracatly propor- 
tional, are equal; which was to 2 — 


| PROPOSITION xxxv. 


Taso EZM. 


5 1, and ts ihe 
Vertices of thoſe Angles two oRigh Lines be ele- 
' vated above the Planes, in which the Angles 
are, containing equal Angles with the Lines firft 
given, each to its correſpondent one; and if in 
Thoſe elevated Lines any Points be taken, from 
hich Lines be drawn cular to the 
Planes in which the Angles firſt given are, — 
Right Lines be dratun 4 the Angles firſt giv 
from the Points. made by the Perpendiculars in in 
the Planes; thoſe. Right Lines will contain 
|" equal Angles with the clevated Lines. | 


LE ET BAC, EDF, bee equal Right- lined plane 
and from A and D, the Vertices of thoſe 
Angie ler two Right Lines, AG and DM, be elevated 
above the Planes of the ſaid Angles, making equal An- 
gles with the Lines firſt given, each to its correſpon- 
dent one; dix. the Angle MDE equal to the, Angle 
GAB, 3 DF to the Ang e GAC; and 
teke any Points ind M in he Right Lines AG, 
DM; — which let GL and MN be drawn 
dicular to the Planes thro? BAC, EDF, meet 


ng the ſame in the Points LandN ; and join LA and 
— * I fay, the Angle GAL is equal to the Angle 


Make 
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Make AH equal to DM, and thro' H let HK be 

drawn parallel to GL; but GL is perpendicular to 

the Plane thro' BAC; thereſore HK ſhall be + f 8 / biz. 


alſo perpendicular to the Plane paſſing thro! BAC : 
Draw from the Points K and N, to the Right Lines 
AB, AC, DE, and DF, the Perpendiculats KB, KC, 
NE, NF; and join HC, CB, MF, FE: Then, be- 


cauſe the Square of HA is 7 cqual to the Squares of f 47: 7. 


HK, KA; and the Squares of KC and CA are + 
equal to the Square of KA; the Square of HA ſhall 
be equal to the Squares of HK, KC, and CA: But 


the Square of HC is equal to the Squares of HK and 


KC; therefore the Square of HA will be equal to the 


uares of HC and CA; and fo the Angle HCA is 1 f 48. 1. 


a Right Angle. For the ſame Reaſon, the Angle DFM 
is allo a Right Angle; therefore the Angle ACH is 
equal to DFM : But the Angle HAC is alſo equal to 
the Angle MDF ; therefore the two Triangles MDF, 
HAC, have two Angles of the one equal to two Angles 
of the other, each to each, and one Side of the one 
equal to one Side of the other; viz. that which is ſub- 
tended by one of the equal Angles; that is, the Side 
HA equal to DM ; and fo the other Sides of the one 


ſhall be equal to the other Sides of the other, each 26. 2. 


to each : Wherefore AC is equal to DF. In like man- 
ner we demonſtrate, that AB is equal to DE: For, 
let HB, ME, be joined ; then, becauſe the Square of 
AH is equal to the Squares of AK and KH; and the 
Squares of AB and BK are equal to the Square of AK; 
the Squares of AB, BK, and KH, will be equal to the 
Square of AH. But the Square of BH is equal to the 
Squares of BK, KH; for the Angle HE B is a Right 

Angle, becauſe HK is perpendicular to the Plane paſ- 
ſing thro' BAC; therefore the Square of AH is equal 
to the Squares of AB and BH: WMherefore the Angle 


ABH is + a Right Angle. For the fame Reaſon the + 


Angle DEM is alſo a Right Angle; and the Angle 
BAH is equal to the Angle EDM, for ſo it is put; 


43. 1. 


and AH is equal to DM; therefore AB is“ alſo equal * 4. 1. 


to DE: And fo, ſince AC is equal to DF, and-AB 
to DE; the two Sides CA, AB, ſhall be equal to 
the two Sides FD, DE: But the Angle BAC is equal 
to the Angle FDE ; therefore the Baſe BC is equal 
to the Baſe EF, the Triangle to the Triangle, and the 

1 24 other 


— - — 


—c — 


* 46. 1. 
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other Angles to the other Angles: Wherefore the An- 
gle ACB is equal to the Angle DFE. But the Right 
Angle ACE is equal to the Right Angle DFN; and 
therefore the remaining Angle BCE is equal to the re- 
maining Angle EFN. For the ſame Reaſon, the An- 
dn is equal to the Angle FEN ; and fo, becauſe 

K and EFN are two Triangles, having two Angles 
equal to two Angles, each to each, and one Side equal 
to one Side, which is at the equal Angles; viz. BC 
equal to EF; therefore * they ſhall bave the other 
Sides equal to the other Sides : Therefore CE is equal 
to FN. But AC is equal to DF; therefore the two 
Sides AC, CK, are equal to the two Sides DF, FN ; 
and they contain Right Angles; conſequently, the 
Baſe AK. is equal to the Baſe DN. And fince AH is 
equal to DM, the Square of AH ſhall be equal to the 
Square of DM: But the Squares of AK and KH are 


equal to the Square of AH; for the Angle AKH is a 


Right Angle; and the Squares of DN and NM are 
equal to the Square of DM, fince the Angle DNM is 
3 Right Angle; therefore the Squares of AK and KH 
ate equal to the Squares of DN and NM; of which 


the Square of AK is equal to the Square of DN : 


Wherefore the Square of KH remaining is equal to the 
remaining Square of NM; and fo the Right Line HK 


is equal to MN. And fince the two Sides HA, AK, 
are equal to the two Sides MD, DN, each to each, and 


the Baſe K H has been proved equal to the Baſe NM, 
the Angle HAE, or GAL, hall 
gle MDN; which was to be demonſtrated. 


Coroll. From hence it is manifeſt, that if there be two 


be + equal to the An- 


Right-lined plane Angles equal, from whoſe Points 
equal Right Lines be elevated on the Planes of the 
Angles, containing equal Angles with the Lines fi:{t 
given, each to each; Perpendiculars drawn from the 
extreme Points of thoſe elevated Lines to the Planes 
of the Angles firſt given, are equal to one another. 


PRO- 
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PROPOSITION XXXVI, 
TaHZtOREM., 


If three Right Lines be proportional, the ſolid Pa- 

rallelepipedon made of them is equal to the ſolid 

Parallelepipedon made of the middle Line, if 

it be an equilateral one, and equzangular to the 
aforeſaid Parallelepipedon. | 


T ET three Right Lines A, B, C, be proportional; 
— viz. let AbetoB, as B is to C. Le 
made of A, B, C, is equal to the equilateral Solid 
made of B, equiangular to that made on A, B, C. 
Let E be a ſolid Angle contained under the three 
lane. Angles DEF, GEF, FED; and make DE, 
E, EF, each equal to B, and compleat the ſolid Pa- 
rallelepipedon ER: Again, pyt LM equal to A, and 
at the Point L, at the Nahe L 
Angle contained under the plane Angles NLX, XLM, 
MLN, equal to the folid Angle E; and make LN 
equal to B, and LX equal to C: Then, becauſe A js 
to B, as B is to C; and A is equal to LM; and B to 
LN, EF, EG, or ED; and Cto LX; it ſhall be, as 
LM is to EF, fo is GE to LX: And ſo the Sides about 
the equal Angles MLX, GEF, are recipro 
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ine LM, make * a ſolid * 26 F «iz 


portivaal. Wherefore the Parallelogram 77 + 14- 6. 


ual to the Parallelogram GF. And fince the two 
plane Angles GEF, XLM, are equal, and the Right 

ines LN, ED, being equal, are erected at the angu- 
lar Points containing equal Angles with the Lines 


GEF, are equal one to another: Therefore the Solids 
LH, EK, have the ſame Altitude. But ſolid Paralle- 
lepipedons that have equal Baſes, and the ſame Alti- 


given, each to cach; the Perpendiculars drawn from f c. 35. 
the Points N and D, to the Planes drawn thro* XLM, 4 . 


tude, are equal to each other; therefore the Solid “ z of this, 


HL is equal to the Solid EK. But the Solid HL is 
that made of the three Right Lines A, B, C; and the 
Solid EK, that made of the Right Line B: Therefore, 
F three Right Lines be proportional, the ſolid Paralle- 

| made of them is equal to the ſolid Par pe- 
den made of the middle Line, if it be an eguilater = 
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® 33 9f this 


.the ſame 
But AB is to 
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to the oferid Parallpipedon; which 


was to be 


PROPOSITION XXXVIL 


THYOREM. 


If four Right Lines be proportional, the ſolid Pa- 
rallelepipedons fimilar, and in like manner de- 
ſcribed from them, ſhall be proportional. And 
if the ſolid Parallelepipedons, being fimilar, 
and alike deſcribed, be proportional, then the 
Right Lines they are deſcribed from, ſhall be 
Proportional. | 

LET the four Right Lines AB, CD, EF, GH, be 

ional ; v:z. let AB be to CD, as EF is to 


GH; and let the ſimilar and alike ſituate Parallelepi- 


7 KA, LC, ME, NG, be deſcribed from them. 
fay, KA is to LC, as ME is to NG. 

For, becauſe the ſolid Parallelepipedon KA is ſimi- 
lar to LC, therefore KA to LC ſhall be“ a Pro- 
portion triplicate of that which AB has to CD. For 
triplicate Proportion of that which EF has to GH. 

"CD, as EF is to GH; therefore AK is 
to LC, as ME is to NG, And if the Solid AK be to 


the Solid LC, as the Solid ME is to the Solid NG; I 


1 33 of this. 


femitar, and in like manner deſcribed from 


fay, as the Right Line AB is to the Right Line CD, 
ſo is the Right Line EF to the Right Line GH : For, 
becauſe AK to LC has + a * triplicate of 
that which AB has to CD; and to NG has a 
Proportion triplicate of that which EF has to GH; 


and fince AK is to LC, as ME is to NG ; it ſhall be, 


as AB is to CD, fo is EF to GH. Therefore, i four 


Right Lines be proportional, the ſolid Parallelepipedons 
2 them Gal be 


Proportional. And if the ſald Parallelepipedons, being 


femilar and alike deſcribed, be proportional, then the Right 


Lines they are deſcribed from, ſhall be proportional ; 
which was to be . | 


PRO- 
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PROPOSITION XXXVII. 


THEOREM. 


if Plane be perpendicular to a Plane, and a 
Line be drawn from a Point in one of the 
Planes perpendicular to the other Plane; that 
Perpendicular ſball fall in the common Section 
of the Planes. 


LL the Plane CD be perpendicular to the Plane 
| AB, let their common Section be AD, and let 
ſome Point E be taken in the Plane CD. I fay, 2 
Perpendicular, drawn from the Point E to the Plane 
AB, falls on AD. 
For, if it does not, let it fall without the ſame, as 

EF, meeting the Plane AB in the Point F; and — 
the Point F let FG be drawn in the Plane AB, pe 
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2 1 to AD; this ſhall be“ perpendicular to — D. 4. of 
| 


ane CD; and join EG: Then, becauſe FG is 
pendicular to the Plane CD, and the Right Line EG, 
in the Plane CD, touches it; the Angle FGE ſhall de 


r- 5514. 


+ a Right Angle. But EF is alſo at Ri 3 to +Def. 3. of 


the Plane AB; therefore the Angle EF 
Angle: And ſo, two Angles of _ Triangle EFG are 


ight 5. 


equal to two Right Angles; which is 1 abſurd. f 17. 1. 


Wherefore, a Right Line drawn from the Point E per- 
pendicular to he Plane AB, does not fall without the 
Right Line AD; and ſo it muſt neceſſarily fall on it. 
Therefore, if a Plane be perpendicular ts a Plane, and 
a Line be drawn from a Point in the Planes per- 
pendicular to the ather Plane; that Perpendicular hall 


fall in the common Settion of the Planes ; which was to 
be demonſtrated. 
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® 29. 1. 


12. 
Sas 1. 
9 233.1, 


ÞF 7 of this. 
® 29. 1. 


1 15 1. 


26. 1. 


the Angle XYD is equal to the 


Fackds ELemenTs. Book XI. 
PROPOSITION XXXIX. 


THEOREM. 


F the Sides of the oppoſite Planes of a ſolid Paral- 


lelepipedon be divided into two equal Parts, and 
Planes be drawn thro” their Seftions ; the com- 
mon Settion of thoſe Planes, and the Diameter 


of the ſolid Parallelepipedon, ſball divide each 
ather into two equal Parts. | 


LET the Sides of CF, AH, the oppoſite Planes of 
the ſolid Parallelepipedon AF, be cut in Half in 
the Points K, L, M, N, X, O, P, R; and let the 
Planes KN, XR, be drawn thro* the Sections: Alſo, 
Jet VS be the common Section of the Planes, and DG 
the Diameter of the ſolid Parallelepipedon. I ſay, YS, 
DG, biſect each other; that is, V T is equal to TS, 
and DT to TG. | 

For, join DY, YE, BS, SG. Then, becauſe DX 
is parallel to OE, the alternate Angles DXY, YOE, 


are“ equal to one another. And becauſe DX is equal 


to OE, and YX to YO, and they contain equal An- 
the Baſe D ſhall be + equal to the Baſe YE, and 
Triangle DXY to the Triangle YOE, and the 
other Angles equal to the other Angles : Therefore 
6 Angle OYE; and fo 
DYE is * a Right Line. For the ſame Reaſon, BSG 


is alſo a Right Line, and BS is equal to SG ; then, be- 


cauſe CA is equal and parallel to DB, as alſo to EG, 
DB ſhall be equal and parallel to EG; and the Right 
Lines DE, GB, join them: Therefore DE is * paral- 
lel to BG, and B. V. G, 8, are Points taken in each 
of them; and DG, YS, are joined : Therefore DG, 
YS, are + in one Plane. And fince DE is parallel to 
BG, the Angle EDT ſhall be “ equal to the 7 
BGT, for they are alternate: But the Angle DTV is 
t equal to the Angle GTS; therefore DTY, GTS, 
are two Triangles, having two Angles of the one equal 
to two Angles of the other, as likewiſe one Side of the 
one equal to one Side of the other; v:z. the Side D 
equal to the Side GS; for they are Halves of DE, BG; 
therefore * they ſhall have the other Sides of the one equal 

to 
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to the other Sides of the other; and ſo DT is equal to 

TG, J Lay way — , 228 the 
oppoſite a into 
Pad 224 Plane be di ther their Sec- 
tians; the common Section of thoſe Planes, and the Dia- 
meter of the ſolid Parallelepipedon, ſhall divide each other 
into two equal Parts; which was to be demonſtrated. 


PROPOSITVFON XL. 


THEOREM. 


two triangular Priſms, one flanding on a 
we is 4 Parallclogram, and the other _—_ 
Triangle, if their Altitudes from theſe Baſes are 
and the Parallelogram double to the Tri- 
angle; then thoſe Priſms are equal to each other. 


LET ABCDEF, GHKLMN, be two Priſms of 
equal Altitude, the Baſe of one of which is the 

Parallelogram AF, and that of the other the Triangle 
GHE ; and let the Paral AF be double to the 
Triangle GHE. I ay, the Priſm ABCD EF is equal 
to the Priſm GHEEMN. | 

For, compleat the Solids AX, GO. Then, becauſe 
the AF is double to the Triangle GH K; 
and ſince the ogram HK is * double to the Tri- 1. 1. 
angle GHK; the Parallelogram AF ſhall be equal to 
the Parallelogram HK. But ſolid Parallelepipedons, 
that ſtand upon equal Baſes, and have the ſame Alti- 
tude, are + equal to one another; therefore the Solid + 31 of edi, 
AX is equal to the Solid GO. But the Priſm ABCDEF 
is t half the Solid AX; and the Priſm GHELMN is x 28 4 4, 
half the Solid GO ; therefore the Priſm ABCDEF is 
equal to the Priſm GHELMN. Wherefore, if there 
be two tri Priſms having equal Altitudes, the Baſe 
of ane of which is a Parallelogram, and that of the other 
As of by » — — TO the 

riangle, d Prijes be to each atber 3 
which was to be demonſtrated. 


The End of the ELIN TER Book. 
 BUCL 1D); 


* 6.6. 


+ 21. 3. 


E UCL IDs 
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BOOK XII. 


PROPOSITION I. 


THEOREM. 


Similar N inſcribed in Cirtles, are to one 
OOO 1 
Circies. | 


. = Py 
* 


ET ABCDE, FGHKL, be Circles, n 
are inſcribed the ſimilar Polygons ABC DE, 
FGHEL ; and let BM, GN* de Diameters 

* Circles. I ay, as the Square of BM is to the 

Square of GN, ſo is the Polygon ABCDE to the Po- 
ly FGHKL. 

For, j join BE, AM, GL, FN. Then, becauſe the 


| N ABCDE is fimilar to the Polygon FGHEL, 
Angle GFL ; 


the Angle BAE is equal to the and BA 
is to AE, as GF is to FL: Therefore. the two Trim 
angles BAE, GFL, have one Angle of the one equal 
to one Angle of the other ; viz. the Angle BAE equal 
to the Angle GFL, and the Sides about the equal An- 
gles proportional. Wherefore the Trian gle ABE is 
equ po to the Triangle FGL; and ſo the A og 
AEB is equal to the Angle FLG: But the Angle AEB 
is + —— to the Angle AMB, for they ſtand ay bu 
e 
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n and the rn 1 
to the Angle : Therefore t 
rho any N 5 Bu gan a BAM 
5s 1 equal. to the Angle GN; * Jo 
ar Ange al re the ther : And 
ſo the Triangle is equiangular to the le 
FGN ; and, conſequently, as BM » the Triangle, , 
BA to GF, But+ the rtion of the Square of BM 
to the Square of GN, is duplicate of the Proportion of 
BM to GN; and che ol ion of the Polygon 
ABCDE to the Polygon KCL, in+ duplicnce of the + > 6. 
BA CEP: A as the Square 
of BM is to the Square of GN, fo is the Polygon 
ABCDE to the Pol — Therefore, /imi- 
lev Pahgens, inferided tn Cirdes, are to one another as the 
be demonſtrated Diameters of the Circles ; which was to 


- LEMMA. 


S& 


If there be two Mag- 
. nitudes propoſed, and from 
the greater be taken a Part | 
greater than its Half; and K . po 

[ 


if from what remains there 
be again taken a Part | 
greater than half this Re- H 
mainder ; and again from 
this laſt Remainder a Part [ok 
greater than its Half; and | 
if this be done continually , | 
there will remain at laſt a | 
Magnitude that ſhall be leſs | | 
— 2 * ii 


LET AB and C be two Err Magnitudes, 
whereof AB is the : I fay, if from AB 
be taken a greater Part than Half, and from the Part 


remaining there be again taken a Part greater 2 7 irs 
als 
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propoſed 3 which was to be 
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Half, and this be done continually, there will remain 
a Magnitude, at laſt, that ſhall be leſs than the Mag- 


nitude C. 

For C being ſome Number Times ied, 
will become greater than the 0 r 
be multiplied, and let DE be a — of C greater 


than AB; divide DE into Parts DF, FG, GE, each 
222 
art 

than half AH, nike 2 
AK, and fo on, until the Diviſions that are in AB, are 
equal in Number to the Diviſtons in DE : Therefore 
let the Divifions AK, KH, HB, be equal in Number 
to the Divifions DF, FG, GE. Then, becauſe DE is 
than AB, and the Part EG taken from ED is 
than half and the Part BH, greater than 
Qual de greater han che Par remaining, HA. Again 
than the Part remaining, HA. 

D is greater than HA ; and F, being half 
of GD, is taken from the fare 4nd HE, being greater 
than half HA, is taken from this likewiſe the Part re- 
„FD, ſhall be greater than the Part remain- 
ing, . But FD is equal toC; © is 


greater than AK 3 4 
than C: E. t Per 


the Magnitude A 
remai the AB, *s than the 
ning 2 B, * 4 tefer 


— ̃ —— been taken, 
we demonſtrate this after the ſame manner. This is 


the bf Propoſition of the tenth Book. 


PROPOSITION II. 


10 


Circles are is each other as oi of * 


Lr ABC GH Cs 
LB Fi few as uare of BD is 
Sans of Ff, fo de Kuck A 0 . to the 


| _ 
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For, if it be not fo, the Square of BD ſhall be to 
the Square of FH, as the Circle ABCD is to ſome 
Space either leſs or greater than the Circle EFGH. 
Firſt, let it be to a Space 8, leſs than the Circle EFGH ; 
and let the Square EFGH be deſcribed in the Circle. 

This Square EFGH will be greater than half the 
Circle EFGH; becauſe, if we draw Tangents to the 
Circle thro? the Points E, F, G, H, the Square EFGH 
will be half that deſcribed about the Circle: But the 
Circle is leis than the Square deſcribed about it; there- 
fore the Square EFGH is greater than balt the Circle 
EFGH. Let the Circumferences EF, FG, GH, 
HE, be biſected in the Points K, L, M, N; and join 
EK, KF, FL, LG, GM, MH, HN, NE: Then 
each of the Triangles EKF, FLG, GMH, HNE, 
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will be “ greater than one half of the Segment of the ® 41. 1, 


Circle it ſtands in; becauſe, if Tanvents at the Circle 
be drawn thro' the Points K, L, M,N, and the Paral- 
lelograms that are on the Right Lines DF, FG, GH, 
HE, be compleated, each of the Triangles EKF, FLG, 
GMH, HNE, is half of each of the correſponding 
Parallelograms : But the Segment is leſs than the Pa- 
rallelogram ; wherefore each of the Triangles EKF, 
FLG, GMH, HNE, is greater than or half of the 
Segment of the Circle in which it ſtands : Therefore, 
if theſe Circumferences be _= biſected, and Right 
Lines be drawn joining the Points of Biſection, and 
you do thus continually, there will at laſt remain Se 
ments of the Circle, that ſhall be lefs than the Exceſs, 
by which the Circle EFGH exceeds the Space 8. For 
it is demonſtrated, in the foregoing Lemma, that, if 
there be two unequal Magnitudes propoſed, and if 
from the greater a Part greater than halt be taken, and 
again from the Part remaining a Part greater than half 
be taken, and you do thus continually, there will at laft 
remain a Magnitude that will be leſs than the leſſer 
propoſed Magnitude. Let the nts of the Circle 
EFGH, on the Right Lines EK, KF, FL, LG, GM, 
MH, HN, NE, be thoſe which are leſs than the Ex- 
ceſs, whereby the Circle EFGH excceds the Space 8; 
and then the remaining Polygon EXFLGMHN ſhall 
be greater than the Space 8 Alſo, deſcribe the Poly- 
gon Ax BOC PDR in the Circle ABCD, ſimilar to the 
R Polygon 
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Pol EKFLGMHN. Wherefare, as the Square 
of is to the Square of FH, fo is the Poly 
®* 1 of thi. AXBOCPDR to the “ Pol EEFLGMHN. But 
as the Square of BD is to the Square of FH, ſo is the 
t From Hp. Circle ABCD to the Space o Wherefore, as the 
+ 11. 3. Circle ABCD is to the Space 8, ſo is 4 the Pol 
AXBOCPDR to the Polygon EEFLGMHN. But 
the Circle ABCD is greater than the Polygon in it; 
® 14.5- Wherefore the Space S ſhall be ® alſo greater than the 
I Hen Ny. Polygon EKFLGMHN: But it is Teſs t likewiſe ; 
which is abſurd ; therefore the Square of BD to the 
uare of FH, is not as the Circle ABCD to ſome Space 
than the Circle EFGH. After the fame manner 
we likewiſe demonſtrate, that the Square of FH to the 
of BD, is not as the Circle EFGH to ſome Space 
T leſs than the Circle ABCD. Laſtly, I ſay, the — 
of BD to the Square of FG, is not as the Cirele A CD 
to ſome Space greater than the Circle EFGH : For, if 
it be poſſible, let it be fo, and let the Space S be greater 
than the Circle EFGH: Then it ſhall be (by Inver- 
fion), as the Square of FG is to the Square of BD, ſo 
is the Space S to the Circle ABCD. But, becauſe 8 is 
greater than the Circle EFGH, the 'S ſhall be to 
the Circle ABCD, as the Circle EFGH is to ſome 
| Space T leſs than the Circle ABCD: Therefore, as 
? 11. 5. the Square of FH is to the Square of BD, ſo is ® the 
Circle EFGH to ſome Space I leſs than the Circle 
ABCD, which has been demonſtrated to be impoſ- 
ſible; wherefore the Square of BD to the Square of 
FH, is not as the Circle ABCD to ſome Space greater 
than the Circle EFGH : But it alſo has been proved, 
that the Square of BD to the Square of FH, is not as 
the Circle ABCD to ſome Space leſs than the Circle 
EFGH ; Wherefore, as the Square of BD is to the 
Square of FH, fo ſhall the Circle ABCD be to the 
Circle EFGH. Wherefore, Circles are to each other 
as the Squares of thur Diameters; which was to be 
demonſtrated. 


tres. 


PRO- 
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PROPOSITION III. 


THEOREM. 

Every Pyramid, having a triangular Baſe, may be 
divided into two Pyramids, equal and 2 
to one another, having triangular Baſes, and 
fimilar to the whole Pyramid; and into two 

Priſms, which t Priſms are greater 
than the Half of the whole Pyramid. 


L there be a Pyramid, whole Baſe is the Tri- 
ABC, and Vertex the Point D. priest 


Py 

For, biſect AB, BC, CA, AD, DB, DC, in the 
Points E, F, G, H, K, L; and join EH, EG, GH, 
HK, KL, LH, EK, KF, FG: Then, becauſe AE 
is equal to EB, and AH to HD; EH ſhall be“ pa- . 6, 
rallel to DB; ſor the ſame Reaſon, HK alſo is paral- 
lel to AB; therefore HEBE is a Parall and | 
ſo HK is + equal to EB: But EB is equal to AE; + 34. 1. 
therefore AE thall be alſo equal to BK; but AH is 

whe 


equal to HD; refore the two Sides AE, AH, are 
equal to the tw 3 each to each, —_ 
the Angle EAH i equal to the Angle KHD, t 29. I. 


EA 
wherefore the Baſe H is e equal to the Baſe KD; . 

Triangle AEH is equal and ſimilar to the '. 
Triangle HKD. For the ſame Reaſon, the Triangle 4 
AHG ſhall alſo be equal and ſimilar to the Triangle 
HDL ; and becauſe the two Right Lines EH, H 
touching each other, are parallel tothe two Right Lines 
KD, DL, touching each other, and not in the ſame 
Plane with them, they ſhall contain + equal Angles. + 10. 11. 
Therefore the Angle EHG is equal to the Angle 
KDL. Again, becauſe the two Sides EH, HG, are 
equal to the two Sides KD, DL, each to each ; and 
the A EHG is equal to the Angle EDU; the 
Baſe EG ſhall be ® « ual to the EL; and * 4-1. 
therefore the Triangle EHG is equal arid ſimilar to 
the Triangle EDL. For te fe Reaſon _— 

ang 


＋ 10, 11, 


® 40. 71. 


Euclids ELEMENTS. Book XII. 


angle AEG is alſo equal and ſimilar to the Trian 
HEL; wherefore the Pyramid whoſe Baſe is the Tri- 
angle AEG, and Vertex the Point H, f is equal and 
ſimilar to the Pyramid whoſe Baſe is the Tri 
HEL, and Vertex the Point D. And becauſe is 
drawn parallel to the Side AB of the Triangle ADB, 
the Triangle ADB“ ſhall be equi to the Tri- 
angle DKH, and they have their Sides proportional 
therefore the Triangle ADB is fimilar to the Triangle 
DHE. And, for the ſame Reaſon, the Triangle DBC 
is ſimilar to the Triangle DKL; and the Triangle 
ADC to the Triangle DHL. And ſince the two Right 
Lines BA, AC, touching each other, are parallel to the 
two Lines KH, HL, touching each other, not being in 
the ſame Plane with them, theſe ſhall contain equzl 
Angles +; therefore the Angle BAC is equal to the 
Angle KHL: And BA is to AC, as KA is to HL; 
wherefore the Triangle ABC is fimilar to the Triangle 
HKL; and ſo the Pyramid, whoſe Baſe is the Triangle 
ABC, and Vertex the Point D, is fimilar to the Pyra- 
mid, whoſe Baſe is the Triangle HKL, and Vertex the 
Point D. But the Pyramid, whoſe Baſe is the Triangle 
HEL, and Vertex the Point D, has been proved ſimi- 
lar to the Pyramid whoſe Baſe is the Triangle AEG, 
and Vertex the Point H; therefore the Pyramid whoſe 
Baſe is the Triangle ABC, and Vertex the Point D, is 
fimilar to the Pyramid whoſe Baſe is the Triangle 
AEG, and Vertex the Point H : Wherefore both the 
Pyramids AEGH, HELD, are fimilar to the whole 
Pyramid ABCD. And becauſe BF is equal to FC, 
the Parallelogram EBFG will be double to the Tri- 
angle GFG; and ſince there are two Priſms of equal 
Altitude, one of which has that Parallelogram for a 
Baſe, and the other the Triangle, and the Parallelo- 
gram is double to the Triangle; thoſe Priſms will be 
equal to one another : Therefore the Priſm con- 
tained under the two Triangles BEF, EHG, and the 
three Parallelograms EBFG, EBKH, KHGF, is equal 
to the Priſms contained under the two Triangles Gr C, 
HK L, and the three Parallelograms KFCL, LCGH, 
HEFG, And it is maniſeſt, that each of thoſe Priſms, 
the Baſe of one of which is the Parallelogram EBGF, 
and the oppoſite Baſe to that the Right Line KH, and the 
Baſe of the other, the Triangle G r 
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Baſe to this the Triangle KLH, are greater than either 
of the Pyramids, whoſe Baſes are the Triangles AEG, 
HKL, and Vertices the Points H and D. For ſince, 
if the Right Lines EF, EH, be joined, the Priſm, 
whoſe Bale is the Parallelogram EBFG, and the op- 
poſite Baſe to that the Right Line KH, is greater than 
the Pyramid, whoſe Baſeis the Triangle EBF, and Ver- 
tex the Point K. But the Pyramid whoſe Baſe is the 
Triangle EBF, and Vertex the Point K, is equal to the 
Pyramid whoſe Baſe is the Triangle AEG, and Vertex 
the Point H; for they are contained under equal and 
ſimilar Planes: Wherefore the Priſm whoſe Baſe is the 
Parallelogram EBFG, and the oppoſe Baſe to it the 
Right Line HK, is greater than the Pyramid whoſe 
Baſe is the Triangle AEG, and Vertex the Point H. 
But the Priſm, whoſe Baſe is the Parallelogram EBFG, 
and the oppoſite Baſe to it the Right Line HE, is equal 
to the Priſm whoſe Baſe is the Triangle GFC, and the 
oppoſite Baſe to this the Triangle HKL; and the Py- 
ramid, whoſe Baſe is the Triangle AEG, and Vertex 
the Point H, is equal to the Pyramid whoſe Baſe is the 
Triangle HKL, and Vertex the Point D: Therefore 
the two Priſms aforeſaid are greater than the faid two 
Pyramids, whoſe Baſes are the Triangles AEG, HKL, 
and Vertices the Points H, D: And fo the whole Py- 
ramid, whoſe Baſe is the Triangle ABC, and Vertex 
the Point D, is divided into two equal Pyramids, ſimĩ- 
lar to each other, and to the Whole, and into two 
equal Priſms, which two Priſms, together, are greater 
than half of the whole Pyramid. Therefore, every 
Pyramid, having a triangular Baſe, may be divided into 
two Pyramids, equal and ſimilar to one another, baving 
triangular Baſes, and ſimilar to the whole Pyramid; and 
into twa equal Priſms, which two Priſms are greater 
of the whale Pyramid; which was to be 
demonſtrated. * 
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PROPOSITION IV. 


THEOREM. 

If there are two Pyramids of the ſame Altitude, 
having triangular Baſes, and eack of them be di- 
vided into two Pyramids, equal to ene another, 
and fimilar to the Whole, as alſo into two equal 
Priſms; and if, in like manner, each of the two 
Pyramids, made by the former Diviſion, be di- 
"vided, and this be done continually; then, as the 
Baſe of one Pyramid is to the Baſe of the other 
Pyramid, ſo are all the Priſms that are in one 
Pyramid, to all the Priſms that are in the other 
Pyramid, being equal in Multitude. 


LET there be two Pyramids of the ſame Altitade, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H; and let each of them be 
divided into two Pyramids, equal to one another, and 
ſimilar to the Whole, and into two equal Priſms ; and 
if, in like manner, each of the Pyramids, made by the 
former Diviſion, be conceived to be divided, and this 
be done continually ; I fay, as the Baſe ABC is to the 
Baſe DEF, fo are all the Priſms that are in the Pyra- 
mid ABCG, to all the Priſms that are in the Pyramid 

DEFH, being equal in Multitude. | 
For, ſince BX is equal to XC, and AL to LC, XL 
ſhall be“ parallel to AB, and the Triangle ABC ſimi- 
lar to the Triangle LXC. For the ſame Reaſon, the 
Triangle DEF ſhall be alſo fimilar to the Tria ge 
RF: And becauſe BC is double to CX, and EF to 
FQ it ſhall be, as BC is to CX, fois EF to FQ: 
And fince there are deſcribed upon BC, CX, Right- 
lined Figures ABC, LXC, ſimilar and alike fituate ; 
and upon EF, FQ, Right-lined Figures DEF, RQF, 
ſimilar and alike ſituate; therefore, as the Triangle 
BAC is to the Triangle LXC, fo is + the Triangle 
DEF to the Triangle RF; and (by Alternation) as 
the Triangle ABC is to the Triangle DEF, ſo is the 
T—_ XC to the Triangle RF. But as the Tri- 
angle LXC is to the Triangle RQF, ſo is the Priſm, 
whoſe Baſe is the Triangle LX C, and the oppoſite Baſe 
4 to 
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to that the Triangle OMN, to the Priſm, whoſe Baſe 
is the Triangle RF, and the oppoſite Baſe to that the 
Triangle 81 V; therefore, as the Triangle ABC is to 


the Triangle DEF, fo is ® the Priſm whoſe Baſe is the * xx. f. 


—_ XC, and the oppoſite Baſe to that the Tri- 
e OMN, to the Priſm whoſe Baſe is the Triangle 
RUF, and the oppoſite Baſe to that the Triangle STV: 
And becauſe the two Priſms that are in the Pyramid 
ABCG are equal to one another, as alſo thoſe two that 
are in the id DEFH; it ſhall be, as the Priſm 
whoſe Baſe is the Parallelogram KLXB, and the oppo- 
fite Baſe to that the Right Line MO, is to the Priſm 
whoſe Baſe is the Triangle LXC, and the oppoſite Baſe 
to that the Triangle OMN, fois the Priſm whoſe Baſe 
is the Paralle EPRQ, and the oppoſite Baſe to 
that the Right Line ST, to the Priſm whoſe Baſe is the 


Triangle RQF, and the oppoſite Baſe to that the Tri- 
angle T herefore (by compounding ),as the Priſms 
EBXLMO, LXCMNO, together, are to the Priſm 
LXCMNO, fo the Priſms PEQRST, RQFSTY, to- 
gether, are to the Priſm RQFSTY : And (by Alterna- 
tion), as the Priſms EBXLMO, LXCMNO), together, 
are to the Priſms PEQRST, RQFSTY, together, ſo 
is the Priſm LXCMNO to the Priſm RQFSTY : But 
as the Priſm LXCMNO is to the Priſm RQFSTY, fo 
has the Baſe LX C been proved to be to the Baſe RF; 
and fo the Baſe ABC to the Baſe DEF : Therefore, 
alſo, as the Triangle ABC is to the Triangle DEF, fo 
are the two Priſms that are in the Pyramid ABCG, to 
the two Priſms that are in the Pyramid DEFH. If, 
in the ſame manner, each of the Pyramids OMNG, 
STYH, made by the former Diviſion, be divided, it 
ſhall be, as the Baſe OMN is to the Baſe STY, fo 

two Priſms that are in the Pyramid OMNG, to 
e two Priſms that are in the Pyramid STYH. But 
as the Baſe OMN is fo the Baſe ST'Y, fo is the Baſe 
ABC to the Baſe DEF : Therefore, as the Baſe ABC 
is to the Baſe DEF, ſo are the two Priſms that are in 
the Pyramid ABCG, to the two Priſms that are in the 
Pyramid DEFH ; and fo the two Priſms that are in 
the Pyramid OMNG, to the two Priſms that are in 
the Pyramid STYH ; and fo the four to the four. We 
demonſtrate the ſame of 8 made by the —— 

4 
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PROPOSITION IV. 


THEOREM. 

If there are two Pyramids of the ſame Altitude, 
having triangular Baſes, and each of them be di- 
vided into two Pyramids, equal to one another, 
and fimilar to the Whole, as alſo into two equal 
Priſms; and if, in like manner, each of the two 
Pyramids, made by the former Diviſion, be di- 
"vided, and this be done continually; then, as the 
Baſe of one Pyramid is to the Baſe of the other 
Pyramid, ſo are all the Priſms that are in one 
Pyramid, to all the Priſms that are in the other 
Pyramid, being equal in Multitude. 


LET there be two Pyramids of the ſame Altitade, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H; and let each of them be 
divided into two Pyramids, equal to one another, and 
ſimilar to the Whole, and into two equal Priſms ; and 
if, in like manner, each of the Pyramids, made by the 
former Diviſion, be conceived to be divided, and this 
be done continually ; I fay, as the Baſe ABC is to the 
Baſe DEF, ſo are all the Priſms that are in the Pyra- 
mid ABCG, to all the Priſms that are in the Pyramid 
DEFH, being equal in Multitude. | 
For, ſince BX is equal to XC, and AL to LC, XL 
ſhall be “ parallel to AB, and the Triangle ABC ſimi- 
lar to the Triangle LXC. For the ſame Reaſon, the 


Triangle DEF ſhall be alſo ſimilar to the Triar ge 


ROF: And becauſe BC is double to CX, and EF to 
FQ it ſhall be, as BC is to CX, fois EF to FQ: 
And fince there are deſcribed upon BC, CX, Right- 
lined Figures ABC, LXC, ſimilar and alike fituate ; 
and upon EF, FQ, Right-lined Figures DEF, RQF, 
ſimilar and alike ſituate; therefore, as the Triangle 
BAC is to the Triangle LXC, fo is + the Triangle 
DEF to the Triangle RQF ; and (by Alternation) as 
the Triangle ABC is to the Triangle DEF, ſo is the 
Tg XC to the Triangle RQF. But as the Tri- 
angle LXC is to the Triangle R, fo is the Priſm, 
whoſe Baſe is the Triangle LXC, and the oppoſite Baſe 

4 to 
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to that the Triangle OMN, to the Priſm, whoſe Baſe 
is the Triangle RF, and the oppoſite Baſe to that the 
Triangle ST'Y ; therefore, as the Triangle ABC is to 


the Triangle DEF, fo is ® the Priſm whoſe Baſe is the * xx. f. 


1 XC, and the oppoſite Baſe to that the Tri- 
e OMN, to the Priſm whoſe Baſe is the Triangle 
RUF, and the oppoſite Baſe to that the Triangle STY : 
And becauſe the two Priſms that are in the Pyramid 
ABCG are equal to one another, as alſo thoſe two that 
are in the Pyramid DEFH; it ſhall be, as the Priſm 
whoſe Baſe is the Parallelogram K.LXB, and the oppo- 
fite Baſe to that the Right Line MO, is to the Priſm 
whoſe Baſe is the Triangle LXC, and the oppoſite Baſe 
to that the Triangle OMN, fois the Priſm whoſe Baſe 

EPRQ, and the oppoſite Baſe to 


is the Paralle 
that the Right Line ST, to the Priſm whoſe Baſe is the 
„ 2s and the oppoſite Baſe to that the Tri- 
angle : Therefore (by compounding ),as the Priſms 
EBXLMO, LXCMNO, together, are to the Priſm 
LXCMNO, ſo the Priſms PEORST, RQFSTY, to- 
gether, are to the Priſm RQFSTY : And (by Alterna- 
tion), as the Priſms EBXLMO, LXCMNO, together, 
are to the Priſms PEQRST, RQFSTY, together, fo 
is the Priſm LXCMNO to the Priſm RQFSTY : But 
as the Priſm LXCMNO is to the Priſm RQFSTY, fo 
has the Baſe LXC been proved tobe to the Baſe RF; 
and fo the Baſe ABC to the Baſe DEF: Therefore, 
alſo, as the Triangle ABC is to the Triangle DEF, fo 
are the two Priſms that are in the Pyramid ABCG, to 
the two Priſms that are in the Pyramid DEFH. If, 
in the ſame mapner, each of the Pyramids OMNG, 
STYH, made by the former Diviſion, be divided, it 
ſhall be, as the Baſe OMN is to the Baſe STY, fo 
the two Priſms that are in the Pyramid OMNG, to 
the two Priſms that are in the Pyramid STYH. But 
as the Baſe OMN is fo the Baſe ST V, fo is the Baſe 
ABC to the Baſe DEF : Therefore, as the Baſe ABC 
is to the Baſe DEF, fo are the two Priſms that are in 
the Pyramid ABCG, to the two Priſms that are in the 
Pyramid DEFH ; and fo the two Priſms that are in 
the Pyramid OMNG, to the two Priſms that are in 
the Pyramid STYH ; and fo the four to the four. We 


3 made 3 
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of the Pyramids AKLO, DPRS; and, of all other 
Prifſms, being equal in Multitude ; which was to be 
demonſtrated. 


PROPOSITION V. 


THEOREM. 


Pyramids of the ſame Altitude, and having tri- 
angular Baſes, are to one anctber as their 
Baſes. | 


LE T there be two Pyramids of the ſame Altitude, 
having the triangular Baſes ABC, DEF, whoſe 
Vertices are the Points G, H. I ſay, as the Baſe ABC 
is to the Baſe DEF, fo is the Pyramid ABCG to the 
Pyramid DEFH. 
For, if it be not fo, then it ſhall be as the Baſe 
ABC is to the Baſe DEF, fo is the Pyramid ABCG 


to ſome Solid, greater or lefs than the Pyramid DEFH. 


Firſt, let it be to a Solid leſs, which let be Z; and di- 
vide the Pyramid DEFH into tuo Pyramids equal to 
each other, and ſim lar to the Whole, and into two 
equal Priſms ; then theſe two Priſras are greater than 
the Half of the whole Pyramid: And, again, let the 
Pyramids, made by the former Diviſion, be divided 
atter the ſame manner; and let this be done continu- 
ally, until the Pyramids in the Pyramid DEFH are leſs 
than the Exceſs by which the Pyramid DEFH, exceeds 
the Solid Z. Let thefe, for Example, be the Pyramidz 
DPRS, STYH; then the Priims remaining in the Py- 
ramid DEFH, are greater than the Solid Z. Alſo, It 
the Pyramid AB CG be divided into the ſame Number 
of ſimilar Parts as the Pyramid DEFH is; and then, 
as the Baſe ABC is to the Baſe DEF, fo ® the Priſms 
that are in the Pyramid ABCG, to the Priſms that are 
in the Pyramid DEFH. But as the Baſe ABC is to 
the Baſe DEF, fo is the Pyramid ABCG to the Solid 


23; and therefore, as the Pyramid ABCG is to the 


Solid Z, fo are the Priſms that are in the Pyramid 
ABCG, to the P1iſms that are in the Pyramid DEFH. 
But the Pyramid ABCG is greater than the Priſms that 
are in it; wherefore, alſo, the Solid Z is greater _ 
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the Priſms that are in the Pyramid DE FH. But it is 


leſs ® alſo; which is abſurd; therefore the Baſe ABC . Ne 
to the Baſe DEF, is not as the Pyramid ABCG to ſome w bar 
Solid leſs than the Pyramid DEFH. After the ſame 


manner we demonſtrate, that the Baſe DEF to the Baſe 
ABC, eat ramid DEFH to ſome Solid leſs 
CG: Therefore, I ſay, neither 
is rk Bar Ap ABC to the Baſe DEE, as the Pyramid 
ABCG to ſome Solid greater than the Pyramid EFH. 
For, if this be poſſible, let it be to the Solid I, greater 
than the Pyram — DEFH ; then (by Inverſion) the 
Baſe DEF de to the Baſe ABC, as the Solid I to 
the Pyramid ABC G: But ſince the Solid I is 
than the Pyramid EDFH, it ſhall be, as the Solid I is 
to the Pyramid ABCG, fo is the Pyramid DEFH to 
ſome Solid leſs than the Pyramid ACG, and fo, as 
— & © the Bk ABC. ſo is the Pyramid 
DEFH to ſome Solid leſs than the Pyramid ABCG, 
which is abſurd, as juſt now has been proved : There- 
fore the Baſe ABC to the Baſe DEF, is not as the Py- 
ramid ABCG to ſome Solid greater than the Pyramid 
DEFH. But it has been alſo proved, that the Baſe 
ABC to the Baſe DEF, is notas the Pyramid ABCG 
to ſome Solid leſs than the Pyramid DEFH ; where- 
fore, as the Baſe ABC is to the Baſe DEF, fo is the 
y—_ Re Ihe Therefore, 
yramidi having triangular 
Baſes, ook ral one Sy: te which was ta 
be demonſtrated. 


PROPOSITION VL 


THEOREM. 


Pyramids of the ſame Altitude, and having polygo- 
nous Baſes, are to one another as their Baſes. 


LET there be Pyramids of the ſame Altitude, which 

have the polygonous Baſes ABCDE, FGHKL; 
and let their Vertices be the Points M, N. I fay, as 
the Baſe ABCDE is to the Baſe FGHKL, ſo is the 
Pyramid ABCDEM to the Pyramid FGHKLN. 


For, 
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For, let the Baſe ABCDE be divided into the Tri- 
ABC, ACD, ADE; and the Baſe FGHEL 
into the Triangles FGH, FHK, FKL; and let Pyra- 
mids be conceived upon one of thoſe Tri 
of the ſame Altitude with Pyramids ABCDEM, 
FGHELN : Then, —_ le ABC is to 
the Triangle ACD — ones is to the 


id ACDM; and ing) as the Tra- 
pezium ABCD is to the 3 le adde Py. 
ramid ABCDM to the Pyr ami ACDM : But as the 
Triangle ACD is to the ADE, fo is “ the Py- 
ramid ACDM to the ADEM. Wherefore 


Proporton). as the Bai: ABCD is to 


ne DEAD, owe been . 


ramid ADEM : was Ic ang Compoſition of Pro- 
1 the Baſe ABCD E is to the Baſe ADE, fo 


id ABCD EM to the P ADEM. 
AS Reaſon, as the Baſe F HEL is to the 
Baſe FEL, fo is the FGHELN to the Pyra- 
mid FELN : And there are two 
ADEN, FKLN, having tr Baſes, and the 
ms {urns CIS IN de ® to the Baſe 
FKL, as the Pyramid ADEM tothe Pyramid FELN : 
And fince the Baſe ABCDE is to the Baſe ADE ar the 
ABCDEM is to the ramid ADEM ; and 
as the Baſe ADE is to the Baſe FEL, ſo is the Pyra- 
mid ADEM to the Pyramid FELN ; it ſhall be (by 
Equality of Proportion), as the Baſe ABCDE is to the 
Baſe FE L, fo is the Pyramid ABCDEM to the 
mid FKLN : But as the Baſe FKL is to the 
FGHEL, fo was the Pyramid FELN 6E kia 
mid FGHKLN. Wherefore, again, 
of Proportion), as the Baſe A DE 1 n 
FGHEL, fo is the Pyramid ABC DEM to the Pyramid 
FGHKLN. S 
and having polygonous Baſes, are to one another as their 
Baſes; which was to be demonſtrated. 
If the Baſes had not conſiſted of equal Numbers of 
Sides, the Demonſtration had been the ſame. 


PRO- 
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PROPOSITION VIL 


THEOREM. | 
Every Priſm, having a triangular Baſe, be 
ed three Pyramids, TID Pr doug 
ther, and having triangular Baſes. 


LET there be a Priſm whoſe Baſe is the Triangle 
ABC, and the oppoſite Baſe to that the Triangle 


DEF. I ay, the Priſm ABCDEF may be divided into 


three eq ramids, that have triangular Baſes. 
For, join BD, EC, CD: Then, becauſe ABED is 
a Parallelogram, whoſe Diameter is BD, the Triangle 
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ABD ſhall be“ equal to the Triangle EBD. There- * 34- 7. 


fore the 


id whoſe Baſe is the Triangle ABD, 


and Vertex the Point C, 3838 to the Pyramid + 6 of chi. 


whoſe Baſe is the Triangle EDB, and Vertex the 
Point C. But the Pyramid, whoſe Baſe is the Tri- 
angle EDB, and Vertex the Point C, is the ſame as the 
Pyramid whoſe Baſe is the Triangle EBC, and Vertex 


the Point D; for they are contained under the ſame 


Planes : Therefore the Pyramid, whoſe Baſe is the 
Triangle ABD, and Vertex the Point C, is equal to 
the Pyramid whoſe Baſe is the Triangle E and 
Vertex the Point D. Again, becauſe FCBE is a Pa- 
rallelogram, whoſe Diameter is CE, the Triangle ECF 
ſhall be * equal to the Triangle CBE; and fo the Py- 
ramid whoſe Baſe is the Triangle BEC, and Vertex 
the Point D, is + equal to the Pyramid whoſe Baſe is 
the Triangle ECF, and Vertex the Point D. But the 
Pyramid, whoſe Baſe is the T riangle BCE, and Ver- 
tex the Point D, has been proved equal to the Pyra- 
mid whoſe Baſe is the Triangle ABD, and Vertex the 
Point C: Wherefore, alſo, the Pyramid, whoſe Baſe is 
the Triangle CEF, and Vertex the Point D, is equal to 
the Pyramid, whoſe Baſe is the Triangle ABD, and 
Vertex the Point C: Therefore, the Priſm ABCDEF, 
. wagatanend wa bv I and 
ing triangular Baſes, And becauſe the Pyramid, 
whoſe Baſe is the Triangle ABD, and Vertex the 
Point C, is the ſame with the Pyramid whoſe Baſe is 
the Triangle CAB, and Vertex the ena <0 
& 


® Def. 9.1. 


+6. 6. 
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they are contained under the ſame Planes; and the Py- 
ramid, whoſe Baſe is the Triangle ABD, and Vertex 
the Point C, has been proved to be a third Part of the 
Priſm, whoſe Baſe is the Triangle ABC, and the oppo- 
fite Baſe to that n le DEF: Therefore, alſo, 
the Pyramid, Triang * and Fe. 
rex the Point D, i'd third Part of he Priſm, having 
the 74 viz. the Triangle AC, the oppoſite 
ory riangle DEF ; which was to be demon- 


Coroll. x. It is manifeſt from hence, that every 
mid is a third Part of a Priſm, having the ſame 
and an equal Altitude; becauſe, if the Baſe of a 
Priſm, as alſo the oppoſite Baſe, be of any other Fi- 


it be divided i into Priſms having triangu- 
Er Baſes. | 


2. Priſms of ü n 26 ene caocher as 
their Baſes. 


PROPOSITION VII. 


THEOREM. 
Similar Pyramids, having triangular Baſes, are 
in a triplicate Proportion of their homologous 
Sides 


LET there be two Pyramids fimilar and alike fitu- 

ate, having the triangular Baſes ABC, DEF ; and 
let their Vertices be the Points G, A. I ſay, the Py- | 
ramid ABCG to the Pyramid DEFH, has a Propor- 
tion triplicate of that which BC has to EF. 

For, compleat the ſolid Parallelepipedon BGML, 
EHPO ; then, becauſe the Pyramid ABCG is ſimi- 
Jar to the Pyramid DEFA, the Angle ABC ſhall be * 
equal to the Angle DEF, the le GBC equal to the 

Angle HEF, "I the An 48 equal to ide Angle 
5 H: And AB is to Dl "2s BCis 10 EFH; and fo is 
BG to EH. Therefore, becauſe the An gie ABC i is 
equal to the Angle DEF; and the Sides about the 
equal Angles are proportional ; the Parallelogram BM 
ſhall be + fimilar to the Parallel EP. For the 
ſame Reaſon, the Parallelogram BN is agua +" | 
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ER, and the Paralle BE to the 
Parallel EX. Therefore three Parallelograms 
BM, BK, BN, are fimilar to three Parallelograms EP, 
EX, ER. But the three Parallelograms BM, BK, BN, 
are equal and fimilar to the three oppoſite ones ; as 
alſo the three Parallelograms EP, EX, ER : There- 
fore the Solids BGML, EHPO, are contained under 
equal Numbers of fimilar and equal Planes; and, con- 
ſequently, the Solid BGML is fimilar to the Solid 
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EHPO. But fimilar ſolid Parallelepipedons are * to * 33. 11. 


each other in a triplicate Proportion of their homolo- 
gous Sides ; therefore the Solid BGML to the Solid 
EAPO, has a Proportion triplicate of that which the 
homologous Side BC has to the homologous Side EF. 


But as the Solid BGM. is to the Solid EHPO, ſo is + + 15. 5. 


the Pyramid ABCG to the Pyramid DEFH ; for the 
Pyramid is the one ſixth Part of that Solid, ſince the 
Priſm, which is the Half of the ſolid Parallelepipedon, 
is triple of the Pyramid. Wherefore, the Pyramid 
ABCG to the Pyramid DEFH, fall have a triplicate 
Proportion to that which BC has to EF ; which was to 
be demonſtrated. 


Coroll. From hence it is manifeſt, that ſimilar Pyra- 
mids having polygonous Baſes, are to one another 
in a triplicate Proportion of their homologous Sides. 
For, if they be divided into Pyramids having trian- 
gular Baſes ; becauſe their ſimilar polygonous Baſes 
are divided into fimilar Triangles equal in Number, 
and homologous to the Wholes ; it ſhall be, as one 
Pyramid, having a triangular Baſe in one of the Py- 
ramids, is to a Pyramid having a triangular Baſe in 

the other Pyramid; fo are all the Pyramids, having 

_ triangular Baſes in one Pyramid, to all the Pyramids 

having triangular Baſes in the other Pyramid; that 
is, fo 1s one of the Pyramids, having the polygonous 
Baſe, to the other; But a Pyramid, having a trian- 

lar Baſe; to 2 f id having a triangular Baſe, 

in a triplicte Proportion of the homologous Sides. 
one Pyramid, having a polygonous Baſe, 

to another Pyramid having a fimilar Baſe, is in a tri- 

- plicate Proportion of their homologous Sides. 


PRO- 
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PROPOSITION IX. 


THEOREM. 


The Baſes and Altitudes of equal Pyramids, bav- 
ing triangular Baſes, are reciprocally propor- 
tional; and thoſe Pyramids, having triangular 
Baſes, ' whoſe Baſes and Allitudes are recipro- 
cally Properiienal, are equal. 


ET there beequal Pyramids, having ar 
Lacs ABC DEE, — on „H. 
— , the Baſes and Altitudes of the Pyramids ABCG, 
DEFH, are pr z that is, as the 
Baſe ABC is to the Baſe DEF, o is the Altitude of 


the 


to the Pyramid DEF H; and the Solid BGML is 


ABCG; and the Solid EHPO — 


; therefore, as the Baſe BM is to the 
the Altitude of the Solid EHPO to 
Solid BGML. But as the Baſe BM 
the Baſe EP, ſo is ® the Triangle ABC to the 


ihe Tangle DEF, fo is the Altitude of the Solid 


Pyramid DEFH ; and the Altitude of the Solid 

ML, the ſame as the Altitude of the Pyramid 
ABCG ; therefore, as the Baſe ABC is to the Baſe 
DEF, ſo isthe Altitude of the Pyramid DEFH to the 


ids ABCG, DEFH, 
are reciprocally Andif the Baſes and Al- 
titudes of the "yramids rn DEFH, are reci- 
procally pr 3 that is, if the Baſe ABC to 

the Baſe DEF, be as the Altitude of the — 
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3 Pad 4 ABCG ; —— 1 BETZ: 
the is to the A: 
For, the ſame Conſtruction „ becauſe the 
Baſe ABC to the Baſe DEF, is as the ſitude of the 
Py ramid BE FH to the Altitude of the P id ABCG; 
| and as the Baſe ABC is to the Baſe DEF, fo is the Pa- 
rallelogram BM to the Parallelogram EP ; therefore 
the Parallelogram BM to the Parallelogram EP, ſhall 
be alſo as the Altitude of the Pyramid DEFH is to the 
Altitude of the Pyramid ABCG. But as the Altitude 
of the Pyramid DEFH is the fame as the Altitude of 
the ſolid Parallelepipedon EHPO, and the Altitude of 
the Pyramid ABCG, the ſame as the Altitude of the 
ſolid arallelepipedon BGMLj therefore the Baſe BM 
to the Bafe EP, will be as the Altitude of the folid Pa- 
rallelepipedon EHPO to the Altitude of the folid Pa- 
rallelepipedon BGML. But thoſe ſolid Parallelepipe- 
dons, whoſe Baſes and Altitudes are reciprocally pro- 


portional, are + equal to each other ; therefore the ſo- + 34- 11. 


lid Parallelepipedon BGML, is equal to the ſolid Pa- 
rallelepipedon EHPO : Now the Pyramid ABCG is a 
fixth Part of the Solid BGML ; and, in like manner, 
the Pyramid — H is a ſixth Part of the Solid EHPO; 
ther the yramid ABCG is equal to the Pyramid 
— —— the noma Rar > and Altitudes of equal 

2 n. are reciprocally = 

——— are ret — 

. which was to be demonſtrated. 


PROPOSITION X. 


THEOREM. 


Every Cone is a third Part of a Cylinder, having 
the ſame Baſe, and an equal Altitude. 


LET a Cone have the ſame Baſe as a Cylinder; vi. 

the Circle ABCD, and an Altitude equal to it. 
I fay, the Cone is a third Part of the Cylinder ; that 
is, the Cylinder is triple to the Cone. 


For, 


0 2 56 


® 2 Cor, 7. 
of this, 
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For, if the Cylinder be not triple to the Cone, it 
ſhall be greater or leſs than triple thereof. Firſt, let it 
be greater than triple to the Cone, and let the Square 
ABCD be deſcribed in the Circle ABCD; then the 
—_— ABCD, is greater than one half of the Circle 
ABCD. Now let a Priſm be erected upon the Square 
ABCD, having the ſame Altitude as the Cylinder, 
and this Priſm will be greater than one half of the 
Cylinder ; becauſe, if a Square be circumſcribed about 
the Circle ABCD, the inſcribed Square will be one 
half of the circumſcribed Square; and if a Priſm be 
erected upon the circumſcribed Square of the fame 
Altitude of the ſame Cylinder, ſince Priſms are to ꝰ one 
another as their Baſes, the Priſm erected upon the 
Square ABC, is one half of the Priſm erected upon 
the Square deſcribed about the Circle ABCD. But 
the Cylinder is leſs than the Priſm erected on the 
Square deſcribed about the Circle ABCD ; therefore 
the Priſm erected on the Square ABCD, having the 
ſame Height as the Cylinder, is greater than one half of 
the Cylinder. Let the Circumferences AB, BC, CD, 
DA, be biſected in the Points E, F, G, H; and join 
AE, EB, BF, FC, CG, GD, DH, HA : Then each 
of the Triangles AEB, BFC, CGD, DHA, is + greater 
than the half of each of the Segments in which they 
ſtand. Let Priſms be erected from each of the Tri- 
angles AEB, BFC, CGD, DHA, of the ſame Altitude 
as the Cylinder; then every one of theſe Priſms erected 
is greater than half its correſpondent Segment of the 
Cylinder. For, becauſe, if Parallels be drawn thro” 
the Points E, F, G, H, to AB, BC, CD, DA, and 
Parallelograms be compleated on the ſaid AB, BC, 
CD, DA, on which are erected ſolid Parallelepipedons 
of the ſame Altitude as the Cylinder; then each of 
thoſe Priſms that are on the Triangles AEB, BFC, 
CGD, DHA, are Halves 4 of each of the ſolid Paral- 
lelepipedons; and the Segments of the Cylinder are 
leſs than the erected ſolid Parallelepipedons; and, con- 
ſ-quently, the Priſms that are on the Triangles AEB, 
BFC, CGD, DHA, are greater than the Halves of the 
Segments of the Cylinder: And fo, biſecting the other 
Circumferences, joining Right Lines, and on every one 
of the Triangles erecting Priſms of the ſame 2 


Book XII. Eucids ELtMENTS. 257 


the Cylinder, and doing this continually, we ſhall at 
laſt have certain Portions of the Cylinder left, that are 
leſs than the Exceſs by which the Cylinder excceds tri- 
gy. remaining be AE, EB, BF 
Now, ortions i „BF, 
FC, CG, GD, DH, HA; then the Priſm remaining, 
whoſe Baſe is the Polygon AEBFCGDH, and Alti- 
tude equal to that of the Cylinder's is greater than the 
Triple of the Cone. But the Priſm, whoſe Baſe is the 
Polygon AEBFCGDH, and Altitude the ſame as that 
of the Cylinder's, is triple of the Pyramid, whoſe * r cer. 7; 
Baſe is the Polygon AEBFCGDH, and Vertex the 7 1. 
ſame as that of the Cone; and therefore the Pyramid, 
whoſe Baſe is the Pol AERFCGDYH, and Vertex 
the ſame as that of the is greater than the Cone, 


AT 


Alti x 
the Priſm erected on the Square ABCD is one half of 
that erected on the Square deſcribed about the Circle; 
for they are to other as their Baſes, and fo like- 
wiſe Parts: Therefore the Pyramid, 


g 
g 


ABC, is one half of that 


5 
L 


than the Cone, 
it; therefore the Pyramid, whoſe 
ABCD, and Vertex the ſame as 
is greater than one half of the Cone. 

8 | Biſect 


4p 
1 
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Biſect the Circumferences AB, BC, CD, DA, in the 
Points E, F, G, H; and join AE, RB, BE, FC, CG, 
GD, DH. HA; and then each of the Triangles AEB, 
BFC, CGD, DHA, is than one half of each of 
the Segments they are in. A be erected 
upon each of the Triangles AEB, CGD; DHA, 
having the ſame Vertex as the Cone; than each of 
theſe Þ yramids, thus erected, is greater than one half 
Segment of the Cone in whicd it is; and 


remaining Circumferenees; joining 
icing the rom td webe Pyramid upon every of 
the Friangles having the Altitude as the Cone, 
and doing this continually, we ſhall at laſt have Seg- 
ments of the Cone left; that will be leſs than the Ex- 
ceſs by which the Cone exceeds the one-third Part of 
the Cylinder: Let theſe Segments be-thofe that are on 
AE, BF, FC, CG, GD, DH, HA; and then 
the remain Pyramid, whote Baſe is the 
AEBFCGDH, and Vertex the fame us chat of he 
n the Cylinder: But 
mid, whoſe Baſe is t AEBFCGDH, 
= ertex the fame as that of che Cone, is one 
third Part of the Priſm whoſe Baſe is the P 
AEBFCGDH, and Altitude the fame as that of the 
Cylinder: Therefore the Priſm, whoſe Baſe is the 
ä 1＋2„⸗ũ—„äL . —. 
of the Cylinder, — Cylinder, whoſe 
Baſe is the Circle A — is 4 21% (a. 
comprehended thereby) ; which is ablurd; rheref 
the Cylinder is not les than tighe of cv Code But it 
has been proved alſo not to be greater than triple of 
the Cone; therefore the Cylinder is neceſſarily triple 
of the Cane. ——ů— 7 


of a Cylinder, having the ſame Baſe, ont ator 


CP WAnCH- . 


a TC. Fall 


4 
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" PROPOSITION XI, 
2 TuZo AEN. 
Cones and Cylinders, of the ſame Altitude, are ts 

dene another as their Baſes. 
ET there be Cones and Cylinders of the ſame Al- 
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: 
- 


les » GSH, is greater 
than one half of the Segment of the Circle wherein 
it is. Let a Pyramid be raiſed upon every one of the 
» FRG, GSH, of the ſame Al- 
titude as the Cone; then each of thoſe erected Pyra- 
mids is greater than one half of its correſpondent Seg- 
ment of the Cone: And fo biſecting the remaining 
Circumſerences, joining the Right Lines, and erect- 
Friangles, of the ſame 

Altitudg 
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ally, there will at laſt be left 

ill together be leſs than the Solid I. Let thoſe 
ts that are on HO, OE, EP, PF, FR, 
, GS, SH; therefore the P ini 


uare of EG, as 
EFGH; it ſhall 
Circle EFGH, fo is the 
the P HOEPFRGS. 
is to the Circle EFGH, fo is the Cone AL to the So- 
lid X (by a1 DTAYBQCV 
is to the Polygon HOEPFRGS, fo is | the Pyramid, 
whoſe Baſe is the reyes DTAYBQCY, and Ver- 
tex the Point L, to the Pyramid whoſe Baſe is the 
Polygon HOEPFRGS, and Vertex the Point N. 
Therefore, as the Cone AL is to the Solid X, fo is the 
id, whoſe Baſe is the 

and Vertex the Point L, to the 
5 
. the is than the id 
that is in it; therefore the Solid X is greater than the 
Pyramid that is in the Cone EN; it was 
leſs, which is abſurd, Therefore the Circle D 
to the Circle EFGH, is not as the Cone AL to ſome 
Solid leſs than the Cone EN. In like manner it is 
demonſtrated, that the Circle EFGH to the Circle 
ABCD, is not as the Cone EN to ſome Solid leſs than 
the Cone AL: I ſay, moreover, that the Circle ABCD 
to the Circle EFGH, is not as the Cone AL to ſome 
Solid greater than the Cone EN. For, if it be poſſi - 
ble, let it be to the Solid Z greater than the Cone; 
then (by Inverſion), as the Circle EFGH is to the 
Circle D, ſo ſhall the Solid Z be to the Cone AL. 
But ſince the Solid Z is greater than the Cone EN, it 
ſhall be, as the Solid Z is to the Cone AL, 1 foe 
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Cone EN to ſome Solid leſs than the Cone AL; 
and therefore, as the Circle EFGH is to to Circle 
ABCD, ſo is the Cone EN to ſome Solid lefs than the 
Cone AL; which has been proved to be impoſſible. 
Therefore the Solid ABCD te the Circle EFGH, is 
not as the Cone AL to ſome Solid greater than the 
Cone EN. It has alſo been proved, that the Circle 
ABCD to the Circle EFGH, is not as the Cone AL 
to ſome Solid leſs than the Cone EN; therefore, as the 
Circle ABCD is to the Circle EFGH, ſo is the Cone 
AL to the Cone EL : But as Cone is to Cone, fo is 
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* Cylinder to Cylinder; for each Cylinder is triple of ® 15. . 


each Cone; and therefore, as the Circle ABCD is to 
the Circle EFGH, fo are Cylinders and Cones ftand- 
ing on them, of the ſame Altitude. Wherefore, Cones 
and Cylinders of the ſame Altitude, are to one anather as 
their 3 which was to be demonſtrated. 


PROPOSITION XI. 


THEOREM. 


Similar Cones and Cylinders are to one another in 
a triplicate Proportion of the Diameters of 
their Baſes. 


LEFT there be fimilar Cones and C linders, whoſe b 


Baſes are the Circles ABCD, EFGH, and Dia- 
meters of the Baſes BD, FH, and Axes of the Cones 


or Cylinders KL, MN. I ſay, the Cone, whoſe Baſe 


is the Circle ABCD, and Vertex the Point L, to the 
Cone whoſe Baſe is the Circle EFGH, and Vertex the 
Point N, hath a triplicate Proportion of that which BD 
has to FH. 

For, if the Cone ABCDL to the Cone EFGHN, 
has not a triplicate P ion of that which BD has 
to FH; the Cone ABCDL ſhall have that triplicate 
Proportion to ſome Solid, either leſs or greater than 
the Cone EFGHN. Firſt, let it have that triplicate 
Proportion to the Solid X, leſs than the Cone EFGHN; 


and let the EFGH be deſcribed in the Circle 
EFGH, which will be greater than one half of the 
Circle EFGH ; and a Pyramid on the Square 

S 3 EFGH, 


9 13.4 
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EFGH, of the fame Altitude with the Cone, then 
that Pyramid is greater than one half of the Cone. 
And ſo let the Circumferences EF, FG, GH, HE, be 
biſected in the Points O, P, R, S; and join EO, OF, 
FP, PG, GR, RH, HS, SE; then each of the Tri- 
es EOF, FPG, GRH, HSE, is greater than one 
of the Segment of the Circle EFGH, in which it 
is; and erect a Pyramid upon each of the Tri 
EOF, FPG, GRH, HSE, having the ſame Altitude 
as the Cone: 1 yo roo of the —— 
is greater than its correſponding of 
Code; wherefore, biſecting the remaining Circumfer - 
ences, joining Right Lines, and erecting Pyramids up- 
on each of the Iriangles, having the Vertex as 
the Cane; and doing this continually, we ſhall leave, 
at laſt, certain Segments of the Cone, that ſhall be 
leſs than the Exceſs by which the Cone EFGHN ex- 
ceeds the Solid X. theſe be the Sezments that 
ſtand on EO, OF, FP, PG, GR, RH, HS, SE; then 
the remaining Pyramid, whoſe Baſe is the Polygon 
EOFPGRHS, and Vertex the Point N, is greater than 
the Solid X: Alſo, let the Polygon ATBYCVDQ be 
deſcribed in the Circle ABCD, ſimilar and alike ſituate 
to the Polygon EQFPGRHS ; upon which erect a 
Pyramid having the ſame Altitude as the Cone 3 and 
let LBT be one of the Triangles containing the Pyra- 
mid, whoſe Baſe is the Polygon ATBYCVDQ, and 
Vertex the Point L; as hkewiſe NFO one of the 
Triangles containing the Pyramid EOFPGRHS, and 
joined: 


at 


BKT is the ſame Part of the four Right 
Centre K, as the Angle FMO i of the 


Right 
Angles 
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Angles at the Centre u) ; therefore the Triangle 


BK T fhall be » fimitar to the Triangle FMO. © And * 6. 6. 


becauſe ĩt has been proved, that BK is to KL, as FM 
is to MN; and BK. is equal to K T; and FM to MO; 
it mall de, as TK is to KL, fo is OM to MN; and 
the proportional Sides are about theequal Angles TKL, 
OMN; for are Right Angles: Therefore the 
Triangle LE T ſhall be ſimilat to the Triangle MNO. 
And fince, by the Similarity of the Triangles BEL, 
FMN, it is, as LBis to BK, ſo is NF to FM; and, 
by the Similarity of the Triangles BET, FMO, it 
is, as KB is to BT, fo is MF to FO; it ſhall be (by 
ty of Proportion), as LB is to BT, fois NF to 
. in, ſince, by the Similarity of the Tri 

LTE, NOM, it is, as LT is to TK, fois NO to 
OM ; and, by the Similarity of the Triangles KBT, 
—＋. it is, a KT is to TB, fo whe + Ne 
be uality of Proportion), as LT is to TB, 

n NN Of. But it bes been proved, that TB i 
to BL, as OF is to FN; wherefore, again ua- 
lity of Proportion), as TL is to LB, fo is ON to NF; 
and therefore the Sides of the Triangles LTB, NOF, 
are proportional; and fo the Triangles LTB, NOF, 
are equiangular and fimilar to each other; and, con- 
tly, the Pyramid, whoſe Baſe is the Triangle 
T, and Vertex the Point L, is fimilar tothe Pyra- 
mid whoſ&Baſe is the Triangle FMO, and Vertex the 
Point N; for they are contained under ſimilar Planes 
equal in Multitude: But fimilar Pyramids that have 


triangular Bates, are to one another in the triplicate t 5 of cb, 


Proportion of their homologous Sides ; theretore the 
Pyramid BK TL to the Pyramid FMON, has a tri- 
n has to FM, In 
ike manner, drawing Right Lines from the Points A, 
Q, D, V, c, v, to K; as alſo others from the Points 
E, 8, H, R, G, P, to M; and erecting Pyramids on the 
Triangles having the fame Vertices as the Cones, we 

that every Pyramid of one Cone, to every 
one of the other Cone, has a triplicate Proportion of 
that which the Side BK Has to the homologous Side 
M, that is, which BD has to FH. But as one of the 


Amecedents'is to one of the Conſequents, fo are ? all 2 12, 


the Anteredents to all * Therefore, as 
4 i We 
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the Pyramid RK TL. is to the id FMON, fo 
is the whole Pytamid, whoſe is the Polygon 
ATBYCVDQ, and Vertex the Point L, to the whole 
Pyramid, whoſe Baſe is the Poljgon EQFPGRHS, 
and Vertex the Pomt'N; Wherefore: the 
whoſe Baſe is the Polygon ATBYCVDQ, and Ver- 
tex the Point L, to the Pyramid whoſe is the 
Polygon EOFPGRHS, and Vertex the Point N, has 
a triplicate Proportion of that which B bath to FH. 
But the Cone whoſe Baſe is the Circle ABCD, and 
Vertex the Point L, is ſuppoſed to have to the Solid X 
a triplicate P tion of that which BD has to FH ; 
therefore, as the Cone, whoſe Baſe is the Circle ABCD, 
and Venen the Point L, is to the Solid N, O is the Py- 
ramid whoſe. Baſe is the Pol ATBYCVDQ, and 
Vertex the Point L, to che Pyramid whoſe: Baſe is the 
Polygon EOFPGRHS, and Vertex the Point N. But 
the {aid Cone is greater than the Pyramid that is in it, 
for it comprehends it; therefore the Solid X alſo is 
gmt ter than the Pyramid, whoſe Baſe is the Polygon 
OFPGRHS, 11 but it is alſo 
leſs, which is "abſurd. Therefore the Cone, whoſe 
Baſe is the Circle ABCD, and Vertex the Point L, to 
ſome Solid leſs than the Cone, whoſe Baſe is the Circle 
EFGH, and Vertex. the Boint N, has not a triplicate 
E In like man- 
that the Cone EFGHN, to ſome 


Solid lf than the Cone ABCDL, has not a tripli- 


cate Proportion of that which FH has to BD. Laſt- 
by, Lig. Cone ARCHES wo hs gamer then 

Cone EFGHN, has not a triplicate Proportion 
of that which BD: has to FH: For, if this be poſſible, 
let it be ſo to ſome Solid 2 than the Cone 
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the Cone EFGHN, has not a triplicate Proportion of 
that which BD has to FH. It has been alſo demon- 
ſtrated, that the Cone ABCDL, to ſome Solid leſs 
than the Cone EFGHN, hath not a triplicate Propor- 
tion of that which BD has to FH ; wherefore the Cone 
ABCDL, to the Cone EEGHN, has a triplicate Pro- 
portion of that which BD has to FH. But as Cone 

is to Cone, fo is ® Cylintler to Cylinder; for a Cy- ® 15. 5- 
linder, having the fame Baſe as a and the ſame 
Altitude, is + triple of the Cone; fince it is demon- f 10 of this, 
ſtrated, that every Cone is one third Part of a Cylin- 
der, having the ſame Baſe, and equal Altitude: There- 
fore, ſalſo, a Cylinder to a Cylinder has atriplicate Pro- 
portion of that which BD bas to FH. + Therefore, | 
fonular Cones and Cylinders are to one another in a tri- | 
plicate Proportion of the Diameters of their Baſes ; 


PROPOSITION xm. 

| Ta ZOR ZM. . 

If a Cylinder be divided by a Plane parallel to the 
Planes ; then, as one Cylinder is to the 
other Cylinder, ſo is the Axis to the Axis. 


LET the Cylinder AD be divided by the Plane GH, 
parallel to the oppoſite Planes AB, CD, and meet- | 
ing the Axis EF in the Point K. I fay, as the Cylin- | 
der BG is to the Cylinder GD, fo is the Axis EK to 
to the Axis KF. x 

For, let the Axis EF be both Ways to L 
and M; and put any Number of Lines EN, NL, &c. : 
each equal to the Axis EK; and any Number of Lines 
FX, XM, &c. each equal to FK; and thro' the Points 
L, N, X, M, let Planes parallel to AB, CD, paſs ; and 
in thoſe Planes from L, N, X, M, as Centres, deſcribe 
the Circles OP, RS, TY, VQ, each equal to AB, 
CD; and conceive the Cylinders PR, RB, DT, TQ, 
to be compleated: Then, becauſe the Axes LN, NE, 
EK, are equal to each other, the Cylinders PR, RB, | 
BG, will be ® to one another as their Baſes; and et . 
C 
fince the Axes LN, NE, EK, are equal to each other; 
as 


4 
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as alſo the Cylinders PR, RB, BG; and the Number 
of Lines LN, NE, EK, is equal to the Number of Lines 
PR, RB, BG; the Axis KL ſhall be the ſame Multiple 
linder PG is of the Cylinder 
Multiple of the Axis KF, as the Cylinder GQ is of 
the Cylinder GD. Now, if the Axis KL be equal to 
the Axis EM, the Cylinder PG ſhall be equal to 


XF, and the Cylinders BG, GD; 
their Equimultiples, namely, the Axis KL, and the 
Cylinder PG, the Equimultiples of the Axis EK, 
and the Cylinder BG; and the Axis KM, and the 
Cylinder GQ, the Equimultiples of the 

and the Cylinder GD: And it is demonſtrated, that 
if the Axis KL exceeds the Axis KM, the Cylinder 


PROPOSITION XIV. 
THEOREM. 


Cones and Cylinders, being upon equal Baſes, are 
to. one another as their Altitudes. 


LET the Cylinders EB, FD, ſtand upon equal Baſes 
AB, CD. I ſay, as the Cylinder EB is to the 
Cylinder FD, fo is the Axis GH to the Axis KE. 
For, produce the Axis KL to the Point N; and 
put LN equal to the Axis GH; and let a Cylinder 
CM be conceived about the Axis LN : Then, be- 
cauſe the Cylinders EB, CM, have the fame Alti- 


* 11 of thir, tude, they are ® to one another as their Baſes, - But 


their Baſes are equal; therefore the Cylinders EB, 
CM, will be allo equal. . 
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FM is cut by a Plane CD, parallel to the oppoſite 
Planes, it ſhall be as the Cylinder CM is to the Cy- 
linder FD, fo is the Axis LN to the Axis KL. But 

the Cylinder CM. is equal to the Cylinder EB; and 

the Axis LN to the Axis GH; therefore the Cylinder 

EB is to the Cylinder FD, as the Axis GH is to the 

Axis KL: And as the Cylinder EBis to the Cylinder 

FD, ſo is 4 the Cone Ah to the Cone CDK; for the 1 25: 5. 
Cylinders are triple gf the Cones. Therefore, as 10 of this. 
the Axis GH is to the Axis KL, fo is the Cone ABG 

to the Cone CDK; and fo the Cylinder EB to the 
Cylinder FD. Wherefore, Cones and Cylinders, being 

upon equal Baſes, are to one another as their Altitudes 3 

which was to be demonſtrated. | 


PROPOSITION XV. 


TBZO REMA. 

The Baſes and Altitudes of equal Cones and Cylin- 
ders are reciprocally proportional; and Cones 
and Cylinders, whoſe Baſes and Altitudes are 
reciprocally properttenal, are equal to one an- 
other. 


LET the Baſes of the equal Cones and Cylinders 
be the Circles ABCD, EFGH, and their Dia- 

AC, EG; and Axes KL, MN ; which are 
the Altitudes of the Cones and Cylinders : And 
let the Cylinders AX, EO, be compleated. I ſay, the 
Baſes and Altitudes of the Cylinders AX, EO, are te- 
ciprocally proportional; that is, the Baſe ABCD is to 
the Baſe EFGH, as the Altitude MN is to the Alti- 
tude KL. 

For, the Altitude KL is either equal to the Altitude 
MN, or not equal. Firſt, Jet it be equal; and the 
Cylinder AX is equal to the Cylinder EO. But Cy- 
linders and Cones, that have the ſame Altitude, are * * 11 l. 
to one another as their'Baſes ; therefore the Baſe 
ABCD is equal to the Baſe EFGH : And conſe- 
quently, as the Baſe ABCD is to the Baſe EFGH, fo 
is the Altitude MN to the Altitude KL. Bur if the 
Altitude KL be not equal to the Altitude MN, let MN 
be the greater ; and take PM, equal to * 

IN; 
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MN; and let the Cylinder EO be cut thro? P by the 
Plane TVS, oppoſite Planes of the Cir- 
cles EFGH, RO; and conceive ES to be a Cylinder, 
whoſe Baſe eee 
Then, becauſe the Cylinder is < to 
linder EO, and ES 1 nder; the 8. 
linder AX to the Cylinder ES, be as the Cylin- 
der EO is to the Cylinder ES. But as the 
0 x1of this. AX is to the Cylinder ES, fo is “ the Baſe to 
the Baſe EFGH ; for the Cylinders AX, ES, have the 
fame Altitude: And as the Cykader EO is to the Cy- 
+ 13 of this, linder ES, fo is + the Altitude MN to the Altitude 
MP; for the Cylinder EO is cut by the Plane TVS, 
parallel to the Planes. Therefore as the Bufe 
ABCD is to the Baſe EFGH, fo is the Altitude MN 
to the Altitude MP. But the Altitude MP is to 
the Altitude KL; wherefore, as the'Baſe Dris to 
the Baſe EFGH, ſo is the Akitide MN to the Alti- 
2 and —_— — 
equal Cylinders AN, are rectprecally proportional. 
. . rnd wn te * 
, are reciprocally proportional ; that is, i 
ABCD be ud B 88 as the Altitude MN is 
to the Altitude KL; I fay, the Cylinder AX is equal 
to the Cylinder EO, For, the ſame Conſtructiun re- 
maining, becauſe the Baſe ABCD is tothe Bak EFGH, 
2s the Altitude MN is to the Altitude KL; and the 
Altitude KL is to the Altitude MP; it ſhall be, 
a9the Baſe ABCD is to the Baſe EFGH, fo is the Al- 
titude MN to the Altitude MP. But as the Baſe A 
is to the Baſe EFGH, fo is the Cylinder AX tothe Cy- 
linder ES, for they have the ſame Altitude; alſo, as 
t 13 of this, Altitude MN is to the Altitude MP, fo is $ the Cylin- 
der EO to the Cylinder ES. Therefore, as the Cylin- 
Or AN ot GER wy Oe Cn 
to the Cylinder ES : Wherefore, the Cylinder is 
__ the Cylinder EO; which was to be demon- 
ated. n =; — to 1 4. 
la like manner we prove this in Cone. 


0 


268 


p R O- 


Baak KH. Eachds ELEMENTS. 
raOoos TOR. vt. 


roll 5 


7 PEN about the VER - 
e na; — Wie 
even in 7 „ 


LET ABCD. EFGH, be two given Circles about 
the Centre K it is required to inſcribe a Polygon 
of equal Sides, even in Number, in the Circle ABCD, 
not touching the leſſer Circle EFGH. 

Draw the Line BD thro” the Centre K, as 
alſo AG, from the Point G, at Right Angles to BD, 
which 28 this Line will o touch the Cir- * 


AC, and AC the Circle EFGH, LN will not 
the Circle EFGH ; and much leſs do the Right 
LD, DN, touch the Circle. And if Right 

equal to LD, be applied round the Circle 


PROPOSITION XVI. 


ES FEA i + i, 

lid Polybedron, in the of t2wo 

3 er- id the ſame Cane dds ſhall 
nat touch the Superficies of the leſſer Sphere. 
E T two Spheres be ſuppoſed about the fame C 

L tre A; ye Ion 

the Lak, Sphers Sphere, not touching the Superficies of 


Let 


Din 
- And fince LN is parallel to + 2;- TI 
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115. 3. 


® 16 of this. 


472. 11. 


# :8. 11. 


even in Number, not touching 
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Let the Spheres be cut by ſome Plane p thro* 
the Centre y then the Sections will be Circles: For, 
becauſe a Sphere is made by the turni of a Semi. 
circle about the Diameter, which is at in what - 
ſoever Poſuion the — is conceived | to be, the 
Plane in which it is ſhalt make * Circle in the 8 
ficies of the Sphere. It is alſo maniſeſt, that this 
cle is a greater Circle, . —— 
which is likewiſe the Diameter of the Semicirele, is 


+ greater than all Right Lines that are drawn in the 
Circle or Sphere. Now, let BCDE be that Cirche 
2 2 and FGH of the leſſer Sphete 

ler BD, © be two of them Diametets drawn at 


Riohe Angles to one another; let BD meet the: leſ- 
fer Circle in the Point G, and let GL be dad at 
Right Angles to AG, and AL de joined: Then, biſect- 
ing the Cireumference EB, as aifo the Half thereof, 
and doing thus conanually, we ſhall have left, as Jaſt, 
a certain Cireumfetence lefs than that Part of the Ci 
cumference of the Circle BL, which is fubtended dy. & 


Right Line equal to GL, Let this be the Cucumter- 


— — — is leſs than GL ; 
and al be the 2 Polygon of equal Sides, 
— leifer Circle: Now, 
let the Sides of the Poly — ve Quadrant of the 
Circle BE, be the Right BE, . DM. ME; 
and produce the Line joining the Points K, A, to N; 
and raiſe f AX — Db A, perpendicular to the 
Plane of the Circle BCDE, meeting the Superficies of 
the Sphere in the Point X' 3 and ſet Planes be drawn 
thro' AX and BD, and thr AX and KN; 
from what has been faid, will make great Circles in the | 
Superficies ef the Sphere; and let BXD, K XN, be Se- 
micircles on the Diameters BD, KN : Then, becauſe 
XA is perpendicular. to thePlaneof the Circle BCDE, 
all Planes that paſs thro XA ſhall alſo “ be perpendi- 
cular to that fame Plane, Therefore the Semicirele⸗ 
BND, KXN, are perpendicular to that ſame Plane. 

And becauſe the — BED, BD, XXN, are 
equal; for they ſtand upon equal Diameters BD, 

KN; their Quadrants BB, BX, XX, ſhall be alſo 
equal, And therefore, as 25 many Sides as the Polygon 
in the Quadrant BE has, fo * 5 
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in the greater of two Spheres, having the Centre, 
which. abeh 2 . 
which was to be done. 854 2E 


Corall. Alſo, if a ſolid Polyhedron be deſcribed in ſome 
Sphere, fimilar to that which is deſcribed in 

the Sphere BCDE ; the ſol d Polybedron defcribed 
in the Sphere BCDE, to the folid Polyhedron de- 


: 


ſcribed in that other Sphere, ſhall haves ti ĩplicate 


Proportion of that which the Diameter of the 
bath to the Diameter of that other 


7 


+ 
; 


il 
ef 


A 


} 
! 
f 


273 


1 — 23234 „ — 


eg - 22 


| 
4 
f 
| 


274 


Euclid's ELzMenTs. Book XII. 
PROPOSITION XVIII. 


THEOREM. 


Spheres are to one another in a triplicate Pro- 
portion of their Dijameters. 


CUppoſe ABC, DEF, are two Spheres, whoſe Dia- 

meters are BC, EF. I fay, the Sphere ABC to 
the Sphere DEF, has a triplicate Proportion of that 
which BC has to EF. 

For, if it be not ſo, the Sphere ABC to a Sphere 
either leſſer or greater than DEF, will have a tripli- 
cate Proportion of tht which BC has to EF. Firſt, 
let it be to a leſſer, as GHK ; and ſuppoſe the Sphere 
DEF to be deſcribed about the Sphere GHE ; and 


* x7 ef this, Jet there be deſcribed “ a ſolid Polyhedron in the 


greater Sphere DEF, not touching the Superficies of the 
leſſer Sphere GHE ; allo, let a ſolid Polyhedron be 
deſcribed in the Sphere ABC, ſimilar to that which is 
deſcribed in the Sphere DEF ; then the folid Poly- 
hedron in the Sphere ABC, to the folid Polyhedron in 


Þ+ Cor. to the the Sphere DEF, will have + a triplicate Proportion of 
Fr. that which BC has to EF: But the Sphere ABC to 


the Sphere GHK, hath a triplicate Proportion of that 
which BC hath to EF ; therefore, as the Sphere ABC 
is to the Sphere GHE, fo is the folid Polyhedron in 
the Sphere ABC, to the ſolid Polyhedron in the Sphere 
DEF ; and (by Inverſion) as the Sphere ABC is to the 
ſolid Polyhedron that is in it, ſo is the Sphere GHE to 
the ſolid Polyhedron that is in the Sphere DEF. But 
the Sphere ABC is greater than the ſolid Polyhedron 
that is in it ; thErefore the Sphere GH is alſo 


greater 
than the ſolid Polyhedron that is in the Sphere DEF, 


and alſo lefs than it, as being comprehended thereby, 
which is abſurd ; therefore the Sphere ABC to a Sphere 
leſs than the Sphere DEF, hath not a triplicate Propor- 
tion of that which BC has to EF. After the iame 
manner it is demonſtrated, that the Sphere DEF to a 
Sphere leſs than ABC, has not a triplicate Proportion 
of that which EF has to BC: I ſay, moreover, that 
the Sphere ABC to a Sphere greater than DEF, hath 

not 
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not a triplicate Proportion of that which BC has to EF: 
For, if it be poſſible, let it have to the Sphere LMIN 
7 than DEF; then (by Inverſion) the Sphere 
MN to the Sphere ABC, ſhall have a triplicate 
Proportion of that which the Diameter EF has to 
the Diameter BC. But as the Sphere LMN is to the 
Sphere ABC, ſo is the Sphere DEF to ſome- Sphere 
leſs than ABC, becauſe the Sphere LMN is greater 
than DEF. Therefore the Sphere DEF to a Sphere 
leſs than ABC, hath a triplicate Proportion of that 
which EF has to BC, which is abſard, as has been 
before proved. Therefore the Sphere ABC to a Sphere 
ter than DEF, has not a triplicate Proportion of 
that which BC has to EF. But it has alſo been de- 
monſtrated, that the Sphere ABC to a Sphere leſs than 
DEF, has not a triplicate Proportion of that which 
BC has to EF: Therefore, the Sphere ABC to the 
Sphere DEF, has a triplicate Proportion of that which 
BC has to EF; which was to be demonſtrated, 
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the 


HE gonometry is, to 
72 2 4 are given, and the Sides, 


2 ES > ok are 
grven ; and to find Sides and A. «rg nn ag 
SY 1 ich, it is neceſſary 
not 
Lines in and about Cir Cris, bo erin ih 
deter mined Number of Parts 

And ſo the antient Mathematicians fit to di- 
vide the Periphery of a Circle into 360 Parts, which 
22 ees ; and every Degree into 60 Minutes ; 
and every Minute into 60 Seconds ; and, again, every 
Second into 60 Thirds ; and ſo on. And every Angle is 


ſaid to be of fuch a Number of Degrees and Minutes, as 
divided 


there are in the Arc meaſuring that Angle. 
There are ome that would have a 
an cente Parts, rather than faxage ones ; 
perhaps it would be more uſeful to divide, not only a 
Dep ut rn the has C "i he _ 
10 ui ion may me or gain Place 
Now, N Cel * 2 
thereof, which is the Mea + of @ Right A my 
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be 90 of thoſe Parts: And if it contains 100 Parts, a 
Quadrant will be 25 of theſe Parts. 
The Complement of an Arc is the Difference thereof 
a Quadrant. | 
2 or Subtenſe, is a Right Line drawn from 
one End of the Arc to the other. 
The Right Sine of any Arc, which is alſo 
called only a Sine, is a Right Eine drawn, from one End 
of an Arc, perpendicular to the Radius drawn thro the 
other End of the ſaid Arc; and is therefore the Semi- 
1 double the Arc; viz. DE DO, and the 
Arc is double of the Arc DB. Hente, the Sine of 
an Arc of 30 Degrees is to one the Ra- 
4.) the Side of an Her- 
agon inſcribed in a Circle, that is, the Subt 60 De- 
grees, is equal to the Radius. A Sine divides the Radius 
into two Segments CE, EB; one of which, CE, which is 
intercepted between the Centre and the Right Sine, is the 
. the of the Arc DB to. a ant 
(for CE=FD, which is the Sine of the Arc DH), and 
is called the Coſine: The other BE, which is 
intercepted between the Right Sine and the Periphery, is 
called a Verſed Sine, and ſometimes a Sagitta. 
And if the Right Line CG be produced from the 
Centre C, thro' one End D of the Arc, until it meets the 
Right Line BG, which is perpendicular to the Diameter 
drawn thro” the other End B of the Arc; then CG is 
called the Secant, and BG the T angent, of the ArcDB. 
The Coſecant 2 75 of Pp Arc are the Secant 
and Tangent of that Arc which is the Complement of the 
1 to 7 Quadrant. Note, As the Chard 7 an 
Arc, and of its Complement to a Circle, is the ſame Js 
likewiſe, are the Sine, Tangent, and Secant, of an Arc, 
the ſame as the Sine, Tangent, and Secant, of its Com- 
plement to a Semicircle, 
The Sinus Totus is the greateſt Sine, or the Sine of 
* rees, which is equal to the Radius of the Circle, 


rigonometrical Canon is a Table, which, begin- 
ning from one Minute, orderly expreſſes the Lengths that 
every Sine, Tangent, and Secant have, in reſpect of the 
Radius, which is ſuppoſed Unity ; and it conceived to be 
divideg into 10,000,000 or more decimal Parts. And 
ſo the Bine, Tangent, or Secant, of an Arc, may be E. 
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by Help of this Table; and, contrariwiſe, a Sine, Tan- 
gent, or Secant, being given, we may find the Arc it ex- 
preſſes. Take notice, That in the following Trac, R. 
ſignifies the Radius, S. a Sine, Col. a Coſine, T. a Tan- 
gent, and Cot. a Cotangent ; alſo ACq ſignifies the Square 
of the Right Line AC; and the Marks or Characters 
+, —, , . and , ore, ſeverally, uſed to ſignify 
Addition, Subtraction, Equality, Proportionality, and the 
Extraction of the Square Riot : Again, when a Line is 
drawn over the Sum or Difference of tus Quantities, 
then that Sum or Difference is to be conſidered as one 


Quantity. 


The ConsTxucrtions of the 
Trigonometrical Canon. 


PROPOSITION TL 


THEOREM. 


The two Sides of any Right-angled Triangle being 
given, the other Side is alſo given. 


N 47 of the firſt Element) ACq = ABq 
+ BC and ACq—-BCq = ABq, and inter- 
changeably ACq—ABq=BCq. Whence, by the 
Extraction of the Square Root, there is given AC 
f ABq +BCq; and AB=y/Augq—vLly; and 
BC=y/ ACq—ABgq. 


PROPOSITION IL 


PROBLEM. 


The Sine DE. of the Arc BD, and the Radius 
Cd, being given, to find the Caſine DF. 


TH E Radius CD, and the Sine DE, being given in 
the Right-angled Triangle CDE, there will be 


— (by the laſt Prop.) TU DEA = (CE =) 
: T 4 PRO- 
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PROPOSITION UI. 


PROBLEM. 


The Sine DE of any Arc DB being given, to find 
DM or BM, the Sine of Half the Arc. 


DE being given, CE the laſt .) will be 

rus. accordingly 285 which 2 

3 ie EB, 

— wen, in the Right-a riangle „there 

will — DR. e DM is the Sine of the 
Arc DL; the Arc BD. 


PROPOSITION IV. 


PROBLEM. 
The Sine BM of the Arc BL being given, to find 


the Sine of double that Arc. 
HE Sine BM being given, there will be gi 
** 2.) the C CM. But the — 2 
CBM, DBE, are equiangular, becauſe the at 


E and M are Right Angles, and the Angle at H com- 
mon: Wherefore (by 4. 6.) we have CB: CM:: 
(BD, or) 2 BM: DE. Whence, ſince the three firſt 
Terms of this Analogy are given, the fourth alſo, 
which is the Sine of the Arc DB, Will be known. 


Coroll. Hence CB: 2 CM: : BD: 2 DE; that is, 
the Radius is to double the Cofine of one Half of 
the Arc DB, as the Subtenſe of the Arc DB is 
to the Subtenſe of double that Arc. Alſo, CB: 
2 CM : : (2 BM: 2 DE: :) BM: DE:: CB: 
CM. Wherefore the Sine of an Arc, and the Sine 

of its Double, being given, the Cofine of the Arc 


itſelf is given. 


PRO. 


PLANE TRICONOME TRV. 
PROPOSITION V. 


PROBLEM. 


The Sines of two Arcs, BD, FD, being given, to 
FI the Sine of the Sum, as likewiſe EL, 
"the Sine of their Difference. 


LE_F the Radius CD be drawn, and then CO is the 
Cofine of the Arc FD, which accordingly is given, 

and draw OP thro' O parallel to DK; alſo let OM, 

GE, be drawn parallel to CB : Then, becauſe the 

Triangles CDK, COP, CHI, FOH, FOM, are 

- in the firſt Place CD: DE : : CO: P, 

which, conſequently, is known. Alſo, we have CD : 


But beczeſe FO=EO, then will FU=MG=ON ; 

and ſo OP + FM Fl Sine of the Sum of the 
Arcs: And OP—FM; that is, OP-ON=EL=— 
Sine of the Difference of the Arcs; which were to be 


Covell. Becauſe the Diferences of the Arcs BE, BD, 
BF, are equal, the Arc BD ſhall be an Arithmetical 
Mean berween the Arcs BE, BF. 


PROPOSITION VI. 


THEOREM. 
The ſame Things being ſuppoſed, the Radius is to 
double the Cofine of the mean Arc, as the Sine 
of the Differences is to the Difference of the Sines 
of the Extremes. 


R we have CD: CK :: FO: FM; whence, by 
doubling the Conſeq uents, CD : 2 CK : FO: 
2 FM, or) t9FG, which is the Difference ofthe Sine 


Coroll. If the Arc BD be 60 Degrees, the Difference 
of the Sines FI, EL, ſhall be equal to the Sine FO, 
* 4 os» Oh 

of 30 Degrees; the double whereof is equahto the 
Radius; and ſo, ſince CN=2 CK, we et berg 


CE :: FO: FM; and fo, likewiſe, this ſhall be known. 
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FO=FG. And, conſequent!y, if the two Arcs BE, 
BF, are equidiftant from the Arc of 60 Degrees, the 


Difference of the Sines ſhall be equal to the Sine 
the Difference FD. 


Coroll. 2. Hence, if the Sines of all Arcs diſtant from 


one another by a given Interval, be given, from 
the Beginning of a Quadrant to 60 ces, the 


other Sines be found by one Addition only. 
For the Sine of 51 the Sine of 59 De- 


+ the Sine of 1 Degree; and the Sine of 62 
ces the Sine of 68 Degrees+the Sine of 2 

: Alſo, the Sine of 63 Degrees=the Sine 
of 57 Degrees the Sine of 3 and fo on. 


Coroll. 3. If the Sines of all Arcs, from the Beginning 


of a Quadrant to any Part of the Quadrant, diſtant 
from each other by a given Interval, be given, 
thence we may find the Sines of all Arcs to the 
22 of that 4 For 1 Let all the 

ines to 15 Degrees be given; then, by the prece- 
dent Rocks, all the Sines to 30 * — be 
ſound: For the Radius is to double the Coſine of 
15 ees, as the Sine of 1 Degree is to the Differ- 
ence of the Sines of 14 Degrees, and 16 Degrees: 
So, alſo, is the Sine of 3 Degrees, to the Difference 
between the Sines of 12 and 18 Degrees; and ſo 
on continually, until you come to the Sine of 30 


After the fac manner, as the Radius is todoublethe Co- 


ſine of 30 Degrees, or to double the Sine of 60 De- 
grees, fo is the Sine of 1 Degree to the Difference of 
the Sines of 29 and 31 Degrees : : Sine 2 Degrees 
to the Difference of the Sines of 28 and 32 

: : Sine 3 Degrees, to the Difference of the Sines of 
27 and 33 Degrees. But, in this Caſe, the Radius is 
to double the Coſine of 30 Degrees, as to / 3*. 


See FIG. for the DerixITIONS. 


Let BD be an Acc of 30 Digrees: 


« 


Rad. Tan. Caſine Sine | 
Then, as CB: BG: : FD: DE. DO=CB; ego DE=; 
y/ CDg—DEz=CE= vi VN CD:CE::1:4y/z 
CD:2CE::2:2 i= N SED. 
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And, accordingly, if the Sines of the Diſtances from 

the Arc of „be muhiplied' by / 3, the 

Differences AE ent 1 

So, likewiſe, may the Sines of the Minutes in the Be- 
inning of the Quadrant be found, by having the 
ines and Coſines of one and two Minutes given. 
For, as the Radius is ta double the Coſine of 2: : 
Sine 1: Difference of the Sines of 1' and 7 : : Sine 
2' : Difference of the Sines of o and 4'; that is, 
to the Sine of 4. And fo, the Sines of the four 
firſt Minutes being given, we may thereby find the 
boos 

On. . 


PROPOSITION VII. 


THEOREM. 
In ſmall Arcs, the Sines and Tangents of the ſame 


Arcs are nearly to one another, in a Ratio of 


Equality. 


FOR. becauſe the Triangles CED, CBG, are 

 -equiangular, CE: CB : : ED: BG, But as the 

Point E approaches B, EB will vaniſh in reſpect of the 

Are BD; whence CE will become nearly equal ſto 

CB, and ſo ED will be alſo nearly equal to BG. If 
1 


EB be leſs than the - Part of the Radius, 
10,000,000 
then the Difference between the Sine and the Tangent 
I 
will be alſo leſs than the —Part of the Tan- 
10,000,000 
gent. | 


Coroll. Since any Arc is leſs than the Tangent, and 

ater than its Sine, and the Sine and T angent of 
a very ſmall Arc are nearly equal; it follows, that 
the Arc ſhall be nearly equal to its Sine: And fo, in 
very ſmall Arcs, it ſhall be, as Arc is to Arc, fo is 
Sine to Sine. 


4 PR O- 
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PROPOSITION VII. 


ProBLEM. 
To find the Sine of the Arc of one Minute: 


Gaps + en inſcribed in a Circle, that 

is, the Subtenſe of is equal to the Re- 
dius (by Coroll. 15th of the 4th) ; and ſo the Half of the 
Radius ſhall be the Sine of Cate Darren 


Wherefore the Sine of the Arc of 
the Sine of the Arc of 15 Degrees 
— d (by Prop. 3.) Alſo W af he Hon of — 


Degrees bein . (by the 28 ), we may have 


the Sine of 7 wt 4- So, likewiſe, can 
we find the Sine of the Plalfof thin vx. OP 
and fo on, until twelve Biſections r 


to an Arc of 52*, 44*, 03*, 45%, whoſe Coſine is 
nearly equal to the | ius; in which Caſe (as is ma- 
nfo! from Prop. 7.) Arcs are proportional to their 
Sines : Red i vo this hon of g2h, an og, 455, is to 
an Arc of one Minute, fo ſhall the Sine found be 
to the Sine of an Arc of one Minute, which therefore 
* And when the Sine of one Minute is 

(by Prop. 2. and 4.) the Sine and Coſine 
pang al fat be had. 


PROPOSITION IX. 


THEOREM. 


If the Angle BAC, being in the Peripbery of « 


Circle, be biſefed by the Right Line AD, and 
if AC be produced until DE=AD meets it in 


E ; then fball CE=AB. 


N the quadrilateral Figure ABDC (by 22. 3.) the 
I les B and DCA ce counlee con Rinks © now 
+DCA (by 13. 1,) : Whence the Ang 
SCE. But, likewiſe, the Angle Bac G5 
I.) = DAB, and DC=DB: Wherefore the Tri- 
angles BAD and CED are congruous, and ſo CE is 
equal to AB. W. W. D. 


PR O- 
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PROPOSITION X. 


THEOREM. 


Let the Arcs AB, BC, CD, DE, EF, Sc. be 
equal; and let the — of the Arcs AB, 
AC, AD, AE, St. be awn; then will AB 
: AC:: AC. AB+AD: : AD: AC+AE 
:: AE: AD+AF : AF: AE+AG. 


LET AD be produced to H, AE to I, AF to K, 
and AG to L, fo that the Triangles ACH, ADl, 
AEK, AFL, be Iſoſceles ones; Then, becauſe the 
Angle BAD is biſected, we ſhall have DH=AB 7 
po dear ); ſo likewiſe ſhall EI=AC, FK= 
9 the Ifoſceles Tri ABC, ACH, ADl, 
AEK, AFL, becauſe of A at the 
Baſes are : Wherefore it ſhall be, as AB; 
AC:: Ac: (AH) AB+AD: _ (Alx) AC+ 
AE: : AE: (AK g=) AD+AF :: AF: (AL=) AE+ 
AG. W. W.D. | 


Let the Cofine of the Arc of one Minute, that is, the 


Sine of the Arc of „ be called Q; and 
—_— followi x fe — . . Reg 


: 8. 178. 3. T — "Sine of 3 Minus 
Ten Alſo, R.: 3 38 2 $8.4. 

the S. 4 ix giv Q::8. 4: 
8. 3+5'5 and fo the Sine 
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Likewiſe, R.: 2 Q:: S. 5: S. 4 78. 60; and fo we 
ſhall have the Sine of 6. And, in like manner, the 
Sines ef every Minute of the Quadrant will be 
gn. And becauſe the Radius, or the firſt Term 

of the 17 is Unity, the Operations will be 
with great Eaſe and Expedition calculated by Mul- 
tiplication, and contracted by Addition. When the 
Sines are found to 60 „ all the other Sines 
may be had by Addition only (by Cor. 1. Prop. 6.) 


The Sines being given, the 2 and Secants m 
be found 2 1 Fi- 
gure for the tions) ; — the I riangles 
CED, CBG, CHI, are equian 

CE : ED:: CB: BG; that is, 33 © 

GB: BC :: CH : HI; that is, T. K. 2K: 

CE: CD:: CB : CG; ; that is, Col. K.: R.: : Secant, 

DE: CD:: CH: CI; chat is, S. : R. :: R.: Coſec. 

SC HOLIUM. 
That great Geometrician, and i Philsſo- 
pber, Sir Iſaac Newton, was the firft that laid down 

a Series, converging in infinitum; which, having 


the Arcs given, their Sines may be found. Thus, if an 
Sc be ene ©. EE Radius be an Unit, the Sine 


thereof will be found to be 
A3 A® A/ „ 

80 5 5 
1.2.3 1. 2. 3-4-5 1:2. 3-4-5. 7 1-2.3-4+-5-0.7-0.9 
And the Coſine, | 
A* „ A A 

1 + + Sc. 


1.2 


Theſe Serie rg Rigs 9-4 act when 
Series in eginning of ant 

the Arc A it but ſmall, converge. For in the Se- 
ries for the Sine, if A . 10 82 the 
two firſt Terms thereof, viz. - 
to 15 Places of Figures. If the a 


4. 4— 


than one Degree, the three 77 3 will exhibit the 
Sine to 15 Places of Figures; and ſo the Series are 
Sines of the 


very uſeful for the and 
Duadr 2 L 
are Us Terms of th Si * Cine, in 


Num- 
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Numbers, true to @ given Place of Figures. And then, 
when the Arc is nearly equal to the Radius, the Series 
converges very flnw, and therefore, to remedy this, I 
have deviſed other Series, ſimilar to the Newtonian ones, 
wherein ¶ ſuppoſe, the Arc, whoſe Sine is ſought, is the 
Sum or Difference of two Arcs, viz. Az, or A—z : 
Hind let the Sine of the Arc A be called a, and the Caſine 


Hoax the Sine of the Arc AT will be expreſſed 


bz az ba azs bz 
I. a+ 1 — .. 
1 1. 1.47 1434 $-2-34-$ 
And the Coſine is 
an W ha” azs bzs 
2 ———+ + a = — 


1 12.3 1.2.3.4 1. 2. 3.4.5. 1.2. 3.4. 5. 6 
In like manner the Sine of the Arc A— ts 


bz az* bz? az* bz az® 
2 — + + wan — 
1 1.2 1.2.3 1.2.3.4 1.2. 3.4.5 1.2. 3.4. 5.6 
And the Cofine is 
az bz az? bz* az 
4. b+— — + Sc. 


1.4 1.3 1.2.36 1.2388 
The Arc A, is an arithmetical Mean between the Arc 
A—2z, and the Arc Az. And the Differences of the 
Sin. are 
bz az* bz az* bzꝰ 22 


, + + .. 
1 1.2 1.2.3 1.2.3.4 1.2. 3.4.5 1. 2. 3.4. 5. 6 
ba an* be? az* ba azs 

d. —+ — + —c. 


13 3:2 1.2.3 1.2.3.4 1-2.3-4+5 1.2.3.4-5.6 
Whence the Difference of the Differences, or ſecond 
Difference, will be 


22 2az* 2azs 
7. — + Ec. 
1.2 1.2.3.4 1.2.3.4. 5.0 
2 * z* z® | 
Or z ax + &c. 


1.2 1.234 1.2. 3-4-5-0 


- 


—y —_ — ꝓ— — — 
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Which Sev ies it + i dull the Sins of the mean Are, 
drawn into the — and converges 
very ſoon. ' $02 


the fr z be the =. 
drant, erm the fecod Dif- 
JO 15 2 ge a ances 


„** henge, if if the Sines of * am diſtant one Ni- 
nute from tach aber, be groen ; the Sines of all the Arer, 
that are in the ſame Progreſſion, may be by an ex- 


eaſy 


ceeding ation. 

In the firfl and ſecond Series, if A=0; then fhalla—o, 
and b its Cofme will become Radius, or 1. And hence if the 
Terms wherein a ts, are taken and 1 be put infiead 
of b, the Series will become the —— SITS 
and Series, 1 go ves, We 
. 

erms whergin b ts ing I a, we 
have the N 2 4 . 

Note, All the e 
nian ones. By the fiſth Propoſition. 


PROPOSITION XL. 


Turok zu. 

Ina Right-angled Triangle, if the REY 
«Big the Redius, then * 84 84 Sines of 
their oppoſite Angles ; and if either of the 

| be made the Radius, then the other Leg is the + 
Tangent of its_ oppoſite Angle, and the Fypo- 
thenuſe is the Secant of that Angle. Fr 


JT is manifeſt, that CB is the Sine of the Arc D. 
and AB the Coſine thereof; but the Arc CD is the 
Meaſure of the Angle A, and the of the 
Meaſure of the Angle C: Moreover, if AB in the ſe- 
cond Fi to this | be ſuppoſed Radius, 
then BC is the Tangent, and AC the Secant of the Arc 
BD, which is the Meaſure of the Angle A. — 
BC be made the Radius, then is BA the and 
AC the Secant, of the Arc BE, or Angle C. — 
Therefore, as AC, being taken as ſome ne given Mexfure, 

is to BC taken in the ſame Meaſure; fo ſhall the Num- 
ber 10,000,000 Parts, into which the Radius is ſup- 
1 


Prant TrxIGONOMETRY. 
8 the Length of the Sine of the Angle A; 
that is, 


it will be, aa AC; BC :: R. 5, A. 
by the fame Reaſon, as AC . 7 S, C, 
2 


alſo, s AB: BC :: R: T 
and, as C: BA::R: 


T 
And fo, if any three of theſe als be given, 
the fourth may be found by the 


team XII. 
THEOREM. 


The Sides Tri the 
e aki dog 


JF the Sides of a Tri 

biſected by Radu; then ſhall the half 
. BDG a het a the Felghery ; for 
 Periphery (hy 20 Bl K. 3); and fot 


OE ST ELEC. 


of (BDE, or) BAC. For the ſame Reaſon, BF ſhall 
be the Sine ofthe Angle BC, and AG the Sine of 


T have BD = © BC 
2 riangle we B 


, but Radius is the Sine of 
Whence half BC is the Sine of the 


inſcribed in a Circle, be 


+04 Triangle, let BI, CI, be drawn; 
and then the I ſhall be the Com of the 
Angle A to two Ri no a de 

n But the 


SA 
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PROPOSITION XIII. 


| Turo EM. 
In a plane T riangle, the Sum of the Legs, the Dif- 
ference of the Legs, the Tangent of the balf Sum 
of the Angles at the Baſe, and the Tangent of 
one half their Difference, are proportional. 


LET there be a Triangle ABC, whoſe are AB, 
BC, and Baſe AC. Produce AB to H, fo that 
BH=BC; then ſhall AH be the Sum of the Legs; 
and if you make BI=BA, then IH will be the Difter- 
ence of the Legs. Allo,. the Angle HBC=Angles 
A+ACB (by 32 EL. 1. ); and 0 EBC the Half thereof 
=half the San of the Angles A, and ACB, and its 
Tangent (putting the Radiu: EB) is EC. Again, 
let BD be drawn parallel to AC, and make HF CD; 
then, ſince HR=CB, we ſhall have (by 4 Z.. 1.) the 
Ang] e HBF —CBD=BCA (by 29 CL. 1 95 Alſo, the 
Be HBD=Angle A; whence FBD ſhall be the 
Difeence of ihe Negle A ad ACB, and EBD. 
whoſe Tangent i is kD. helf their Difference. Let IG 
be drawn thro? I parallel to AC or BD; and then ( 
2 El. 6.) AB: "Bl - CD : DG. But =Bl, 
hende we ſhall have CD= DG ; but CD HF, and 
ſo HF=DG; and, conlequently, HG DF, and + 
HG = DF= DE ; and becauſe the Tria ies AHC, 
IHG, are equiangular, it ball be, as AH: IH: : HC 
N:: + HC:2 103 ::EC: ED. That i is, AH the 
Sou of the Legs, - IH the y Dion of the Legs, fall 
be, as EC the Tangent o if the Sum of the Angles 


at "the Haſe, to EID the angent of one oy of ther Differ- 
W. D. 


ence. W. 


PROPOSITION XIV. 


THEOREM. 

In a plane Triangle, the Baſe, the Sum of the Sides, 
the Difference of the Sides, and the Difference 
of the Segments of the Baſe, are proportional. 

LE T DC be the Baſe of the Triangle BCD. About 


the Centre B, with the Radius BC, ler a Cucle be 
deſcribed ; produce DB to G, and trum B let fall BE 


bei- 
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dicular to the Baſe ; then ſhall DG=DB-+-BC 
Sum of the Sides, and DH=Difierence of the Sides; 
and DE, CE, ate the Segments of the Baſe whoſe Dif- 
ference is DF ; — (Gr. Po Prop. 37. EL 3.) 
the Rectangle under DC and to the Rect- 
angle under DG, DH, i hall be (1 16 ehe as 
D: DG:: DH: DF. 


PROPOSITION XV. 
THEOREM. 


The Sum and Difference of any two — 
ing given, 10 find the Quantities tbemſelves. 


FIR HEE te am ho aid to he Bf of he 
Difference, Aggregate equal to the 

of the Quantities ; and if from ane half of the 
um be taken one half of the Difference, the Reſidue 
——— tities. For, let 
there be two Quantities AB, BC aud let there be 
taken AD=BC; then DB will be their ——_ 
and AC their Sum ; hich, bileAted in E, gives AE 
or EC the half Sum ; E or EB the 
ence. Hence, nn half Sum Lum {the 
half Difference: . 
—the half Difference. 


— —— 
& 2.38 0G 


Note, I. — Triengle, if two Angle: be given 
the third Angle is alſo given; becauſe it is their Comple- 
3 ; 
Rf 1d he bn a Right-angled Tri- 

the other acute Angle will be gruen, be- 
A EAMG 


le. 
A. An es Sides of a Right-anghed Triangle b 
given, the other Side ound by the firſt Pr 
ere 7 wr 


V3 Thy 
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The Trigonometrical Solutions of a Right- angled 
Triangle may be as follow. Vid. "ys A. 


The Trigenemetrical Solations of Ollique-engled 
Triangles. Vid. Fig. to Prop. 3 


| Given | Sought | "Make, as 
"| The | The . SE: HA; re . 


145 Sides 8, B: AC. But 
C,] BC and * two A are „ the 
Iſand the AC. [third is alſo given: hence the 


X | (Caſe wherein two and 2 
| AB. ide are given, to the reſt, 
| alls into thi Caſe. 


„ 


Given 


— 


@ 14 
* -- 
* 
* „ _ 
17 „ 


* - 
g . 
2 ' 
r a. , 
wa. . 
7 od 
* 2.2 A Fl 
19407 ? 
* ; A 
* = - 
? P * ! 
. * 
998 4 * } # 
* + 2 1 
-2 
i x? # 
”3 
0 
8 | Th , 


4 
P / 
* F4 -- 
= 
94 
229 — . 
* 
. * . 
= T5 yi 
12 4 
FA = - 34; 
* 
8 
FP? (4 
# 
f 4 
b 
* 


* 


8 


» 
* 
0 
, 
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Angles. 


wen: 


14. Fig. 5. Let the Fer penu- 
cular be drawn from the Vertex 


o the Baſe, and find the Seg- 


eats of the Baſe TIS 14. 
z. make as BC : AC+AB:: 
C—AB : DC—DB. And 

ſo BD, DC, are given from this 

Analogy; and thence the Angles 

ABD, ACD, will be given by 


the Reſolution of Right- angled 


Triangles. 


II OOO 


n 
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Spherical Trigonometry. 
DEFINITIONS. 


I. THE Poles of a Sphere are tuo Points in 
the Superfictes of the Sphere, t that are the 
Extremes of the Avis. 

II. The Pole of à Circle in a Sphere is @ Point in 
the Superficies of the Sphere, from which all 
— Lines that are drawn to the Circumfer- 

e of the Circle are to one anpiher. 

11. great Circle in a Spbere is 1 
Plane paſſes thro” the Centre of the Sphere, and 
whoſe Centre is the ſame with 9 of the 
Sphere. 

IV. A ſpherical Triangle is 4 Fi ure compre- 

bended under the Arcs of three great Circles in 


2 Sphere. 
V. A ſpherical Angle is that which, in the Su- 

fperftcies of the Sphere, is contained under two 
P Hep and this Angle is equal 


K ang the ſaid 
2 2 ＋ 4 * / 


4 1 


PRO. 


The ELEMENTS of, &c. 


PROPOSITION I. 
Great Circles ACB, AFB, mutually biſect each 
| ot 1 


4 » # 4 . 1 1 | 
OR, fince the Circles have the ſatne Centre, 
their common Section ſhall be a Diameter of 
each Circle, and fo will cut them into two 
equal Parts, „ 


Coroll. Hence the Arcs of two great Circles in the 
Superficies of the Sphere, being leſs than Semicir- 
cles, do not comprehend a Space; for they cannot, 
unleis they meet each other in two oppoſite Points; 
that is, unleſs they are Semicircles. 


PROPOSITION II. 


If from the Pole C of any Circle AFB, be drawn 
a Right Line CD to the Centre thereof, the 
ſaid Line will be perpendicular to the Plane of 

that Circle, Vid. Fig. to Prop. 1. 


LET there be drawn any Diameters EF, GH, in 

the Circle AFB; then, becauſe in the Triangles 
CDF, CDE, the Sides CD, DF, are equal to the 
Sides CD, DE, and the Baſe CF equal to the Baſe 
CE (by Def. 2.) ; then (by $ EL. 1.) ſhall the Angle 
CDF=Aangle CDE, and ſo each of them will be a 
Right Angle. After the fame manner we demonſtrate, 
that the Angles CDG, CDH, are Right Angles ; and 
ſo (by 4 EL 11.) CD ſhall be perpendicular to the Plane 
of the Circle AFE. W. W. D. PTY 


Ceroll. 1. A great Circle is diſtant from its Pole by the 
Interval ef a, Quadrant; for, ſince the Angles 
CDG, CDF, are Right Angles, the Meaſures of 
them, viz, the Arcs CG, CF, will be Quadrants. 

2. Great Circles, that paſs thro' the Pole of fome other 
Circle, make Right Angles with it; and, contrari- 
wiſe, if great Circles make Right Angles with ſome 
other Circle, they ſhall pals thro? the Poles of that 
other Circle ; for they muſt neceſſarily paſs chro- 
the Right Line DO. 

ö Uz PR O- 
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PROPOSITION UE 


Fa great Circle ECE be defenibed abunl the 
Pole 7 K. then 1he Arc CF, imtertepted betwetn 


Safe . + is the 2 of the Angle CAF. 
Fig. 0 Fr. i. 


| HE Arcs AC, AF, 14 Prope 2.) are Qua- 

Le <R yy < ven, the Ang — R. E 
e K e 

11.) 6 Arc CF) 

2 Tag equal u the Spittal Angle Cl B, AFB, 

Fre . 


Coroll. x. If the Ares 8 then 
ſhall A be the Pole rs oo? the Eirtle paffinf; thro” t 
Points C. and Fg "for AD w ar Right Anglesto the 

Plane FDC ( 4 K. 11. -* 
2. The W for each of them is 
equal to the Inclination Mate Gneles; l alſo the ad- 


Jotaing Aßgles are equal to two Right OD | 
| PROPOSITION IW. 


"PROPOSITION ng 


427 e if one 
Side, together with the adjacent RS 
Triangh, be equal 


angles of the her Trang, e 


ky PROPOSLTION. VI. BY 
rate weh ge ar 755 
angular. 


+ PROPOSITION: vn. 
1k byes 8 the Aal at the. let are 


as $3 


GE" —— . . 


SPMERICAL:F RIBONOMETRY. 


PROPOSITTON VII. 
And if the Angles at the Baſe be equal, then the 


Ps? five laſt Propoſitions are denjooftrated in 
the ſame manner, as in plane Triangles. 


PRO POSITION IX. 
E 266, gag than the 


FOR the Arc of a Circle isthe ſhorteſt Ways 
berween any two Points in the Superficies of the 


PROPOSITION X. 
A Side of a Spherical Triangle is leſs than 4 
LET AC, AB, the Sides of the Triangle ABC, be 
produced till they meet in D: Then ſhall the 
Arc ACD, which is grace — de 3 
PROPOSITION XI. 


The three Sides of Spherical Triangle are lf 
than a whole Circle. 


DC is 


Fo BD+ 


4054. that is a whole Circle, will be g 
BA+BC+AC, which are the three 


Spherical Triangle ABC 
PROPOSITION xu. 


In any Spherical Triangle ABC, 4 
©, gle A i fubtended by the greater Sur. 
MAEE the Angle BAD=Angle 
ANSBD (& of this) ; and o BDC=DA+ 
and theſe Arcs are greater than AC. Wherefore 
nn that ſubtends the Angle BAC, 1 
than he Side AC, that-ſubtends the Angle B. bam 


than BC (by Prop. 9); 


ater than 
of the 


on each Side BA+AC ; then DBA 


B; then ſhall 
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PROPOSITION: XII. 


In any Spherical Triangle ABC, if the Sum of the 
Legs AB and BC be greater, equal, or leſs, than 
2 Semicircle, then the internal Angle at the 
BAC Hall be greater, equal, or leſs, than : 
external and oppoſite p le BCD; and /o the 
Sum of the Angles A = ACB ſhall alſo be 
greater, equal, or leſs, than two Right Angles. 
FIRST: let AB BCS =Semicircle AD; then ſhall 
BC BD, and the Angles BCD and D equal (35 
8 of this); and therefore the Angle BCD ſhall be= 
e A. 
, let AB ABC be greater than ABD; then 
ſhall BC be greater than ; and fo the Angle D 
(that is, the Angle A, by 12 of this) ſhall be greater 
than the Angle BCD. In like manner we demonſtrate, 
if AB+BC be together leſs than a Semicircle, that 
the Angle A will be leſs than the Angle BCD : And 
becauſe the Angles BCD and BCA are = two Right 
Angles, if the Ang A CY than the Angle BCD, 
then ſhall A and 5 8 than two Right An- 
gles; if the Angle — then ſhall A and BCA 
be equal to two Right Angles ; and if A be leſs than 
BCD, then will A and BCA . 
Angles. W. W. D. 


PROPOSITION XIV. 


In any Spherical Triangle GHD, the Poles of the 
Sides, being joined by great Circles, do conſtitute 
another Triangle XMN, which is the Supple- 
ment of the Triangle GHD; viz. the Sides 
NX, XM, and NM, fhall be Supplements of 
the Arcs that are the Meaſures of the Angles 
D, G, H, to the Semicircles; and the Arcs that 
are the Meaſures of the Angles M, X, N, will 
be the Supplements of the Sides GH, GD, and 
HD, 70 Semuorreles. 
Feat the Poles G, H, D, let the en 


XCAM, TMNO, XK N, be deſcribed; then, 
brands 


SPHERICAL TRIGONOMETRY. 


becauſe G is the Pole of the Circle XC AM, we fall 
have GM Quadrant (Cor. 1. Prop. 2); and tince 
H is the Pole of the Circle IO, then. will HM be 
alſo a Quadrant; and ſo (by Cr. 1. Prop. Z.) M hall 
be the Pole of the Circle GH. Tn like manner, be- 
cauſe D is the Pole of the Circle XBN, and H the Pole 
of the Circle TMN, the Arcs DN, HN, will be Qua- 
drants; and ſo (by Gor. 1. Prop. 3.) N ſhall be the Poic 
of the Circle HD. And becauſe GX, DX, are Qua- 
drants, X will be the Pole of the Circle GD. Theſe 
Things premiſed, 

Becauſe NK —=Quadrant, and Nr ( by 
Cor. 1. Prop. 2.); then will NE XB, that is, NX 
+KB=two Quadrants, or a Semicircte; and fo NX 
is the Supplement of the Arc K, or of the Meaſure of 
the Angle HDG, to a Semicircle. In like manner, be- 
cauſe MC = Quadrant, and XA Quadrant, then will 
MC+ XA, that is, XM+ AC, two Quadrants, or a 
Semicircle; and, conſequently, NM is the Supplement 
of the Arc AC, which is the Meaſure of the Angle 
HGD. Likewiſe, fince MO, NT, are Quadrants, 
we ſhall have MO+NT=OT+NM=Semicircle : 
And therefore NM is the Supplement of the Arc OT, 
or of the Meafure of the Angle GHD to a Semicircle. 
W. W. D. | 

Moreover, becauſe DK, HT, are Quadrams, DE 
+HT,or EF + HD, are e to two Quadrants, cr 
a Semicircle ; therefore K T, or the Meaſure of the 
Angle XNM, in the Supplement of the Side HD to a 
Semicircle. Aſter the ſame manner it is demonſtrated, 
that OC, the Meaſure of the Angle XMN, is the Sup- 
plement of the Side GH ; and BA, the Meaſure of 


the Angle X, is the Supplement of the Side GD. 
W. W. D. 


PROPOSITION XV. 
Equiangular Spherical Triangles are alſo equi- 
tA 
F OR their Supplementals (by 14 of this) are equila- 
teral, and therefore equiangular alſo ; and fo them- 
telves are likewiſe equilateral (by Part 2. Prop. 14.) 
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PROPOSITION XVI. 


le are greater 
than two Right Angles, and leſs lejs than fix. 


OR the three Meaſures of the Ar les G, H, D, to- 
gether with the three Sides of the XNM, 
r 14 of this); but the three 
Sides of the Triangle XNM are lefs than two Semi- 
circles (by 11 72 Wherefore the three Meaſures 
of the Angles G, H, D, are greater than a Semicircle ; 
and ſoche Angles G, H,D, ure greater than wo Right 


de ſecond 4 n i ares — 
in every Spherical . the ext and inter 
. only make fax Right : Where- 


fore the internal Angles are leſs than ſix Ri be Angles 
PROPOSITION XVII. 


on the Peint'R; not being thy Polk of the Cir- 
15 AF FRE, there fall rg RA, RB, RG, 


N Circles to ibe Cir eumference of 


then the greateſt of thoſe Ares is 
=, A, which es thro the Pole C thereof ; 


and the Remainder of it is the leaſt ; and thoſe 

bat are more diſtant from the greateſt are leſs 
than thoſe which are nearer tot, and they make 
an 6b:uſe Angle with the former Circle AFB, on 
the Side next be 208. Vid. Fig. 
ep. u „ 


Ecauſe C is the Pole of the Circle AFB, then ſhall 
' CD, and RS, which is parallet thereto, be pens 
dicular to the Plane AFB. And if SA, SG, SV, 
drawn, then ſhall SA (by 7'E/: 3) be greater nan 3G, 
and SG greater than 887 Whence, in the wt 
angled yen Triangle RSA, RSG; RSV, — — 
have RSq or RAq, greaterithare RSq 
or RC, and: ſo RA; and the 
Arc R. e than the Arc RG. I 


"3 qr or . ſhall be era? * 5 82 


- 4 * * 
232 


The three Angles of a Spherical Triang 
F 


SPHERICAL TRIGONOMETRY. 

RVqz;\and ſo RG be greater than RV, and 
nod ao 
oxy se 
CGA, which is a Right Angle ( Cr. Prop. ge 
and the Angle RVA is greater than the Angle CVA, 
which alle a Right Angle. Therefore the Angles 
RGA, RVA, are obtuſe Angles, 

- PROPOSITION XVII. * 
In Spherical Triangles AGR, AGX, Right-angled 

at A, the Legs containing the Right Angle are 
. of the ſame Afectian with the oppoſite Angles ; 
that is, if the Legs be greater or le than Qua- 

 drants, then, accordingly, will the Angles oppo- 

ite to them be greater or leſs than Right An- 
Files. Vid. Fig. to Prop. . 

Fon be « Quadrant, then will C be the Pole 

Eoin ee 

Range BID Ing 
| » RightAngle (by 17 of ths); and if the Leg AX be 
1 Icfs z Quadrant, the Angle AG ſhall be leſs 
| than a Right Angle, | | WY 


PROPOSITION XIX. 


If two Legs of a Right- angled Spherical Triangle 
be of the ſame Affection (and conſequently the 
Angles ), that is, if they are both leſs, or both 
greater, than a Suadrant, then will the Hypo- 
thenuſe be leſs than @ Quadrant; Vid. Fig. 
to Prop. 1, 3 | 
"ke Trigngle ARV or BEV be F beck Pole of 
the Leg AR ; then will RF be a Quadrant, which 
s greater than RV (by 17 of the). 
PROPOSITION XX. 
if they be of a different Affettion, then Hall the 
Hypothennſs be greater than a Quadrant. 
Vid. Fig. to r 
D R, in the Triangle ARG, the Hypothenuſe RG is 
5 than RF, which is a Quadrant, PRO- 
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PROPOSITION XXI. 


If the Hypatbenuſe be greater than a N 
then the Legs of tbe Ri Right Angle, and ſo the 
Angles oppoſite to them, are of _ a different Af- 
fettion , but if leſſer, of the ſame Aﬀettion. 
Vid. Fig. to Prop. 1. 


T HIS Propoſition, being the Converſe of theformer 


ones, eaſily follows from them. 
PROPOSITION XXII. 
In any Spherical Triangle ABC, if the Angles at 
the Baſe B and C be of the ſame — 
the Perpendicular 2 47 HP's 
and if they be 0 SE e 
Perpendicular falls 2 5 
IN the firſt Caſe, if the P dS hows nee hl 
within, let it fall without the I riangle(as in Fig. 2.); 


then, in the Triangle ABP, the Sie AP is of the ſame 
Affection with the Angle B. And, in like manner, in 
the Triangle ACP, AP is of the ſame Affection with 
the Angle ACP; therefore, ſince ABC and ACP are 
of the lame Affection, the Angles ABC, ACB, ſhall he 
Hyp N Affection; which is contrary to the 
pothe ſis, 
* the ſecond Caſe, if the Perpendicular does not 
fall without, let it fall within (as in Fig. 1.) Then; in 
the Triangle ABP, the Angle B is of the fame Af- 
eden wi with the Leg AP. .So, likewiſe, in the Tri- 
_ ACP, the Angle C is of the ſame Affection with 
and therefore the Angles B and C are of the 
ſame Affection; which is contrary to the Hypotheſis, 


PROPOSITION XXIII. x 


In Spherical Triangles BAC, BHE, Right-angled 
at A 4d H, if the Jane acute Angle B be at 

tte Baſe BA, or BH, then the Sines of the 
Hall be proportional to the Sines 


Hypothennfe 
. of the per penditular Arcs. 
OR the Right Lines CD, EF, being 


perpendi- 
cular to the ſame Plane, are parallel. Alſo, FR, 


DP, 


1a ca ww Yds .& _ n. on 


SPHERICAL TRIGONOMETRY. 


DP, perpendicular to the Radius OB, are likewiſe pa- 
rallel: Wherefore the Flanes of the Triangles EFR, 


CDP, are alſo parallel (by 15 EZ. x3.) Wherefore 
CP, ER, the common Sections of thoſe Planes, with 


the Plane g thro? BE, CO, will be parallel ( 
16 EL 11,) Therefore the Triangles CDP, EFR, 
ſhall be equi > Wherefore CP, the Sine of the 


Hypothenuſe BC, is to CD, the Sine of the perpendi- 
cular Arc CA, as ER, the Sine of the Hypothenuſe 
W. the Sine of the perpendicular Arc EH. 


PROPOSITION XXIV. 


The ſame Things being ſuppoſed, AQ, HK, the 


Sines of the Baſes, are proportional to I A, GH, 
the Tangents of the perpendicular Arcs. 


F OR, aſter the ſame manner as in the laſt Propoſi- 

tion, we demonſtrate, that the Triangles QAT, 

— wh are equiangular ; whenee, QA: AI:: KH. 
_ PROPOSITION xxx. 


In a Spherical Triangle ABC, Right-angled at A, 
as the Caſine of the Angle B, at the Baſe BA, is 


Cofine of the Perpengicular, to the Radius. 


PREPARATION. 

LET the Sides AB, BC, CA, be produced, ſo 

that BE, BF, CI, CH, be Quadrants; and from 
the Poles B and C draw the great Circles EFDG, 
IHG; then will the Angles at E, F, I, H, be Right 
Angles; and fo D is the Pole of BAE (6y Cer. 2. 
Prop. 2. of this), and G the Pole of IFCB; Alfo, AE 
will be = Complement of the Arc BA, and FE the 
Meafure of the Angle B = GD, and DF their Com- 
plement : Alto, BC ſhall be = FI = Meaſure of the 
Angle G, and CF their Complement : Likewiſe, 


CA Hb, and DC their Complement. Theſe 


Things premited, in the Triangles HIC, DCF, Right- 
angied at I and F, and having the ſame acute Angle 
C; fince BA is leſs than a Quadrant, it will be, _ 

= 


to the Sine of the vertical Angle ACB, ſo is the 


| 
| 


The ErnneenTs of 


DF: S,. H:: 8, DC: 8, HC; that is, the Coſine 
of the Angle B is to the Sine of che venical A 
BCA, as the Coſine of CA is to Radius. W. W 


PROPOSITION IXXVL 


mm. S of the Hyporhenuſ+ : : 
R: Cof. of the Perpendicular. 


FE in go —_ Ri 


"PROPOSITION XXVII. 


be Ba T, of the Perpendicular : 
8 1 of the dg! the Bu 


HF ORinthe Tri BAC, BEF, bh -- 
A and E, and 8. 


becauſe AC is leſs than a Quadrant, we have 8, BA: 
S,BE::T,AC: T, EF. W.W.D. 


PROPOSITION XXVIE. 


Caf. of the Vertical Angle : R:: T, of the Per- 
pendicular : T, of the Hypothenuſe. 
1 


N the Triangles GIF, GHD, R 122 Tand 

. 4. 7 the ſame acute — 1 

561: T,HD: Lü 
PROPOSITION XXX. 

8, of the Hypothenuſe : R:: 8, of the Perpendi- 

cular : S, of the Angle at the Baſe. 


N the aforeſaid Triangles we have 8, IF: S, GF:: 
I;zD:5,60. * F 


PRO- 


SPHERICAL TR1G@NOMETRY. 


| PROPOSITION XXX. 
R : Cof. of the Hypothenuſe : 


2 


Arlt cf of tho Angle at the Boſe, 


N the-Tgangles HIC, DFC, Right- 
[ F, and havigg the ſame acute "Argle C, 
is leſs than a Quadrant, we have 8, Tr: SICF :: 7, 


i: T, DF; dar i. R: Gol. BC T. &: Cot. B. 
The laſt ſix Pro 
the ſixteen Caſes of 


Theſe ſixteen Caſes, with their Analogies deduced 
from the laid Propoſitions, are as follow : 


led at I 
cauſe DF 


ons are ſufficient for ſolving all 
t-angled Spherical Friangles. 


7. fe verifead 


35 


BAY 


"BC. |R: Bo Tyr 


It} / id. Pig. % rep. 25520, 27, 40, 
| ofthe ſame Kind with CA. > 


Ca. C: K Te pom 


1 C:Cof B::R: Ce . 


drant. 


ö 


— 
: | 


; | ay T 7 Cor. B, 


— 


R : Col. CA: 


this is ambiguous. - , 


— the ſame Kind with the Ae 
gle B. * 


If BA, AC, be of the ſame Af 
fection, an not Quadrants, then 
BC will be leſs than a Quadrant. 
If they be of a different Affection, 


BC ſhall be N chan a Qu. 


2 


Given 


f 
id 


The ELEMENTS of 


Given |Souzht 
the 
Right 
Angle | | 
[B, | AC. Co BA: R:: Col. BC : Cof.|By Prop. 
BA. CA. If BC be leſs than a Qua-[26, and 
FEY drant, then ſhall BA and CA be 21. 
the fame Affection; if greater, 
5 a different: But BA is given, 
and therefore the Species thereof. 
Wherefore the Species of AC is 
| ilſo given. 
| BA, B. BN NT. CA: T, B, of|By Prop. 
6 CA. the ſame Affection with the op- 
| 'ofite Side CA. 
Ba, B. AC. TS, BA:: T, E: Ll, AC, of 
7 che ſame Kind with B. 
'gAC,B ma it, 5: 5, CA-:K:& Al 
| imbiguous. 
BC, C.] AC. [K: Co. C:: 1, BU: 1, CA. It 
| IC be leſs than a Quadrant, the 
JAngles C and B are of the fame 
9 Affection; if greater, of a diffe- 
; * Therefore, if the Species 
of the Angle B be given, then 
| | will AC be given. | 
AC, CI BU. Ce. C: R:: T, CA: T, BC. 
| And fo, if the Angle C and CA, 
10 be of the ſame Affection, then BC 
| ſhall be lefler than a Quadrant ; 
py ſif of a different, greater. 58 
BC, . ß 
AC. If BC be leſs than a Quadrant, 
then CA and BA, and conſe- 
1 quently the Angles, ſhall be of the 
| Lame > if greater, of a 
different, But the Species of CA 
is given; therefore the Species of 
the Anvle C will be alfo given. 
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| Given | Sought 

beſides 

— 

ight 

E NE 
BT, B. AC. [N, By Prop. 
12 | the ſame Species with B. 29, and 

I 
AC, B.| BC. — By Prop. 


| And fo, if che 
| EE 
be leſs than a ; if 
TD | of a different, ter. 5 
BC, C.] B. ER: Coſ. BC :: T, C: Cot. B. 1 
| nd wa A HAS EN 
rant, the and I. 
ſhall be of the ſame Affection; : 
if greater, of a different. But 
the Species of the Angle C is 
given; therefore the Species 
the Angle B will be given alſo. 


— 
8 
— 
* f. 8 
4 AL . | 
[Sw] 
_— TT , eee ee ee EC 
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Of the Solution of Right-angled Spherical 
Triangles, by the five circular Parts. 


THE Lord Neper the noble Inventor of Loga- 


Tu- * of the Analogies 
by which W argl Le 2 are ſolved, 
foundout two Rules, A oc} by means 


of which, etre als may be ford: For 
fince, in theſe Triangles, beſides the Right 3 
there are three Sides, and two Angles 3 the two Sides 

the Right Angle, and the Complements 
of the H uſe, and the two other Angles, were 


called by Neper, Circular Parts; . N 


ra of the faid Parts, and a thi 
three, which is called the 144 
e Nee 
ed Adjacent Extremes; or is ſeparated fron them, and 
then are called e Extremes: So if Comple- 
ment of the Angle B (Fig. 22 25.) be ſuppoſed 
— Part hes the and the Comple- 
ment of the Hypothenuſe 33 
Parts; but the domplement of the Ang le C, and the 
Side AC, are te Extremes. All the Com- 
ement of the ypothenuſe BC be (i the mid- 
e Part, then the Complements of the Angles B and 
See and the Legs AB, AC, are 
oppoſite Extremes. In like manner, ſu the Leg 
AB the middle Part, the Complement of the Angle B 
and AC are adjacent Extremes; for the Right Angle 
A doth not interrupt the Adjacence, becauſe it is not 
a circular Part. But the Complement of the 
C, and the Complement of the Hypothenuſe BC, are 
oppoſite Extremes to the faid middle Part. Theſe 


Things premiſed, 
RULE I. 


In any Right-angled Spherical Triangle, the Rec- 
angle under the Radius, and the Sine of the 
middle Part, is equal to the Rectangle under 
tbe Tangents of the adjacent Parts. 

4 RULE 


— t5 - 


SPHERICAL TRIGONOMETRY. 


RULE u. 


The Rectangle under the Radius, and the Sine of 
the middle Part, is equal to the Rectangle 
under the Cofines of the oppoſite Parts. 


Each of the Rules have three Caſes : For the mid- 
dle Part wy hack wo Complement of the Angle B, or 
C; or the plement of the Hypothenuſe BC; or 
one of the Legs, AB, AC. 


. IA Cn fe Hugs © bn he 
middle Part ; then ſhall AC, and the Complement of 
the H uſe BC, be adjacent Extremes. By Prop. 
28. the Coſine of the vertical Angle C is to Radius as 
the T tof CA is tothe T of the Hypothe- 
nuſe BC. Then (by Alternation) we ſhall have Coſ. 
C: T, CA:: R: T, BC. But R: T, BC: : Cor. 
BC: R (as has been before ſhewn). Wherefore Coſ. 
C: T, AC:: Cot. BC: R; whence RxCof. C = 
T, AC x Cot. BC. 
And the Complement of the Angle B, and AB, are 
Extremes to the ſame middle Part, the Com- 
ment of the Angle C; and (by Prop. 25.) as the 
Coſine of the „to the Sine of the Angle CDF, 
ſo is the Coſine of DF to Radius. But the Sine of 
CDF = AE = Cof. BA, and Cof. DF =S, EF = 
8, le B. Whence it will be, as Coſ. C: Cof. BA 
::S, B: R. And RxCof. C=Cof. BA x S, B; that 
is, Radius drawn into the Sine of the middle Part, is 
equal to the Rectangle under the Coſines of the op- 
poſite Extremes. 


Caſe 2. Let the Complement of the Hypothenuſe BC 
be the middle Part; then the Complements of the An- 
gles B and C will be t Extremes. In the Tri- 
_— . 27.) it is, asS, CF: R:: T, DF 
T, C. Whence (by Alternation) 8, CF: T, DF : : 
(R:T,C: :)Cot.C: R. But 8, CF = Cof. BC 
and T, DF=Cot. B. Wherefore R x Cof. BC 


Cot. C x Cot. B; that is, Radius drawn into the Sine 
of the middle Part is equal to the Product of the Tan- 


nts of the adjacent extreme Parts. 
* 8 X 3 And 
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And BA, AC, are the oppoſite Extremes to the 
ſaid middle Part, viz. the Complement of BC ; and 
(by Prop. 26.) Cof. BA: Cof. BC :: R: Coſ. AC. 

ore we ſhall have R x Coſ. BC=Cof. BA x 
Cof. AC. 
Caſe 3. Laſtly, let AB be the middle Part; and 


then the Complement of the Angle B, and AC, will 


be adjacent Extremes, and (by Prop. 27.) 8, AB: R:: 
T, CA: T, B. Whence 8, AB: T, CA:: (R: T, 
* EEEEES And fo RxS, AB=T, CA 
Moreover, the Complements of BC, and the An 
C, are oppoſite Extremes to the ſame middle Part AB; 
and in the Triangle GHD (by Prop. 25.) we have Col. 
D: S, DGH : : Coſ. GH: R. But Coſ. D=Cof. 
AE =S, AB, and 8, G=S, IF =S, BC. Alſo, 
Cof. GH=S, HI=S, C. Wherefore it will be, as 
+ 2 And hence R xS, AB= 


BC x | 

And fo, in every Caſe, the Rectangle under the Ra- 
dius, and the Sine of the middle Part, ſhall be equal to 
the Rectangle under the Coſines of the oppoſite Ex- 
tremes, and to the R under the Tangents of the 
adjacent Extremes ; And, conſequently, if the afore- 
ſaid Equations be reſolved into Analogies (by 16 El. 
6.), the unknown Parts may be found by the Rule of 
Proportion. And if that Part ſought be the middle one, 
then ſhall the firſt Term of the Analogy be Radius, 
and the ſecond and third, the T ts or Caſines of 


the extreme Parts. If one of the Extremes be ſought, 


the Analogy muſt begin with the other ; and the Ra- 
dius, and the Sine of the middle Part, muſt be put in 
the middle Places, that fo the Part fought may be in 
the fourth Place, 


N Oblique- Spherical Triangles (Fig. ts Prop. 
31.) BCD, if a perpendicular Arc AC be let fall 


from the Angle C to the Baſe, continued, if need be, 
ſo as to make two Right-angled Spherical Tri 
BAC, DAC; then, by thoſe Right- angled Triangles, 


may moſt of the Caſes of Qblique- angled ones be 
ſolved, 


PRO- 


SPHERICAL TRIGONOMETRY. 


PROPOSITION XXXI. 


The Cofines of the Anples B and D, at the Baſe 
BD, are proportional to the Sines of the ver- 


tical Angles BCA, DCA. 


FSR Col. Angle B:S, BCA: : (Cof. CA:R::) 
Coſ. D:S, A (by 25 of this.) 


PROPOSITION XXXII. 


The Cofines of the Sides BC, DC, are propor- 
tional to the Cofines of the Baſes BA, 54. 


FSR Col. BC: Cof. BA:: Coſ. CA: R: :) Col. 
DC : Coſ. DA (Y 26 of this.) 


PROPOSITION XXXIII. 


The Sines of the Baſes BA, DA, are in à reci- 
procal Proportion of the Tangents of the An- 


gles B and D, at the Baſe BD. 


2 by 27 of ths) 8, BA: R:: T, AC: T, 

le B. And by the fame ieee, R: S, 
DD:: 'T  Equaliey of perturdar Rai —— any it 
| be (by the Equality of io, according to 
r 8, DA :: T, Angle D: T, 


PROPOSITION XXXIV. 


The Tangents of the Sides BC, DC, are in a re- 


* Proportion of the Cofines of the ver- 


tical Angles BCA, DCA. 


BEæauſe, alternating the 28th ion; we 
have BC: : ., CA : . BCA, 


N EEE Ofe: : T, DC: T, CA. 
Wherefore, uality o perturbate roportion 
T, bel. T. DC : Cf CA. 


X 4 P R O- 
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PROPOSITION XXXV. 


T he Sines of the Sides BC, DC, are proportional 
to the Sines of the oppofite Angles D and B. 


Bee EAT of this) S, BC: R:: 8, CA: 
8, of the B; and, by — bak inverting, 
R: S, DC: SD. >, of CA. When, b 


Equality of perarbate Ratio, 5, BC:S,DC::;S,D 


PROPOSITION XXXVI. 


In any Spherical Triangle ABC, the Rectangle CF 
x AE, or FMx AE, contained under the Sines 
of the Legs BC, BA, is to the e of the 
Radius, as IL or LA-—LA the Difference of 
the verſed Sines of the Baſe CA, and the Dif- 

ference of the Legs AM, to GN, to the verſed 
Sine of the Angle B. 


E T a great Circle PN be deſcribed from the Pole 
B; and let BP, BN, be Quadrants ; and then PN 
is the Meaſure of the Angle B; alſo, deſcribe from the 
fame Pole B a leſſer Circle CFM thro' C; the Planes 
of theſe Circles ſhall be perpendicular to the Plane BON 
(by the 24 of this.) And PG, CH, being icu- 
+ - the ſame 1 on the common Sections ON, 
ſuppoſe in G, Again, draw adicular 
to AO; and then the Plane drawn thro CH, HI, ſhall 
be perpendicular to the Plane AQB. Whence Al, 
which is perpendicular to HI, will be ar to 
the Right Line CI (by Def. 4. El.11,); and ſo Al is 
the verſed Sine of the Arc 2 40. and AL the verſed Sine 
of the Arc AM=BM—BA =BC—BA. The Iſolceles 
Triangles CFM, PON, are equiangular, _ MF, 
NO, as alſo CF, PO (by 16 Bl a1 11. ] ar 
Wherefore, if Perpendiculars CH, PG, — drawn to 
the Sides FM. ON, the Triangles will be 82 
ſimilarly, and we ſhall have FM : ON :: MH: GN, 
Alſo, Dk the Triangles AOE, DIH, DLM, 


are equiangular, we ſhall have AE: AO :: 1 MB. 
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But it has been proved, that FM : ON :: MH: 
GN. Wherefore it ſhall be, as AExFM : AOx 
ON: : ILX MH: MH xGN, or ſo is IL 12 
that is, —_ under the Sines of the 
to the „ techs 
ras, ag ebay. bay — mms 7 BC, 
BA, is to the verſed Sine of the Angle B. W. W. D. 


PROPOSITION XXXVII. 


The Difference of the verſed Sines of two Arcs, 

drawn into half the Radius, is equal to the 

le under the Sine of half the Sum, and 
the Sine of balf the Difference, of thoſe Arcs. 


LET there be two Arcs, BE, BF, whoſe Difference 
EF let be biſected in D; then ſhall BD be the half 
Sum, and FD the half Difference of thoſe Arcs. GE 
=IL is the Difference of the verſed Sines of the Arcs 
BE, BF; alſo, FO is the Sine of the half Difference 
of the Arcs, And becauſe the Triangles CDE, FEG, 
are equian „we have DK: GE: : (CD: FE : : 
CD: Whence DK x FE, or DExFO= 
GE: CD=IL x3 CD. W. v. B 


PROPOSITION XXXVIII. 


The — Sine of any Arc, drawn into half the 


Radius, be be Sine o 
one balf 2 > Es V 


T angles CBM, DEB, are equiangular, fince 

Angles at M and E are Righ tAn Gs 
A 1 , 12 : BM, 
: BC. And then will EBK BC BMx BD; and 
EB x43 BC=BM x: BD=BMq. W. W. D. 


PR O- 
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PROPOSITION XXXIX. 


In any Spherical Triangle ABC, whoſe Legs, con- 
taining the Angle B, are BC, AB, and Baſe ſub- 
tending that Angle AC; if the Arc AM be 
taken = Difference of the Legs = BC—AB; 
then ſhall the Rectangle under the Sines of the 
Legs BC, BA, be to the Squgre of the Radius, 


as the Reflan gle, under ihe Sine of the Arc 
AC+AM ACAR 
2 


and the Sine of the Arc 


zs to the Square of the Sine of one half of * 
Angle B. Vid. Fig. to Prop. 36. 


PEcauſe the Rectangle under the Sines of the Legs 
AB, BC, is to the Square of Radius, as IL is to 

„ or as r RxIL to 

drawn into the verſed Sine of the Angle B (by Prop. 5 

of this.) And ſince ACLAM agg KC: under 


2. 37.9 of thi) And all R ebe e 
— is equal to the Square of the 
Sine of one Ice 

Therefore the R 


e B (by Prop. this. 

nc 4 Sines 2 Sen 
to the Square of Radius, ſhall be as the Rectangle 
under the Sines of the Arcs ZEA and , 


Þ ws the fame of Go line of cas hal? the Angle B. 
W. W. D. ng 
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T be twelve Caſes of Oblique-angled Spherical Tri- 
| angles are as follow : 


| Given 'Sought Make, as | 
Angles | Angle K: Col. BC:: T B : Cot. BCA I the on- 
B, D, C. (y Prop. 30. of this) : Alſo Coſ. 
BC. B: 8, DCA: : Coſ. D: 8, DCA n 
(by 31. of this.) Wherefore the Col. 
Sum of the Angles BCA, DCA, &. 
if the Perpendicular falls within 
the Triangle, or the Difference, 
I if it falls without, will be -= 
* BCD. Whether the Perpen- 
dicular falls within, or -without 
the Triangle, may be known 
from the Affection of the Angles 
B and D (by 22 of this) ; which 
Admonition ought to be ed 
in a 2 Re. | 


the 
thus ; 
BC : 
:{ T. B: 
Cot. BCA. 


Angles | Angle K 


A 
in the 
— = (Pro. F Dea 0 An, > Sogn 


ide BC. D (by Prop. 31.) If BCA be the forege- 
leſs than BCD, the Angle D ſhall ., 7% 

be of the ſame Affection with the -l 

. B. If BCA be greater BCA muy 

the Angle BCD, then he > 

A es B and D ſhall be of 4 %. 
Affection, by the Con- 

erſe of Pro. 22. 

K : Col. : T, BC: T, BA 

Sides | Side (/ 28. of this.) And Col. BC : 


8 


BC, BD. JCof. BA:: Coſ. DC: Coſ. DA 
CD, On. of this. ) TheSum or Dif- 
and the ference of BA and DA, accord- 
AngleB. ing as the Perpendicular falls 


within ot without the Triangle, 
s equal to BD; which cannot 
be known, unleſs the Species of 
the Angle D be firſt known. 


Given 


"The | 
we :Cof.DA : Cof. DC ( 


The ELEMENTS of 
Sought 


Make, as 


R: Col. B:: T, BC: T, BA 
(by 28. of this.) And Col. BA: 


nl fon According as 

Da * iſſimilar to 
or to the Angie BDC, oſhall DC 
be leſſer or greater than a Qua- 
drant (by 19, and 20. of this.) 


28. of this.) And T. D: T. N 


BA: 8, DA ( this.) 
S, . DR 33 28) ) 
DC 


I: Col. F:: T, TC: T. BAC 

Prop. 28. of this.) And 8, DA. 
8, BA::T, B: T. D (by 33. of 
this.) According as BD is greater 
or leſſer than BA, the Angle D 
ſhall de fimilar or diffimilar to the 


Angle B (by 22. of this.) 


EST 
KC": Gar BCA: Caf. DCA 
(6 2. 7 The SamorDit 
DCA, according .as the Per- 


pendicular falls within or without 
he Triangle, is equal to the An- 


Coll DCA 
r Al DSA 


DEA 112 1 — 


(that is, if AD be ſila toCA), 
then DC ſhall be leſs than a Qua- 
{drant. If the A DCA and 


B be diffimilar, 
greater than 2 Qua 
follows (fm Pr 


DC ſhall be 
rant, which 


18 19, and 
40. of th) hd 


— — * 


Given 
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I [As tne 


Make, as 
8, CD: 8, B: 8, BC: 8, D; 


„ 5 4 7 the Sincs 
the : the Square 
— : the 2 under 


he Sines of the Arcs AC+AM 


| - 


— the Square of the 
Sine of ; che Angle B (y Pro 39.) 


Side 
GD. 


In the Triangle XNM, the Arc 
— is the omplement of the 


is the Complement of the 
Angle G, and XN the Comple- 
ment of the Angle D: And "the 
Angle X,the Complement of the 
Side GD to a Semicircle. Where- 
ſore, if the Angles be changed 
into 4 — and the Sides into An- 
on. Go Operation will be the 

as in Caſe 11. of this; ſince 
Arcs, and their Complements to 


Semicircles, have the ſame Sines. 


le GHD to a Semicircle. 
xM 
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The following REMARK, by 


SAMUEL Cu Nx. 


THAT this is true but in a particular Caſe, VIZ, 
when two of the Angles of the Tri are Ri 
ones, and two of the Sides Quadrants, may be thus 
monſtrated: For, if poſſible, let ſome Triangle BST, 
Fig. to Prop. 14th, be ſuch, that its Sides RS, ST 
be equal tothe Meaſures of GHD, HGD, GDH, the 
Angles of a Triangle GHD; and, allo, that the Mex 
ſures of RST, STR, TRS, the An Angles of the Triang| 
RST, be ual to GH," GD, HD, the Sides 2 
Friangle GHD; and produce MX, MN, two Sides 
of the ſupplemental Triangle, to Semicircles, and 
will meet ſomewhere, _ and there will be 
conſtructed thereby the Triangle NEX, of which XE 
(the Su t of XM, which, by the 14th Pr was 
the Supplement of the Meaſure of the HGD) is 
equal to the Meaſure itſelf of the ſame Angle HGD: 
And, in like manner, NE, , the Supplement of NM, 
which, by the 14th Prop. was the Supplement of the 
Meaſure If the Angle GHD, 93 
itſelf of the ſame Angle GHD. But the third Side XN 
is not the Meaſure of the third Angle GDH, but its 


Su ng by the 14th Prop. Moreover, of the An- 


gle XN (whoſe Supplement is NXM), the Meaſure, 
the 14th Prop. is equal to GD ; and of the 

E (whoſe Supplement is MNX) the Meaſure, 
the 14th Prop. is equal to HD. But of the third NE 
(which is —_ to NMX) the Meaſure is not equal 
to GH, * its Supplement. 

, Now make N =RT=BE, the Meaſure of the 

Angle * and draw the great Circle EV. And 
fince RS, 'Suppeſition, is equal to the Meaſure of 
the An 9 CHD HD, which is to EN; and fince the 
Meaſure of the Angle SRT i 
to DH, which is alſo equal to the Meaſure of the 
gle XNE; the Angle XNE is r 

en, conſequently, by the 4th Prop. the Tri 


S, ENV, will have the Bases equal to the 


EV; 


DDr FAS 8 


WEI 20 QOWwE0o—JrEp ww 


— 
— 


Sg 
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EV; the Angle T to the Angle NVE; and the An- ' 


eS, IS le NEV. But ST (which is equal to 
EV), b ion, is equal to the Meaſure of the 
Gi to which Meaſure XE is alſo equal 
Therefore EV is equal to XE; and, _ 4 
th Prop Argle eEVX is vent, by 
EX ety oy XV (whoſe 8 
been Cone cron Þ is equal to GD) is equal to the 
Angle T (or NVE), fince * Non, the Mea- 
ſure of this is alſo equal to G erefore the An- 
ge EVX is equal to the Angle EVN, and fo both 
ight ones; and, conſequently, EXV a Right one 
alſo. Therefore, by the ad Car. to the 24 Prop. EV 
and EX are both Quadrants. 

But if EV bea Quadrant, and at 4 
NX, then E, N and its Coroll. is 
NX; and ſo E CG eENV 

ht one. Therefore, if the Sides of a Triangle 
NEV. or its Equal) RST are equal to the Meaſures 
Ls ns Os in Tins le GHD, and the 
Meaſures of the Ang 248 equal to the 
Sides of the latter ; two Sides of fuch a Triangle RST. 
or GHD, muſt be Quadrants, and two Angles of 
each Right ones. 

Therefore, if a Triangle RS T be conſtructed, whoſe 
Sides are equal to the Meaſures of the Angles of another 
Triangle GHD; the Meaſure of the Angles of the 
Triangle RST ſhall not be equal to the Sides of the 
Triangle GHD, unleſs in the one Caſe before-men- 
tioned. Therefore the Meaſures of the Angles of the 
Triangle GHD, uſed as the Sides of a Triangle in the 
11th Caſe, will not give us a Side of GHD, but the 
Meaſure of an Angle of the Triangle RST, unleſs in 
| — - Rats ; which was to be demon- 

ated. 


But to find a Side GD of a Spherical Triangle GHD, 
whoſe Angles are all given, produce MN, that Side of 
the Supplement Triangle, which is equal to the Sup- 
plement of the Meaſure of GHD, the Angle oppoſite 
tothe Side ſought, and MX, either of the other Sides, 


les to 
ole of 


till they meet, as in E. And there, as hath been be- 
fore ſhewn, the Sides EX, EN, of the Triangle EXN, 
SY are 
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GHD, oh Trang GHD, nd fie Ages EXN 
2 the Triangle GHD; and of the Angles EXN, 
NX, of the Triangle EXN, the Meaſures are equal 
to GE, HD. But the Side XN is equal to the Sup- 

it of the Meaſure of the Angle DH. And of 
— e XEN, the Meaſure is equal to the Supple- 
ment of GH. 


Therefore the 80 1 Uri o is thus: 


e adjacent to the 

into its Supplement; and then work with 

2 les as tho” they were Sides; 
and the Reſult will be GD, the Side ſought. 


Fault, as well as the Omiffions here- 
after mentioned, are not pn er == 


_— Harris, Lie 12 
many other Trigonometrieal riters. 
In the Solution of our qth and roth Caſes, they have 
told us, that the Quæſita are ambiguous ; which ſome- 
times, indeed, is true, but ſometimes alſo falſe: There- 
fore, as I conceive it, they ought to have laid down 


Rules, or by Ano > x ang might diſcover when the 
Queſita are ambiguous, and when not. 


This Overſight ma be corrected by the 
Directions; 2 22 


to two Arcs, to one leſs than a Quadrant, and to an- 
other, which is the Supplement of the former to a Se- 
micircle (a true Diſtinction of which of theſe oper Se 
uſed, bei neceſſary to be known, before a proper 
lution — be given to ſuch Problems as theſe are), I 
ſhall beg Leave, for Brevity· ſake, to call the leſſer Arc 
the acute Value, and the greater the obtuſe; whether 
the Sine be of an Angle, or a Side. 


In the tenth Caſe, there are given two Angles, B, 
and D, and BC, à Side oppoſite to one of thoſe 
Angles D, to find DC, the Side oppoſite to the 
other. 


The 


O the acute Value of DC, and alſo to its ob- 
tuſe one, add BC; and if each of theſe Sums are 
greater 


SPHERICAL TRIGONOMETRY. 
| | than a Semicircle, when the Sum of the 


Angles B. D, is EG In two Right Angles ; 
both the Values of DC may be admitted, and then it 
is ambiguous: But when only one of thoſe Sums is 


* Þ than a Semicircle, only one Value of DC 
can be true, viz. the d. Jose; and then it is not 
ambiguous. 


In the ninth Caſe, there are given Iwo Sides BC, 
DC, A oppoſite to DC, one of 


thoſe Sides „ to find D the Angle oppoſite to the 
other. 


12 the acute Value of D, and alſo to its obtuſe 

Value, add B; and if each of theſe Sums is 
of theSidesis E Þ than a Semieircle, both the 
Values of D may be admitted, and conſequently D is 
ambiguous : L is 


S 
Dis true, viz. the} u, one; and then it i not 


Nor are we better uſed in the firſt Caſe; for tho! it 
is determined by the given Angles, whether the Per- 
pendicular falls within or 4 the Triangles; yet, 
in each of thoſe Varieties, the Lee will be ſome- 
times ambiguous, and ſometimes not. 
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Tn the firſt Caſe there are given two Angles B, D, 
and BC, 4 Side oppoſite to D, one of them, to 
find C the third Angle. 


1. Let the Perpendicular fall within; that is, let the 
given. Angles be of the ſame Species. | 


O the acute Value of DCA, and alſo to its obtuſe 

one, add the Angle BCA; and if each of theſe 
Sums is leſs than two Right Angles, then either the 
acute Value of DCA, or its obtute one added to BCA, 
gives a Value of BCD; which, therefore, is ambigu- 
ous. And when only one of theſe Suma is leſs than 
two Right Angles, the acute Value of DCA, addedto 
BCA, gives the only Value of BCD; which then is 
not ambiguous, in both Varieties the Perpendi- 
cular fell within. | 


2. Let the Perpendicular fall without ; that is, let 
— the given Angles be of a different Species. 


WHEN the obtuſe Value of the Angle DCA is 
leſs than the Angle BCA, the BCD may be had 
by ſubtracting either Value of DCA from BCA; and 
then BCD is ambiguous. But when the obtuſe Value 
of DCA is not leſs than BCA, the acute Value of 
DCA, taken from BCA, gives the ſingle Value of 
BCD; which, therefore, is not ambiguous ; tho' in 


both Varieties the Perpendicular fell without. 


In the fifth Caſe we lie under the ſame Misfor- 
tune, where there are given, as in the firſt, 
the Angles B, D, and the Side BC, to find BD 
the Side lying between thoſe given Angles. 


1. When the Perpendicular falls within ; that is, 
when the given Angles are of the ſame Species. 


TO the acute Value of DA, and ſo alſo to its obtuſe 

one, add BA; and if each of theſe Sums is lefs 

than a Semicircle, then either the acute Value of DA, 

or its obtuſe one, added to BA, gives the Value of — q 
b W 
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which thence is ambiguous. And when only one of 
theſe Sums is leſs than a Semicircle, the acute Value 
of DA, added to BA, gives the only Value of BD; 
which then is not ambiguous, tho” in both Varieties 
the Perpendicular fell within. 


2. When the Perpendicular falls without; that is, 
when the given Angles are of different Species. 


WHEN the obtuſe Value of DA is leſs than BA, 
BD will be had by ſubtracting either Value of DA from 
BA; and then BD is ambiguous. But when the ob- 
tuſe Value of DA is not leſs than BA, the acute Value 
of DA, taken from BA, leaves the only Value of BD; 
which, therefore, is not ambiguous, tho” in both Va- 
rietics the Perpendicular fell without. 


In the third, we have the ſame Omiſſion; where 


there are given two Sides BC, CD, and B an 
Ample oppoſite to CD one of them, to find the 
third Side BD. 


FIRST, wemay obſerve, that the Species of DA is 
always known ; for it is of —_— | AﬀeRtion 
PPE Mo hk . leis | 

with the AngleB, when DC is ester] bana Qua- 
drant. And, | 


If -AD be leſs than AB, and alſo the Sum of AD 
and AB leſs than a Semicircle ; then AD, either added 
to, or ſubtracted from AB, will give the Value of BD; 
which, therefore, is ambiguous. 


But if AD be not leſs than AB, or if their Sum be 
not leſs than a Semicircle ;. then their Sum in the for- 
mer, and their Difference in the latter Variety, ſhall 
give one fingle Value of BD; and then it is not 
ambiguous. 
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The ſeventh Caſe much reſembles the third; for 
there are given two Sides BC, CD, and B an 
Angle, 2222 to CD one of them z to find the 

' Angle BCD, Hing between thoſe due Sides. 


N D here we may obſerve, that the Species of the 


Angle DCA is known; foritis of] A diferent 


Kind vic the Angle B, whan DC n pater J than 
a Quadrant. And, 


If DCA be leſs than BCA, and the Sum of 
DCA and BCA leſs than two Right me, 4 then 
DCA, either added to, or ſabtracted from, BCA, will 
give the Angle BCD; which, therefore, is ambiguous. 


If DCA be not leſs than BCA, or the Sum of DCA 
and BCA not leſs than two Right Angles ; then their 
Sum in the former, and their Difference in the latter, 
Variety, ſhall give the ſingle Value of BCD; which, 
then, is not ambiguous. 


N. B. If any one will be at the Trouble to make 2 
double Calculation for the Side DC, or the 
D, as taught in the Remarks on the gth and 10th 
Caſes; they will find the ſeveral Varieties in the iſt, 
3d, 5th, and 7th, to be as here laid down in theſe 
eaſy Rules. 


The Truth of theſe Rules may be eaſily deduced 
from the roth, 13th, 18th, and 22d Prop. of this ; and 
7 8th, and 13th Examples, following Prop. 30. 

1. ; | 


In our third Caſe of oblique plane Triangles, our Au- 
— have added this: 


If AB be leſs than BC, the Angle A is ambiguous ; 
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LOGARITHMS 


- The PREFACE. 


HE Mathematics formerly received conſi- 
derable Advantages ; firſt, by the Intro- 
| duttion of the Indian Characters, and af- 
terwards by the Invention of Decimal Fraftions ; 
yet has it fince reaped, at leaſt, as much from the 
Invention of Logarithms, as from both the other 
two. The Uſe of theſe, every one knows, is of 
the greateſt Extent, and runs through all Parts 
of 5 By their Means it is that Num- 
bers almoſt infinite, and ſuch as are „ im- 
practicable, are managed with Eaſe and Expe- 
dition. By their Aſiſtance the Mariner ſteers his 
Veſſel, the — inveſtigates the Nature of 
the higher Curves, the Aſtronomer determines the 
Faun of the Stars, the Philoſopher accounts for 
Y 3 other 
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of. And ibo it is uſual to have various Nations 


The 1 


other Pheancmena of Nature; and, laſtly, the 
Jurer computes the Iutereſt of bis Money. 


The Subjeft of the following Treatiſe has been 
cultivated 55 Mathematicians of the firſt Rant; 
ſome of whom, taking in the whole Dofrine, bave 
indeed written learnedly, but ſcarctly intelligibly 
to any but Maſters. Others, again, accommodating 
themſelves to the Apprebenſſon of Novices, bave 
ſelefed out ſome of the moſt eaſy and obvious Pro- 
perties of Logarithms, but have left their Nature, 
and more intimate Properties, untouched. My 
Deen therefore in the following Trat? is, to 
ſupply what ſeemed ftill-wanting, viz. to diſco- 
ver and explain the Defirine of Logarithms, to 
thoſe whoſe are not yet got beyond the Etements of 
Algebra and Geometry. 


The wonderful Invention of Logarithms we owe 
to the Lord Neper, who was the firſt that con- 
ſtrudted and publiſhed a Canon thereof, at Edin- 
burgh, in ihe Year 1614. This was very gra- 
cicufly received by all Mathematicians, who were 
immediately ſenſible of the extreme Uſefulneſs there- 


contending for the Glory of any notable Invention, 
yet Neper is univerſally allowed the Inventor of 


* Logarithms, and enjoys the whole Honour thereof 


without any Rival. 


The ſame Lord Neper afterwards invented an- 
other and more commodious Form of Logarithms, 
2 be communicated to Mr. Henry Briggs, 

Profeſſor Geometry at Oxford, who — 
intro as a Sharer in the compleating thereof : . 
But the Lord Neper dying, the whole Buſineſs re- 
maining was devolved upon Mr. Briggs, who 
vid prodigious Application, and an 2 

ex. 
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Dexterity, campaſed a Logarithmic Canon, agree- 
able to * new Form, for the firſt twenty Chi- 
liads of Numbers (or from 1 to 20000), and 
for eleven other Chiliads, viz. from 90000 to 
101000. For all which Numbers be calculated 
the Logarithms to fourteen Places of Figures. 
5 Canon was publiſhed at London in the Year 
1624. 


Adrian Vlacq publiſped again this Canon at 
Gouda in Holland, in the Year 1628, with the 
intermediate Chiliads, before omitted, filled up ac- 
cording to Briggs's Preſcriptions; but theſe T Tales 
are not ſo uſeful as Briggs s, becauſe the Loga- 
rithms are continued but to 10 Places of Figures. 


Mr. Briggs has alſo calculated the Logarithms 
of the Sines and Tangents of every Degree, and 
the Hundredth Parts of Degrees, to 15 Places of 
Figures; and has ſubjoined to them the natural 
Sines, Tangents, and Secants, to 15 Places of Fi- 
gures. The Logarithms of the Sines and Tangents 
are called artificial Sines and Tangents. Theſe 
Tables, together with their Conſtruction and Uſe, 
Were publiſh'd after Briggs's Death, at London, 
in the Year 1633, by Henry Gellibrand, and by 
bim called Trigonometria Britannica. 


Since then, there have been publiſhed, in ſeveral 
Places, compendious Tables, wherein the Sines 
and Tangents, and their Logarithms, conſiſt of but 
ſeven Places of Figures, and wherein are only the 
Logarithms of the Numbers from 1 to 100000, 


which may be ſufficient for moſt Uſes. 


T he beſt Diſpoſition of theſe Tables, in my Opi- 
nion, is that firſt thought of by Nathanael Roe, 
of Suffolk ; z and, with > Alterations for the 

of better 
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better, followed by Sherwin in bis Mathematical 
Tables, publiſhed, at London in 1705 ; wherein 
are the Logarithms from 1 to 101000, conſifting 
of ſeven Places of Figures. To which are ſub- 
joined the Differences, and preportional Parts, by 
means of which, may be found eaſily the Logarithms 
of Numbers to 10000600; obſerving, at the ſame 
Time, that theſe Logarithms confift only of ſeven 
Places of Figures. Here are alſo the Sines, Tan- 
gents, and Secants, with their Logarithm, and Dif- 
ferences for every Degree and Minute of the Qua- 
drant, with ſome other Tables of Uſe in practical 
Mathematics. 


OF 


OF THE 


Nature and Arithmetic 


OF 


LOGARITHMS 
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CHAP IL 


Of the ORIGIN and NATURE of 
LOGARITHM S. 


S in Geometry the Magnitudes of Lines are 
often defined by Numbers ; fo, likewiſe, on 
the other Hand, it is ſometimes expedient to 
expound Numbers by Lines, viz. by afſum- 

ing ſome Line which may repreſent Unity ; the Double 

thereof, the Number 2; the Triple, 3; the one Half, 
the Fraction 2; and ſo on. And thus the Geneſis and 

Properties of ſome certain Numbers are better con- 

ceived, and more clearly conſidered, than can be done 

by abſtract Numbers. | 

Hence, if any Line a* be drawn into itſelf, the Quan- * Fig: 1. 
tity a, produced thereby, is not to be taken as one of 

two Dimenſions, or as a Geometrical Square, whoſe 

Side is the Line a, but as a Line that is a third Pro- 

portional to ſome Line taken for Unity, and the Line 

a. So, likewiſe, if a* be multiplied by a, the Product 

a will not be a Quantity of three Dimenſions, or a 

Geometrical Cube, but a Line that is the fourth Term 

in a Geometrical Progreſſion, whoſe firſt Term is 1, 

and ſecond a; for the Terms 1, 2, 4“, a*, 4, a“, 4“, 

a”, &c. are in the continual Ratio of 1 to a. And 

the Indices affixed to the Terms ſhew the Place or 

Diſtance that every Term is from Unity. For Ex- 


ample, 
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9 
ample, a* is in the fifth Place from Unity, a* in the 
fixth, or ſix Times more diſtant from Unity than a, or 
a*, which immediately follows Unity. 
If, between the Terms 1 and e, there be put a mean 
Proportional, which is * a, the Index of this will be 2; 
for its Diſtance from Unity will be one half of the 


Diftance of a from Unity; and ſo a may be written 
for / a. And if a mean Proportional be put between 
a and 45, the Index thereof will be 12, or 3; for its Diſ- 
tance will be ſeſquialteral ofthe Diſtance ofa from Unity. 
It there be two mean Proportionals put between 1 
and a; the firſt of them is the Cube Root of a, whoſe 
Index muſt be + ; for that Term is Diſtant from Unity 
only by a third Part of the Diſtance of a from Unity; 


and ſo the Cube Root may be expreſſed by a*. Hence 
the Index of Unity is o; for Unity is not diſtant from 
itſelf. * | 
The ſame Series of ities, geometrically pro- 
portional, may be both Ways continued, as wall de- 
ſcending towards the Left Hand, as aſcending towards 
EE. = RY 
the Right; for the Terms —, —, —, —, —, 1, 4, 45, 
EF OE Es 
45, , a*, fc. are all in the ſame Geometrical Pro- 
on. And fince the Diftance of @ from Unity is 
towards the Right Hand, and poſitive or+1, the 
Diftance equal to that on the contrary Side, viz. the 
I 


Diſtance of the Term —, will be negative, or — 1, 


I 
which ſhall be the Index of the Term —, for which 


| a 
may be written & . So likewiſe in the Terms a—*, 
the Index—2 ſhews, that the Term ſtands in the ſecond 
Place from Unity towards the Left Hand, and the Ex- 


I | 
preſſions a—* and — are of the ſame Value, Alſo a= 
4* ö 


* 


* 1 | 8 
is the nen, For theſe negative Indices ſhew, 


that the Terms belonging to them go from Unity the 
cContrary 
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contrary Way to that by which the Terms, whoſe In- 
dices are poſitive, do. Theſe — 7 
If on the Line AN, both Ways i itely extended, 
be taken AC, CE, EG, GI, IL, on the Right Hand; 
and alſo Ar, ITh, &e; on the Left; all equal to one an- 
other; and ii, at the Points N, r, A, C, E, G, I, L, be 
erected to the Right Line AN, the Perpendiculars II, 
ra, AB, CD, EF, GH, IK, LM, which let be conti- 
nually proportional, and repreſent Numbers, whereof 
AB is Unity: The Lines AC, AE, AG, Al, AL,— 
Ar, -A, reſpectively expreſs the Diſtances of the 
Numbers from Unity, or the Place and Order that 
every Number obtains in the Series of Geometrical 
Propottionals, according as it is diſtant from Unity. 
So fince AG is triple of the Right Line AC, the Num- 
ber GH ſhall be in the third Place from Unity, if CD 
be in the firſt: So likewiſe ſhall LM be in the fifth 
Place, fince AL=5AC. If the Extremities of the 
Proportionals, T, a, B, D, F, H, K, M, be joined by 
Right Lines, the Figure M LM will become a Poly- 
— of more or leſs Sides, according as there 
ate more or leſs Terms in the Progreſſion. 
If the Parts AC, CE, EG, GI, IL, be biſected in 
the Points c, e, g, i, l, and there be again raiſed the 
Perpendiculars cd, ef, gb, it, In, which are mean 
Proportionals between AB, CD; CD, EF; EF, GH; 
GH, IK; IK, LM; then there will ariſe a new Se- 
ries of Proportianals, whoſe Terms, beginning from 
that which immediately follows Unity, are double of 
' thoſe in the firſt Series, and the Differences of the 
Terms are become lefs, and approach nearer to a Ra- 
tio of Equality than before. Likewiſe in this new Se- 
ries, the Right Lines AL, AC, expreſs the Diſtances 
of the Terms LM. CD, from Unity; v:z. fince AL is 
ten Times greater than Ac, LM ſhall be the tenth Term 
of the Series from Unity: And becauſe A e is three 
Times greater than Ac, F will be the third Term of the 
Series, if c d be the firſt; and there ſhall be two mean 
Proportionals between AB and /; and between AB 
and LM there will be nine mean Proportionals. 
And if the Extremities of the ſaid Lines, viz. B, d, 
2 fo F, h, 1 1 — ——=— Lines, there 
will be a new gon made, ing of more, but 
7 
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If, again, the Diſtances Ac, C, Ce, E, &e. be ſup. 


poſed to be biſected, and mean Proportionals between 
every two of the Terms be conceived to be put at thoſe 
middle Diftanees ; then there will ariſe another Series 
of Proportionals, containing double the Number of 
Terms from Unity than the former does; but the Dif- 
ference of the Terms will be les; and if the Extre- 
mities of the Terms be joined, the Number of the Sides 
of the Pol will de augmented according to the 
Number of Terms; and the Sides thereof will be leſſer, 
becauſe of the Diminutien of the Diſtances of the 
Terms from each other. Tru | 
Now, in this new Series, the Diftances AL, AC, 
+ Sc, will determine the Orders or Places of the Terms; 
viz. if AL be five Times greater than AC, and CD be 
the fourth Term of the Err thes LM 
will be the twentieth Term from Unity. 
If in this manner mean Proportionals be continu- 
ally placed between two Terms, the Number of 
Terms at haſt will — dobfunder 
of the Sides of the Polygon, as to be greater than any 
| ray bark be infinite; and every Side of the 
olygon ſo leſſened, as to become leſs than any given 
+ Right Line; and conſequently the Polygon will be 
changed into a curve-lined Figure; for any curve-lined 
P whole Sides 
are infinitely ſmall, and infinite in Number, 
A Curve deſcribed after this manner is called Loga- 
-ruthmical; in which, if Numbers be repreſented . 
Right Lines ſtanding at Right Angles to the Axis AN, 
the Portion of the Axis intercepted between any Num- 
ber and Unity ſhews the Place or Order, which that 
Number obtains in the Series of Geometrical Propor- 
tional, diſtant from each other by equal Intervals, 
For Example; if AL be five Times greater than AC, 
and there are a thouſand Terms in continual Propor- 
tion, from Unity to LM; then will there be two hun- 
dred Terms of the fame Series from Unity to CD, or 
CD ſhall be the two hundredth Term of the Series 
from Unity; and let the Number of Terms from AB 
to LM be ſuppoſed what it will, then the Number of 
WW 


* 
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, are proportional ta AB, ra; then the End of the 


Line, or decreaſing in the ſaid manner, de- 
ſcribes the Logarithmical Curve. Far ſince AB: 4 
::4c: Dp:: DC: 74; it ſhall be (by Compaſition 
22 as AB: G:: de: DC:: DC: Fe, and 

on. ub tt: d 

By theſe two Motiona, via. the one equable, and the 
other ionally accelerated or retarded, the Lord 


Neper laid down the Origin of Logarithms, and called 
the Logarithm of the Sine of any Arc, That Number 
which neareft defines a Line that increaſes, while, 
in the mean Time, the Line expreſſing the u Sine pro- 
por tionally decreaſes to that Sine. $45 


It is maniſeft, from this Deſcription.of the Logarith- 
mic Curve, that all Numbers at equal Diſtances are 


continually proportional. It is alſo plain, that if there 


be four Numbers AB, CD, IK, LM, ſuch, that the 
Diſtance between the firſt and ſecond be equal to the 
Dittanace between the third and the fourth: Let the 
Diſtance from the ſecond to the third be what it will, 
theſe Numbers will be proportional. For, becauſe 
the Diſtances AC, IL, are equal, AB ſhall, be to the 
Increment Ds, as IK is to the Increment MT. 
Wherefore (by Compoſition) AB: DC; IK: ML. 
And contrariwiſe, if four Numbers be proportional, 
the Diſtance between the firſt and the ſecond _ 
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be equal to the Diſtance between the third and the 

ti th. 0 +4 1 * N * 

The Diſtance between any two Numbers is called 
the Logarithm of the Ratio of thoſe Numbers, and 
indeed doth not meaſure the Ratio itſelſ, but the Num- 
ber of Terms in won Series of Geometrical Propor- 
tionals pr ing from one Nuinber to another; and 
defines the Number of equal Ratios by the Compoſi- 
tion whereof the Ratios of Numbers are known. - 

I the Diſtance between any two Numbers be dou- 
ble to the Diſtance between two other Numbers, then 
che Ratio of the two former Numbers ſhall be the 
Duplicate of that Ratio of the two latter. For let the 
Diſtance IL between the Numbers IK, LM, be double 
to the Diſtance Ac, between the Numbers AB, cd; 
and fince IL is biſected in I, we have Ac II, IL; 
and the Ratio of IK to I is equal to the Ratio of AB 
tocd; and fo the Ratio of IK to LM, the Duplicate 
of the Ratio of IK to i (by Def. to. EL 5.), ſhall be 
the Duplicate of the Ratio of AB to cd. 

In like manner, if the Diſtance EL be triple of the 
Diſtance AC, then will the Ratio of EF to LM be 
triplicate of the Ratio of AB to CD: For, becauſe 
the Diſtance is triple, there ſhall be three Times more 
Proportionals from EF to LM, than there are Terms 
of the ſame Ratio from AB to CD; and the Ratio of 
EF to LM, as alſo of AB to CD, is compounded of 
the equal intermediate Ratios (by Def. 5. El. 6.) And 
ſo the Ratio of EF to LM, compounded of three Times 
a greater Number of Ratios, ſhall be triplicate of the 
Ratio of AB to CD. So, likewiſe, if the Diſtance 
GL be quadruple of the Diſtance A c, then ſhall the 
W ad adept ads aunt cho of the Ratio of 

to c d. 5 

- The rithm of any Number is the ithm 
of the K 0 Unity 3 Number; 11 the 
Diſtance between Unity and that Number. And ſo 
Logarithms expreſs the Power, Place, or Order, which 
every Number, in a Series of Geometrical Progreſ- 
ſronals, obtains from wy: For Example, if there be 
10000000 proportional Numbers from Unity to the 
Number 10, that is, if the Number 10 be in the 
10290000th Place from Unity; then it will be found 


by 
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by Computation, that in the ſame Series from Unity, 
to 2, there are 30 10300 proportional Terms; that is, 
the Number 2 will ſtand in the 30r0300th Place. In 
like manner, from Unity to 3, there will be found 
4771213 proportional Terms, which Number defines 
the Place of the Number 3. The Numbers 10060000, 


10300, 4771213, ſhall be the Logarithms of the 
umbers 10, 2, and 3 


If the firſt Term of the Series from Unity be called 
3, the. ſecond Term will be y*, the third y*, &c. And 
fince the Number 10 is the 10, ooo, oooth Term of 
the Series, then will y* £22299 9 = 10; alſo y3**0300 


=2; alſo y+77*2*3 = 3; and ſo on. 


Wherefore all Numbers ſhall be ſome Powers of 
that. Number which is the firſt from Unity; and the 


Indices of the Powers are the Logarithms of the 


Numbers. | . 

Since Logarithms are the Diſtances of Numbers 
from Unity, as has been ſhewn, the Logarithm of 
Unity ſhall be o; for Unity is not diſtant from itſelf : 
But the Logari of Fractions ate negative, or de- 
ſcending below nothing ; for they go on the contrary 
Way. And fo if Numbers, — proportionally 
from Unity, have poſitive Logarithms, or ſuch as are 
affected with the Sign +, then Fractions or Numbers, 
in like manner decreaſing, will have negative Loga- 
rithms, or ſuch as are with the Sign —; which 
is true when Logarithms are conſidered as the Diſ- 
tances of Numbers from Unity. Wy 

But if ithms take their Beginning, not from 
an integral Unit, but from an Unit that is in ſome 
— of decimal Fractions; 8 from the 
ration — ̃ 1e2 ractions greater 
than this, will have poſitive Logarithms; and thoſe 
that are leſs, will have negative Logarithms. But 
more ſhall be faid of this hereafter. 

Since in the Numbers continually proportional, 
CD, EF, GH, IK, &c. the Diſtances CE, EG, Gl, 
&c. are equal, the Logarithms AC, AE, AG, AI, 
Sc. of thoſe Numbers ſhall be equidifferent, or the 
Differences of them ſhall be equal: And fo the Lo- 
garithms of proportional Numbers are all in an Arith- 
metical Progreſſion; and from hence proceeds that 
common Delinition of Logarithms, viz. that Loga- 

4 | rithms 
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rithms are Numbers, which, being adjeined to Proper- 


trons, have eguial Differences. | 

In the Of Kia of Logarithms that Neper pub- 
liſhed, the firſt Term of the continual Proportionals 
was placed only (6 far diſtant from Unity, as that Term 
exceeded Unity. For Example, if vn be the firſt Term 
of the Sexjes from Unity AB, the 2 e thereof, or 
the Diſtance An, or By, was, according to him, equal 
to vy, or the Increment of the Number above Unity. 
As ſuppoſe vn be 1,0000001, he placed 0,0000001 
for its ithm An; and from hence, by Computa- 
tion, the Number 10 ſhall be the 23025850" Term 
of the Series; which Number therefore is the Loga- 
rithm of 10 in this Form of Logarithms, and $ 
its Diſtance from Unity in ſuch Parts whereof vy oc 
A is one. | 

But this Poſition is entirely at Pleaſure ; for the Di- 
ſtance of the firft Term may have any given Ratio to 
the Exceſs thereof above Unity ; and por” Jr bar 
various Ratio (which may be — at 72 
that is, between vy and By, the Increment of the 
Term above Unity, and the Diſtance of the ſame from 
Unity, there will be produced different Forms of Lo- 


arithms. 
This firſt Kind of Logarithms was afterwards 
changed by Neper, into another more conyenient one, 
wherein he put the Number 10 not as the 23025850" 
Term of the Series, but the 10000000" ; and in this 
Form of Logarithms, the firſt Increment v y ſhall be to 
the Diſtance By, or An, as Unity, or is to the 
Decimal Fraction 0,4342994, which therefore ex- 
preſſes the Length of the Subtangent AT, Fig. 4. 
After Neper's Death, the excellent Mr. Henry Briggs, 
by great Pains, made and publiſhed Tables of 
rithms according to this Form. Now fince in theſe 
Fables, the Logarithm of 10, or the Diſtance thereof 
from Unity, is 1,9000000, and I, 10, 100, 1000, ioo, 
c. are continual Proportionals, they ſhall be equi- 
diftant. Wherefore the Logarithm of the Number 100 
ſhalt be 2,0000000; of 1000, 3,0000000; and the 
Login of 10000 ſhall be 4,000c000; and fo on. 
ence the Logarithms of all Numbers between 1 
and 10 muſt begin with o, or o mult ſtand in 5 
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Feſt Place to the Left-hand ; for they are leſſer than 
the Logarithm of the Number 10, whoſe Beginning is 
Unity ; and the Logarithms of the Numbers between 
10 and 100 begin with Unity; for they are greater than 
1,0000000, and leſs than 2,5coo000. Alle the Lo- 
garithms between 100 and 1000 begin with 2; for they 
are greater than the Logarichm of 100 which begins 
with 2, and leſs than the Logarithm of 1000 that be- 
gins with 6 In the ſame manner it is demaoftrated, 
that the firſt Figure to the Left-hand of the Logarithms 
between 1000 and 10000 muſt be 3; and the firſt Fi- 
gute to the Left-hand of the ithms between 10000 
and 100000 will be 4; and fo on. 

The firſt Figure of every Logarithm to the Left- 
hand is called the Characteriſtic, or Index, becauſe it 
ſhews the higheſt or moſt remote Place of the Num- 
ber from the Place of Units. For Example, if the 
Index of a Logari:hm be 1, then the higheſt or moſt 
remote Place from Unity of the correſpondent Num- 
ber, to the Left-hand, will be the Place of Tens. If 
the Index be 2, the moſt remote Figure of the corre- 
ſpondent Number ſhall be in the — Plage from 
Unity, that is, it ſhall be in the Place of Hundreds; 
and if the Index of a Logarithm be 3, the laſt Figure 
of the Number anſwering to it, ſhall be in the Place 
of Thouſands, The Logarithms of all Numbers that 
are in decuple or ſubdecuple Progreſſion, only differ in 


their Characteriſtics, or Indices, they being written in 


all other Places with the fame Figures. For Example, 
the Logarithms of the Numbers 17, 170, 1700, 17000, 
are the ſame, unleſs in their Indices; for ſince 1 is to 
17, as 10 to 170, and as 1CO to 1700, and as 1000 to 
170C0; therefore the Diſtances between 1 and 17, be- 
twzen 10 and 170, between 1co and 1700, and be- 
tween looo and 17000, - ſhall be all equal. And fo, 
ſince the Diſtancebetween 1 and 17, or the Logarithm 
of the Number 17 is 1. 2 304489, the Logarithm of the 
Number 170 will be=2.2304489, and the Loga- 
rithm of the Number 1700 ſhall be 3.2 304489, becauſe 
the Logarithm of the Number 100=2.0000000. 
In like manner, fince the Logarithm of the Number 
1000=7J. Logarichm of the Number 


, the 
47000 „ 


| So 
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other Fig 


Diſtance 
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So alſo the Numbers, 6 295-0 4.8. 67,48. 6,748. 


ST. 0,06748, are contit | Proportions in the 
Ratio of 10 to 1; and 


their Diftances from each 674% 3.829171 


other ſhall he equal to the 4.8] 2,8291751 
Diſtance or — of 67,48] 1,8291751 
the Number 10, or equal 6,7 4 8] 08291751 
to 1,0000000. And ſo, 0,6 74 8[—1,8291751 
fince the Logarithm of 0,067 4 8|—2,8291751 
the Number 6748 is 

3-8291751, the 338 of the other Numbers ſhall 
de as in the Ma in; where you may obſerve, that the 


Indices of the laſt two ithms are only negative, 


and the other Figures poſitive; and ſo, when thoſe 
wet be added, the Indices mult be fu 
and contrariwiſe. h 


Of the Arithmetic of Logarithms in whole 
Numbers, or whole Numbers adjoined to 
Decimal Fraftions. Fig. 2. 


Peru, in Mukiplicain, Unity is to the Multi- 

. plier, as the Multiplicand is 40 the Product; the 
between Unity and the Multiplier ſhall be 
equal to the Diſtance between the Multiplicand and 
the Product. If therefore the Number GH be to be 
muhliplied by the Number EF, the Diſtance between 
GH and the Product muſt be equal to the Diftance 
AE, or to the Logarithm of the Multiplier; and fo, 
if GL be.taken equal to AE, the Number LM ſhall be 
the Product; that is, if the of the Multi- 


plicand AG be added to the ihm of the Multi- 
plier AF, the Sum ſhall be the | of the Pro- 


3 the Diviſor is to Unity, as the Divi- 
is to the Quotient; and io the Diſtance between 
— — to the Difence 
ed na the Dividend and the Quotient. - So if LM 
be to be divided by EF, the Diſtance EA thall be 
rene 


DS ORs wo 


S. SNS 282.82 


2 
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and ſo, if LG be taken equal to EA, the Quotient 
will be at G; that is, if Free AL, the Logarichm of 
the Dividend, be taken GL, or AE, the zrithm 
of the Diviſor, there will remain AG, the Logarithm 


of the Quotient. 6 | 
And from hence it appears, that whatſoever Ope- 
rations in common Arithmetic are by mul- 


tiplying or dividing of great Numbers, may be done 
much eaſier, and — expeditiouſly, by the Addition 
or Subtraction of Logarithms. EE 

For Example, Let the Number 7589 be to be mul- 
tiplied by 6757. Now, if the Lo- ERS | 

of thoſe Numbers be Log. 3.8801846 
added rogether, as in the Margin, Log. 3.8297539 
their Sum will be the [ ithm 7.709955 
of the Product, whoſe Index 7 8 5 
ſnews, that there are ſeven Places of Figures, beſides 
Uaity, in the Product; and in ſeeking this 
rithm in Tables, or the neareſt equal to it, I find that 
the Number anſwering thereto, which is leſſer than the 
Product, is 51278000; and the Number greater than 
the Product is 51279000; and if the adjoined Differ- 
ences, and proportional Parts, be taken, the Num- 
bers that muſt be added to the Place of Hundreds and 
Tens in the Product are 87; and that which muſt be 
added in the Place of Unity, will neceſſarily be — 
| ſeven Times 92263; and fo the true Product ſhall be 
51278873. If the Index of the Logarithm had been 
8 or 9, then the Numbers to be added iti the Place of 
Tens or Hundreds could not be had from thoſe Tables 
of Logarithms which conſiſt of but 7 Places of Fi- 
gures, beſides the Characteriſtic; and ſo, in this Caſe, 
the 


Places of Figures, and in the latter to fourteen. 
RULE DIR 

g div y 276, by fi ing the Log. 4.8954004 
Logacit of the Diviſor from the Lag. 2.4440448 


\ 
c 


| 
4 
N 


anſwers z which therefore ſhall be the Quotient 
Becauſe: Unity, any aſſumed Number, the Square 


Vizcquian or Briggian Tables ſhould be uſed; in 
the former of which, the Logarithms are all to ten 


N ke oe ite, 8 24573958 
this Logarithm, the Number 282, 719 


hereof, the Cube; the Biquadrate, Sc. ae all con- 
2 tinua} 
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tinual Proportionals, their Diftances from each other 
ſhall be equal to one anather. And ſo it is manifeſt, 
that the diſtance of the Square from Unity is double 
of the Diſtance of its Root from the ſame : Alſo the 
Diftance of the Cube is triple of the Diſtance of ns 
Root; and the Diſtance of the Biquadrate is quadru- 
2 of the Diſtance of its Root from Unity, c. And 

» if the Logarithm of any Number be doubled, we 


ſhall have the Logarithm of its Square if it be tripled, 


we ſhall have the Logarithm of its Cube; and if it be 
quadrup!ed, the ithm of its Biquadrate. And 
cantrariwiſe, if the Logarithm of any Number be bi- 
ſeed, we ſhall have the Logarithm ot the Square Root 
thereof : Moreover, a thud. Part of the ſaid 
citha will be the ithm of the Cube Root of the 
Number; and a fourth Part, the Logarithm of the B. 
quadrate Root of that Number. | | 
Hence, the Extractions of all Roots ate eaſily per- 
formed, by dividing a ithm into as many Parts 
as there are — wo * Rn So if 
you want the re Root of 5, the Half of 0,6989700 
muſt be taken, and then that Half o, 3494850 will be 
the Logarithm of the Square Root of 5, ot the Lo- 
garithm of . 5, to which the Number 2,2 36068 
nearly anſwers, CIR SE 


CHAP. III. 


Of the Arithmetic of Logarithms, when the 


Numbers are Fractiant. Fig. 3. 


W HEN Fractions are to be worked by Loga- 


' rirhms, it is neceſſaty, for avoiding the Trou- 
ble of adding one Part of a Logarithm, and ſubtract- 
ing the other, that Logarithms do not begin from an 
* Unit, but from ſome Unit that is in the Tenth 
or Hundredth Place of Decimal Fractions: For 


Example, let PO be une and from this 
let — Logarithm begin. Now this Fraction is 
ten Times more diſtant from Unity to the Left-hand, 
than the Number 10 is diſtant therefrom to the Right; 
for there are to proportional Terms in the Ratio, of 
19 to 2, frota Unity to PO. Ani 6,7 AB be Uacy, 


n 


n , 
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the Logarithm thereof, according to this Suppoſition, 
will net be o, but OAZ1to.o000000. Now the 
Diftance of Ten from Unity is 1.oo0co0000, whence 
the Diſtance of the Number 10 from PO will be 
I 1.0000000. Alſo the Diſtance of the Nunibcr 
100 from PO, or its Logarithm, beginning from PO, 
ſhall be x2.0000000; and the Logarithm of 1000, or 
the Diftance from PO, wilt be 1 3.0coocco. And thus, 
the Indices of all Logarithms are augmented by the 
Number 10; and thoſe Fractions whoſe Indices are 
=——F, 01—2, or—3, c. are now made q, B, or 7, Cc. 

But if Logariebms begin from the Place of a Frac- 
tion, whoſe Numetator is Unity, and Denominator 
Unity with 100 Cyphers added to it (which they muſt 
do when Fraftions occur that are leſs than PO), then 
that Fraction will be 100 Times more diftant from 
Unity, than 10 is diſtant from it; and ſo the Loga- 
ruhm of Unity will have 100 for the Index thereof. 
And the Logarithin of any Tens will have rot for the 


Index, that of any Hundreds 102, and ſo on; all the 


Indices being augmented by the Number 100. 

Tue Logarithms of al Fractions that are greater 
than PO (whereat they begin) will be poftrive. And 
ſince the Numbers 10, 1, 1, 12 ee c. are in 
a continual Geometrical Progreſſion, they will be 
equally diſtant from cach other; and accordingly their 
Logarithms will be equidifferent : And fo, when the 


: A of 10 is x1.6000000, and the Logarithm 
of 


nity is 10.0000000 ;z then the arithm of the 
Fraction % will be 9.000c600, and the Logarithm 
of the Fraction 2 will be 8.0c00000 ; and, in like 
manner, the Index of the Logarithm of ue wi 
be 7. Alſo, for the ſame Reaſon, if the Index of the 
ithm of Unity be 100, and of ro be 101, then 
will the Index of the Logarithm of the Fraction r be 
99, and the Index of the Logarithm of 28 will be 98, 
and the Index of the Logarithm of the Faction 
ſhall be 97, c. And theſe Indices ſhew in what Place 
from 'Uryty the fitſt Figure of the Fraction, not be- 
ing a Cypher, muſt be put. For Example, if the Index 
be 4, the Diſtance thereof from the Index of Unity 
(Which is 16), viz. 6, ſhews that the firſt ſignifica- 
tive Figure of the Decimal is in the ſixth Place from 
Unity; and therefore five Cyphers are to be prefixed 


Z 3 thereto 
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thereto towards the Left-band.- So, alfo, if the Index 
of Unity be 1co, and the Index of the Frattian be $0, 
the firt Figure thereof ſhall be in the 20th Place from 
Unity, 19 Cyphers are to-be thereto. 
Now, let it be required to. multiply the Fraction 
GH by the Fraction DC. Becauſe Unity is to the 
Multiplier as the Multiplicand is to the Product; the 
Diftance between Unity and the Multiplier ſhall be 
equal to the Diſtance between. the Multiplicand and 
the Product. Therefore, if there be taken GL=AC, 
the Product TK ſhall be at I. And, accordingly, if 
from OG, the of the Multiplicand, there 
be taken GI or AC, there will remain Ol, the Loga- 
rithm of the Product. But ACZOA—OC,. which 
taken from OG, there will remain OG+OC— 
OA=OIT; that is, if the, ihm of the Multiplier 
and Multiplicand be added. together, and from the 
Sum be taken the Logaritbm of Unity (which is 
always expreſſed by 10 or 100 with Cyphers), the Lo- 
garithm of the Product will be bad. For Example, 
let the Decimal Fraction 0,00734 be to be multiplied 
by the Fraction 0,000876. Set down 1c for the 
Index of the Logarithm of Unity, and then the Lo- 
garizhms of the Fraftions will be as in the Margin; 
12 being 1 together, and the 26869 
ogarithm of Unity being taken away 97, 8656961 
from — Sum, the Remainder is * 96. 9425041 
Logarithm of the Product, whoſe 8082002 
dex 94 ſhews, that the firſt Figure of uo , 
the Product is in the fixth Place from Unity; and fo 
there muſt be five Cyphers prefixed, and then the Pro- 
duct will be o, ocooo6 42984. 
In Diviſion, the Diviſor is to Unity, as the Divi- 
dent is to the Quotient; and ſo the Diſtauce between 
the Diviſor and Unity ſhall be equal to 2 


between. the Dividend and Quotient. fo, if 
the Fraction IK be to be divided by DC, you m 


if the Logarithm of Unity be added to the Logari 
of the Dividend, and from the Sum be taken 
garithm of the Diviſor, there will remain the 
rithm of the Qyotient; ſo if the Number CD be t 
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be divided by IK, you muſt take the Diſtance CS= 
IA, and then ST will be the Quotient, whoſe 
rithm is OA+OC—OL _ Let nn 
=0.00478. - Then add the ithm 
of Unity to the Logarithm of CD; 12 
that is, put 1 or 10 before the Index” 
thereof, and from that ſubtract the Lo- —— 
garithm of the Diviſor, and the Remain- 
der will be the ithm of the Quo- 
tient, whoſe Index 11 ſhews, that the Quotient is be- 
„ IO and 100; and | ſeek the Num- 
the Logarithm, which I find to be 
72.99 If the Logarithm of a Vulgar Fraction, for 

ample 7, be required, the Logaruhm 
of Unity muſt be ade to the Loga- 10.8450980 
rithm of the Numerator 7; or, which o. 9030900 
is all one, you muſt put 10 or 100 be-. — — 
fore the Index thereof, and ſubduct from 9. 9420080 
it the Logarithm of the Denominator 
8; and there \ remain the Lugarithm of the Vul- 
gar Fraction 7, or the Decimal 875. 

If the Powers of any Fraftion be required, you 
muſt aſſume EC, EG, Gl, IL, each equal to AC; 
and then EF will be the GH the Cube, and 
IK the Biquadrate of the ** DC; for * 
continually proportional from Beſides, AE 
2 AC=s AO—2 OC; 1 OE=OA—AE 
=2 OC—OA; that is, the Logarithm of the 
is the Double of the Logarithm of the Root, lets the 
Logarithm of Unity. In like manner, fince AG= 
3 AC= 3 OA—3 OC, we ſhall have OG=OA— 
AG= 3 OC—2 AZ the the Logarithm of the Cube, 
= triple the Logarithm of the Root, —the Double 
of the richm of Unity. For the fame Reaſon, 
becauſe AL = 4 AC = 4 OA—4 OC, we have Ol 
=4 OC—30A, which is the — — of the Bi- 
quadrate. And, univerfally, "ow hal de Lage 
tion be u, and the Logarithm then 

of the Power = L- OA TOA; chat 1— 
if the Logarithm of a Fraction be multiplied by u, and 
the Product be taken the Logarithm of Unity, 


3295 
79479 


— 
that Fraction will be had. 
. 1 Z 4 For 


f, the Logarithm of the Power u 
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For Example, if it is required to find the 6th Power 


G m of this Frac- 

2 09799» which, Thom 52 ; | 
2.1 

2 ber 4: n+ Led A. 


the 1 of the 6th Power, 
which. the Number ,00000001 N 2 ay For 
the Tndex en Ly Fg 
the fuſt Figure. 
Tf the 8th Power of the Fraftion 5 5 be required, 
multiplying the Logarithm » there will be 
2 For 7 Ho" 17600 ; OE which is ſeven 
imes the lader of the | Logarithm Wers cannot be 
taken Frags 69, unleſs we run _— negative ay pr 
the x of the Logarithm of Uni uppoſed 
100, and then the Index of ys fume? oh of the 
223 will be 9850 No this Logarithm.drawn into 
5, _ 789,591 z and if 700, which ia 7 Times 
ndex of ——— of Unity, be taken from 
75 2 will remain 89.591 7600, the Logarithm 
of the 8th Power of the Fraction , whoſe correſpond- 
ent Number is ,000000000039062. Far ſince the In- 
28 and the — henalhom 100 to 11; 
res dee ure of the Fraction ſhall be in 
the 11th Place from „„ 
ers place before it. 
oots of the Powers of Frafticns he difivnd. 
for — the Square Root of the Fraction EF; be- 
cauſe the Root is a mean Proportional between the 
Fraction and Unity, you muſt biſect AE in C, and 


then CD will be the Square Root of the Fraction EF. 


But Ac = AE = — 


5 and fo the Loga- 


diem of the Root = OA — 4a. And 


if the Cube Root of the Fraftion GH be this 
ſhalf be the firſt of two mean Proportionals 

Unity and GH; and fo, if AG be divided into three 
Parts, the firſt of which is AC, then CD ſhall 


de the Root fought: And becauſe AC =3 AG = 
REED, if ths be taken from OA, ther will 


A eos * 2 
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„coc Leumhe of the Cube 


_ of the Fraftion Gfl. So So, likewiſe, the Biqua 

drate' Root of the Fraction IK wilt be bad, by . 
viding Al into four Parts ; for the Root is the 
firſt of three mean roportionals between Unity 
and the Fraftion; and, conſequently, if AC = 2 
Al, then will CD de the Biquadrate Root oſ the Fraction 


IK. But AC=2: An; and ſo OC = 


OA—AC= =D 


And Ka if the Root of any Power = of the 
Fraction LM be re the Logarithm of the Root 
thereof will be IT, that is, if the 
Number n—1 be prefixed to the Index of the Loga- 
rithm, and the Logarithm thus ted be divided 
by n, the Quotient will give the Logarithm of the 
Root ſought. So if the Cube Root of the Fraction ; or 
.5 be ſought, you muſt place 2=n—t1 (fince the Cube 
Root is required) before the m thereof, and 
there will be had 29.5989700, a third Part of which is 


9,8996 566, which is equal to the Logarithm of the 
Cube Root of the Fraction a; and the Number, 7937, 


* — is the Root ſought. 


CHAP. Iv. 
Of the Rule of Proportion by Logerithms, 


THE Rule of Proportion ſhews how, by dong 
three Numbers given, 2 fourth. P 

them may be ,found ; wiz. if the ſecond and third 
Terms be multiplied by one another ; and the Product 
divideddy the firſt Tem, then will the Quotient be the 
3 ſought. Look al _ 
is much eaſier Logarithms; Loga- 
e fen be n der the Soar of the 
Logarithms of the ſecond and — Foo. 
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ber 3 will be the Logarithm of the fourth, 
r this may be done ſomething eaſier yet, if inſtead 
of the Logarithm of the firſt Term be taken its Com. 
plement Arithmetical, or the Difference of that Lo 
garithm, and the Number 10,0000000,- which is 
done by "_ down the 7 2 1— 
of Logarithm, and the Figure 9; if 
. Co be adde to the Sum 
of the other two Logarithms; and it Unity, which is 
the fuſt Figure to the Left-hand, be taken from the 
Sum, the Remainder will be the ithm of the 
fourth Term ſought ; and fo, by this Way, the Loga- 
rithm of the fourth Term is found by only one Addition 
of three Numbers. The Reafon of this will be manifeſt 
from hence: Let there be three Numbers A, B, C, 
the firſt of which is to be taken from the Sum of the 
ſecond and third. Now this may net only be done 
by the common Way, but, likewiſe, if there be any 
other Number E taken, and from this there be taken 
A, there will remain E--A; and if the Numbers 
B, C, and E—A, be all added together, and from 
their Sum be taken E, there will remain B +C—A. 
So, if the Number 15 be to be taken from 23, 
take the Complement of the Number 15 to 100 85 
which is $5, and add this Number to 23, and 23 
the Sum will be 108, from which 100 being 108 
taken, there remains the Number 8. 
Here follow ſome Tri trical Examples of the 
Rule of Proportion ſolved by Logarithms. 
Let ABC be a Right-lined Triangle, wherein are 
iven the Angle A 36 Degrees 46', the Angle B 98 
grees 32“, and the Side BC 3478; the Side AC is 
required. Say (by Caſe 1. of Plane Trig. ), as the Sine 


of the Angle A is | 
to the Sine of the Arith. Comp. 8, A. 0,2228938 
le B, ſo is BE Log. Sin. B. 9,9951656 
to wo ny be- Log. _ 3+541 73296 
cauſe Loga- g . * 12. 590 
———— F199 
Angle A is the firſt Term of the A „I ſubſtitute 
its Complement Arithmetical for the and add 


the rithm of BC, the Logarithm of 8, B, and 
the ſaid Complement, all three together, and reject 
Unity, 


— 


a, 


as Wim th. 
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Unity, which is in the firſt Place to the Left-hand ; 
and then the Logarithm of the Side AC will be given, 


and the Number anſwering thereto is 5746, 306, equal 


to the Side ſought AC. 

Let there be à Spherical Triangle ABC, in which 
are given all the Sides, viz. BC = $0 Degrees, 
AB=24 Degrees 3, and AC=42 Degrees 8“; the 
Angle B is required. Let BA by: produced to M, ſo 
that BU=BC 3 then will AM, — Difference of the 
Sides BC, BA, be equal to 5 Now 
(by Caſe 11. in oblique-angled Spherical if riangtes) 
fay, As the ReQangle under the Sines of the Legs is 
to the Square of Radius, ſo is the Rectangle under the 

— AC—AM 


Sines of the Arcs *< 8 o the Square 
of the Sine of one half the Angle B. | 
- But  ACEAV = 24, Degrees 2', and 


= 18 j) 6' 3. and becauſe the firſt Term of the 


— 


r is the Rectangle under the Sines of AB, BC, 


and the ſecond Term is the Square of Radius, the Sum 
of the Logarithm Sines of AB, BC, muſt be taken from 
double the Logarithm of Radius, and what remains 


muſt be added to the Sum of the Logarithm 8, of 
AC+AM and OD, which is'the fame as if 


Ne ON 
ln Sines of each of the Arcs AB, BC, 


were ſub- Log. S, BC Comp. Arith. 0. 3010299 


m_ lg Log. 8, AB Comp. Arith. 0.3898364 


Radius; or if Log. S gAC+ = 95098803 
the Comple- 2 
9.423083 


ments Arith- 8. — 
metical of ys = 
theſe Sines 2 Log. 82 Angle B 19.7930549 
be taken,and 
thoſe Complements and the ſaid Sines be all added to- 
„then ſhall the Sum be the cithm of the 
uare of the Sine of half the Angle B. And ſo the 
Half thereof, wiz. the Logazithm 9.8965274, is the 
m Sine of half the Angle B=51 


59 
56”, and the Double of this Angle ſhall be 2 


ces 2” =B, which was ht. 
grees 50 5 7 ſoug CHAP. 
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Of the continual — of propor 
tional Yuantities, and how #0 
garithms, any Term in a Series of Pro- 
| porttonals, 2 increaſing or N 
Fig. 3. 


17 my any where in the Axis of the Logarithmical 
Curve, there be taken any Number of equal Parts 
SV, VV. YQ, Oe. and at the Points 8, V, Y,. 
Q, &c. be raiſed the Perpendiculars ST, VX, YZ, 
Qn, Se. then, from the Nature of the Curve, ſhall all 
theſe Perpendiculara be continua'ly. proportional; and 
therefore, alſo, the continual Increments Xx, Za, He, 
ſhall be proportional 22 dn Wholes. For ſince 8 T: 
VX. VX: LZ: IZ: W ye 
of P reportion} ST : Xr: : VXN: Zz 

and (by Compoldon of Proportion) UX. x:: YZ: 
Zz : QH u-. Hence if Xx be any Part of any 
Right Line ST, then will Za be the ſame Pare of the 
Right Line VX. and alſo Ir the ſame Part of the 
Right Line YZ. For Example, if Xx be the 
Part of ST, then will Zz= i VX, and l= 12 
or, which comes to the ſame, we ſhall have e VX 
STT ST. YZ=VX+2, VX, alſo, Qn = Y 
+ 2. 

Now make, 2s ST is to VX. ſo is Unity AB to 
NR; then ſhall AN=SV; and fo each of the 
Right Lines SV, VV, YQ, Sc. ſhall be equal to 
he Londen of RN; and AV, the Logarithm of 
the Term VX, ſhall be equal to AS+AN=Loga- 
rithm of $T+ arithm of NR. Alſo AY, the 
_—_—_— erm YZ, ſhall be equal to AS-+ 


e 
m erm be equal to 
Logarithaa ST. + 3 


ahm NR. 
Logatithm of the NR 
be. multiplied by a Number, expreſhog the Diſtance 
of any Term from the firſt, and the Product be added 
tu 


by Lo- 


9 
1 
| 
| 
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to the Logarithm of the firſt Term, then will the Lo- 
garithm ot that Term be had: But if a Series of Pro- 
portionals be decreaſing, that is, if the Terms diminiſh 
in a continual Ratio, and Qu be the firſt Term; 
then the Logarithm of any other will be had, by multi- 
plying the Logarithm of the Numper NR, by a Nuni- 
ber that expreſſes the Diitance of its Term from the 
ficſt, and ſubtracting the Product from the | 
of the firſt. And if the faid Product be than 
the Logarithm of the fuſt Term, then the ithms 
muſt begin from a Unit in fome Place of | 
Fractions, as from OP, and then the Logarithm of 
the Number Qn will be OQ. 
Now, let LM repreſent any Money, or Sum af 
Money, put out to Intereſt, ſo that the Intereſt there- 
of be accounted but at the End of every Year, and 
let K & be the Gain or Intereſt thereof at the End of 
9 will IK — the In- 
tereſt. and Principal. And again IK, becoming the 
Principal at the End of the firſt Year, H b, which is 
proportional to IK, or in a conſtant Ratio, will be the 
Gain at the End of the ſecond Year; and fo HG, at 
the End of the ſecond Year, will become the Princi- 
pal; and at the End of the third Year Ff, propor- 
8 — be the Gain. — 1 ſuppoſe 
the Principal to be nugmented e ear Part there 
of, ſo that IK = LM + 5; LM, GH=iK + IK, 
EF = GH + +, GH, and ſo on. And accordingly, 
the Terms LM, IK, GH, EF, Cc. are continual Pro- 
ionals, and it is required to find the Amount of the 
oney at the End of any Number of Years. 
Let LM be a Farthing. Beeauſe LM is to IK as 
Tto 1 4 s or as I to 1,05, as AB is to NR, then 
will NR=1.05, whole Logarithm AN, is 0.0211893, 
or, more accurately, 0.021892991, it is required to 
find the Amount of a Farthing, put out at Compound 
Intereſt, at the End of Ho Years. Multiply AN by 
bo, and the Product will be 12.7 135794» and to this 
Product add the ithm of the Fraction , vis. 
97.0177288 (for a Farthing is 45, Part of 2 Found), 
and. the Sum 109.7 313082 ſhall be the itbm ot 


the Number ſought; and fince the Index 109 exceeds 
the Index of Unity by 9, there ſhall be nine Places 
of Figures above Unity in the correſpondent Num- 


ber ; 
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ber; and that Number, being fought in the Tables, 
will be found greater than 5386500000, and lefs than 

386600000. And therefore a Farthing put out, at 

ntereſt upon Intereſt, at 5 per Cent. per Annum, at the 
End of 600 Years will amount to above 538650c000 
Pounds; 'which Sum could hardly be made up, by all 
the Gold and Silver that has been dug 6ut of the Bow- 
els of the Earth, from the Beginning of the World to 
this Time.” 5 

Let Qn expound any Sum of Money due to ſome 
Perſon at the End of a full Year. Now it is certain, 
that if the Debtor ſhould pay down, at preſent, the 
whole Sum of Money, he would loſe the yearly Uſury 
or Interefi that his Money would gain him; and fo a 
leſſer Sum, being put out to Intereſt, will, at the End 
of one Year, together with the Intereſt thereof, be equal! 
to the Sum of Money Qn. Now this preſent Sum of 
Money, which,together with the Intereſt thereof, is equal 
to the Sum of Money Qn, is called the preſent Worth 
of the Money Qn. Let AN be the Logarithm of the 
Ratio which the Principal has to the Sum of the Princi- 
pal and Intereſt, that is, if the Principal be twenty Times 
the yearly Intereſt, let AN be the Logarithm of the 
Number 1 + or 1.05, and take QY equal to AN; 
then will AY be the Logarithm of the preſent Worth 
of the Money Qn. For it is manifeſt, that the Mo- 
ney VZ put out to Intereſt, will, at the End of one 
Year, amount to the Money Qn; and fo, to have the 
Logarithm of the preſent Worth thereof, or YZ, 
the Logarithm AN muft be taken from the Loga- ' ; 
rithm AQ, and there will remain the Logarithm AY | 
of the pretent Worth, or YZ. But if the Sum Qn 
be not due till the End of two Years, then the Loga- 
rithm 2 AN muſt be ſubtracted from the Logarithm 
AQ, and there will remain AV, the Logarithm of 
the preſent Worth, or of the Sum that 12 
at preſent for the Money Qn due at the of 
two Years. For it is manifeſt, that the Money VX 
being put out to Intereſt, will, at the End of two 
Years, amount to the Sum of Money Qn. By the © 
ſame Reaſon, if the Sum Qu be not due the 
End of three Years, the Logarithm 3AN muſt be ſub- 
tracted from the Logarithm of Qn, and the Remainder ' 
- AS fhall be the Logarithm of the Number * 
a 


C 
- 
4 
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ST ſhall be the preſent Worth of the Sum Qn due 
at the three Years End. And univerſally, if the Lo- 
garithm AN be multiplied by tha Number of Years, 
at the End of which the Sum Qu is due, and the 
Number produced be taken from the Logarithm AQ , 
then will the Logarithm of the preſent Worth of the 
Sum Qn be had. And from hence it is manifeſt, if 

386500000 Pounds be due to ſome Society at the 

nd of 600 Years, then would the preſent Worth of 
that vaſt Sum of Money be ſcarcely a Farthing. 

If the proportional Right Lines HG, EF, CD, 
Fig. 4. are Ordinates to the Axis of the ithmical 
Curve, and if their Ends FH, DB, be joined by Right 
Lines, which, produced, meet the Axis in the Points 
P and K, then the Right Lines GP, AK, will be always 
equal. For ſince GH: EF :: AB: CD; it will be, as 
GH: Fs:: AB: DR. But becauſe of the equiangular 
Tri PGH, H; F, as alſo KAB, BRD, we have 
PG: H:: (GH: Fs:: AB: DR: :) KA: BR. 
And ſince the Conſequents H s, BR, are the An- 
tecedents PG, KA, be alſo equal. W. W. D. 

If the Right Lines CD, EF, equally accede to AB, 
GH, ſo that the Point D at laſt coincide with B, 
and the Point F with H, then the Right Lines DBR. 
FHP, which did cut the Curve before, will be changed 
into the Tangents BT, HV. And the Right Lines 
AT, GV, will be always equal to each other; that 
is, the Portion of the Axis AT, or GV, intercepted 
detween the Ordinate and the Tangent, which is called 
the Subtangent, will every- where be of a conſtant 
and given Length. And this is one of the chief Pro- 

ies of the ithmical Curve ; for the different 
— or Forms of thoſe Curves are determined by 
the Su ents. | 

The ithms, or the Diſtances from Unity of 
the ſame Number, in two Logarithmical Curves of 
different Species, will be proportional to the Subtan- 

tx of their Curves. For let HBD, SNY, Fig. 4, 5. 
2. whoſe Subtangents are AT, MX, and let 
AB = MN = Unity; alſo, DC = QY ; then ſhall 
AC, the Logarithm of the Number CD, in the Loga- 
cithmical Curve HD, be to 
the Number QY (or of the ſaid CD), in the Curve 
SY, as the ent AT is to the — 


the Logarithm of 
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MX. For let there be ſuppoſed an infinite Number 
of mean Proportional Terms between AB, CD, or 
MN, QY, in the Ratio of AB to a6, or MN to 
mn; and fince AB = MN, then will ab = u, as 
alſo bc = no, And becauſe the Number of propor- 
tional Terms in each Figure are equal, they do divide 
the Lines AC, MQ, into equal Numbers of Parts, 
the firſt of which are Aa, M m, and fo the ſaid Parts 
ſhall be proportional to their W holes ; that is, it will be 
as Aa: Mm:: AC: MQ. And becauſe the Tri- 


angles TAB, BI, are ſimilar (for the Part of the 


Curve Bb nearly coincides with the Portion of the 
| XMN, Non, we 
have Aa, or Bc: bc:: TA: AB. | 
— — as 8 be: NN wn 
here ion) it wi 6 
Ne TA :: As: M:: AC: MQ which 
was to be demonfirated. If AT be called a, fince 


AB: AT:: bc: Bc, then will Bo = rr 


Hence, if the Logarithm of a Number extremely 
near Unity, or but a ſmall matter exceeding it, be 
wen, then will the Su nt of the thmical 
be had. For the Exceſs bc is to the Logarithm 
Be, as Unity AB is to the Subtangent AT. even 
if there are any two Numbers neatly equal, their Dif- 
ference ſhall be to the Difference of the Logarithms, 
as one of the Numbers is to the Subtangent. For 
Example, if the Increment bc be ,c0000 o0009- 
00001 02255 31945 60259, and Bc or Aa the Loga- 
rithm of the Num ab be ,00000 00000 00000= 
44408 92098 50062. Now if a fourth Proportional 


be found to the faid two Numbers and Unity, viz. 


4342944819903251, this Number will give the Length 
ot the Subtangent AT, which is the Subtangent of 
the Curve expreffing Briggs's Logarithms. 
If a Sum of Money be put out to Intereſt on this 
Condition, that a proportional Part of the yearly Rate 
of Intereſt thereof be accounted every Moment of 
Time, wz. ſo that at the End of the fuſt Moment 
2 Time, or indefinitely ſmall Particle of a Year, the 
ntereſt gotten thereby rtional to that Time; 
which being added to the Principal again begets In- 
tereſt at the End of the ſecond Moment of Two 
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and then the Principal and this Intereſt become a 
Principal, and ſo on; it is required to find the Amount 
of that Sum at the Year's End, Let @ be nearly the 
Intereſt of Unity, or of one Pound. Then, if one 
whole Year, or 1, gives the Intereſt a, the indefinitel 
ſmall Particle of a Year M m will give the 


the Points Na, whoſe Axis is OMQ. 
Then, in this Curve, if the Portion of the Axis M 
expreſſes the Time, the Ordinate QY will repreſent 
the Money jonally increaſing every Moment, 
to that Time. For if there be taken , &c. = M, 
the Ordinates /p, &c. ſhall be a Series of continual 
Proportionals in the Ratio of MN to nn; that is, 
increaſe in the ſame Ratio as the Money doth. 
in, Let the Right Line NX touch the Loga- 
rithmical Cutve in N, and the Subtangent thereof 
MX ſhall be conftant and invariable, and the ſmall 
Triangle N o ſhall be ſimilar to the Triangle XMN. 
But it has been proved, that the Increment = o = Mm 
Xa=No xa; andſono:No::Noxa:No::a: 
1. But as 1 is to Na, fo ſhall MN be to MX. 
Wherefore it ſhall be, as à is to 1, fo is MN, or 1, 
to MX = = = Subtangent. 


Now if the yearly Rate of Intereſt be , Part of the 
Principal, or if a = 2 = .05, then will MX X 
= 26 

Becauſe in different Forms of Logarithms, the 

arithms of the ſame Number are proportional to 

the Subtangents of their Curves : If MQ expreſſes 
the Time of à whole Year, or Unity, then ſhall Q 
be the Amount of the Money at the Year's End. And 
to find QF, fay, As MX, or 20, is to 0.4342944 
which Number expounds the Subtangent of the 
eat Carve expreſſing Breges's Logarithms), 
ſo is one Year, or Unity, to a Briggian Logarithm, 
anſwering-to the Number QM. This Logarithm will 
be found 0:0217147; and the Number anſwering to 
the fame'is 1.05127 = QY, whioſe Increment'above 
A. „„ 
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Unity, or the Principal, exceeds the yearly Intereſt 
„05 but a ſmall Matter. And fo i the yearly In- 
tereſt of 100 Pounds be 5 Pounds, the pr 
yearly Intereſt, which is added to the Principal 100 
at the End of each Particle of the Year, will amount 
c 2 Shillings and 62 

ence. 

And if ſuch a Rate of Iutereſt be required, that 
every Moment a Part of it continually proportional 
ro the increafing Principal be added to the Principal, 
ſo that at the Year's End an Increment be produced 
that ſhall be any given Part of the Principal; for 
Example, the % Part; ſay, As the Logarithm of the 
Number 1.05 is to 1; that is, as 0.0211893 is to 1; 
ſo is the Subtangent 0,4342944 to 5 = 20.49, and 

I 


then will a = —— = .0488. For if ſuch a Part of 


20. 
the Rate of Intereſt 0488 be ſuppoſed, as anſwers to 
a Moment, that is, having the ſame Ratio to .0488 as 
a Moment has to a Year, and it be made, as Unity is 
to that Part of the Rate of Intereſt, fo is the Principal 
to the momentaneous Increment thereof ; then will 
the Money, continually increafing in that Manner, be 
augmented, at the Year's End, the ,*, Part thereof. 


CHAP. VI. 


Of the Method by which Mr. Briggs com- 
puted his Logarithms, and the Demon- 
ftration thereof. 


Lthough Mr. Briggs has no-where deſcribed 


the Logarithmical Curve, yet it is very certain, 
that, from the Uſe and Contemplation thereof, the 
Manner and Reaſon of his Calculations will appear. 
In any Logxithmical Curve HBD, let there be three 
Ordinates AB, ab, gs, nearly equal to one another; 
that is, let their Di have a very ſmall Ratio 
w_ hy 8 then the Differences of 
hei ithms wi roportional to the Differ- 
— 2 or ſince the Ordinates are 
nearly equal to one another, they will be very nigh 
to 


- 
2 


be 
* 
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to each other; and fo the Part of the Curve B s, in- 
tercepted by them, will almoſt coincide with a ftrait 
Line; for it is certain, that the Ordinates may be ſo 
near to each other, that the Difference between the 
Part of the Curve, and the Right Line ſubtending it, 
may have to that Subtenſe a Ratio leſs than any 
given Ratio. Therefore the Triangles Be, Br s, 
may be taken for Right-lined, and will be equiangu- 
lar. Wherefore, as sr : bc: Br: BS: : Ag: Aa; 
that is, the Exceſſes of the Ordinates, or Lines above 
the leaſt, ſhall be proportional to the Differences of 
their Logarithms. And from hence appears the Rea- 
ſon of the Correction of Numbers and Logarithms 
by Differences and proportional Parts. But if AB 
be Unity, the Logarithms of Numbers ſhall be pra- 
portional to the Differences of the Numbers. 
If a mean Proportional be found between 1 and 10, 
or, which is the ſame Thing, if the Square Root of 10 
be extracted, this Root or Number wili be in the mid- 
dle Place between Unity and the Number 10, and the 
Logarithm thereof ſhall be ; of the Logarithm of 10, 
and fo will be given. If, again, between the Number 
before found, and Unity, there be found a mean Pro- 
portional, which may be done by extracting the Square 
Root of the ſaid Number, this Number, or Root, will 
be twice nearer to Unity than the former, and its Lo- 
gatithm will be one Half of the Logacithm of that, or 
one Fourth of the Logarithm of 10. And if in this 
manner the Square Root be continually extracted, and 
the Logarithms biſected, you will at laſt get a Num- 
ber, whoſe Diſtance from Unity ſhall be lefs than the 
TSETEBESSEESE STS Part of the Logarithm of 10. And 
after Mr. Briggs had made 54 Extractions of the Square 
Root, he found the Number 1.00000 000009 00000- 
12781 91493 20032 3442; and its Logarithm was 
o. ©0000 GOOCO ©G000 05551 11512 31257 82702. 
Suppoſe this Logarithm to be equal to A g, or Br, and 
let 9s be the Number found by extracting the Square 
Root ; then will the Exceſs of this Number above 
Unity, viz. r 5 = ,00000 00009 ©0000 12781 91493- 
20032 3442. | 
Now, by means of theſe Numbers, the Logarithms 
of all other Numbers may be found in the following 
manner : Between the given Number (whoſe Loga- 
Aa 2 rithm 
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rithm is to be found) and Unity, us fÞ many mend 
Propartionals ce" warty hey wm 

ten ſo little exceeding Unity, that there be 15 a 
next after it, and a like Number of fignificati 

after thoſe. Let this Number be ab, ber he 
ficative Figures, with the C prefixed before them, 
denote the Difference qc. Then ſay, As the Differ- 
er 

to Be, or Aa, the the 

ber ab; which therefore is given. And if this Lo- 
ihm be continually doubled, the ſame Number of 
ns << che wes Baie of Rn Bames Rack 


you will at laſt have the Logarithm of the Number 
of 


fought. Alſo, b OT 
OT UN 
221 Br : 1 Dans: AT, the Su which 
therefore will be found to be 0.4 290 — 
by which may be found the ithms of other 
bers; to wit, if any Number M be given afterwards 
as alſo its Logarithm, and the of another 
Number, ſufficiently near to NM, be fought, ſay, As 
NM is to the Subtangent XM, fo is xo, the Diſtance 
of the Numbers, to Na, the Diſtance of the Loga- 
rithms. Now, if NM be Unity = AB, the Loga- 
—_—— the ſmall Differences 


be by the conſtant 

WG y this Way may be found the Logarithms n 
75 nn of 4, 8, 16, 32, 

64, Sc. 9, 27, 81, „ 7, 49, 343» 

Sc. And if from the ithm of 10 be taken the 

Logarithm of 2, there will remain the ithm of 

$5 TT 25, 125, 
Fe of Numbers compounded of the 


— viz. ©, 12, 14, 15, 18, 20, 21, 
1 &c. n the Lo- 


great en, Sir oe Newton, Mercator, Gregory, 
and, Dr. _—_ have publiſhed infinite 


8 
Fr 
T: 
ay 
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Numbers to any Number of Places may be had more 
expeditiouſly, and truer : Concerning which Series 
Dr. Halley has written a learned Tract, in the Philoſo- 
pbical Tramſactions; wherein he has demonſtrated thoſe 
Series after a new Way, and ſhews how to compute 
the ithms by them. But I think it may be more 
—_— . N + As beg end rm 
found, and expediti » the Logarithms 
r 8 
Let z be an odd Number, whoſe Logarithm is 


be called y. Therefore, alſo, the Logarithm of a 
Number, which is a Geometrical Mean between 
z—1 and z+1, will be given, viz. equal to the 
Half Sum of the Logarithms. Now the Series 


2 x 7 181 13 
2 4% + 2423 * 300 + I5120z7 + 252002? 
Sc. ſhall be equal to the ithm of the Ratio, 
which the Geometrical Mean the Numbers 


2— 1 and 2 1 1 has to the Arithmetical Mean, viz. to 
the Number z. 

If the Number exceeds 1000, the firſt Term of the 
8 for producing the Logarithm to 
13 or 14 Places of Figures, and the ſecond Term 
will give the Logarithm to 20 Places of Figures. 
But, if 2 be greater than 10000, the firſt Term will 
exhibit the Logarithm to 18 Places of Figures ; and 
ſo this Series is of great Uſe in filling up 1 5 
rithms of the Chiliads omitted by Briggs. For Ex- 
ample, it is required to find the Logarithm of 20001. 
The Logarithm of 20000 is the ſame as the Loga- 
rithm of 2 with the Index 4 prefixed to it; and 
the Difference of the Logarithms of 20000 and 
20002 is the ſame as the Difference of the 
Logarithms of the Numbers 10000 and 10001, 
vix. 0.00004 34272 7687. And if this Differ- 


ence be divided by 4z, or 80004, the Quotient — 
A a2 3 ſhall 
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ſhall be - - - - - - ©.@0000 oog 42814 


And if the Logarithm of the 4.30105 17093 02416 
to the Quotient, theSum will 

be the Logarithm of 200017. Wherefore it is mani- 
feſt, that to have the Logarithm to 14 Places of Fi- 
gures, there is no Neceſſity of continuing out the Quo- 
tient beyond fix Places of Figures. But if you have a 
mind to have the Logarithm to 10 Places of Figures 
only, as they are in Yiag's Table, the two firſt Figures 
of the ent are enough. And if the Logarithms 
of the Numbers above 20000 are to be found by this 
Way, the Labour of doing them will moſtly conſiſt in 
ſetting down the Numbers. | 


Nate, This Series is eaſily deduced from that found 
out by Dr. Halley ; and thoſe who have a mind 
to be informed more in this Matter, let them con- 
ſult his above-named Treatiſe. 


THE 


APPENDIX. 


T is needleſs here to write a Prefatory Diſcourſe, 
ſetting forth the Uſe and Invention of Logarithms, 
ſince the Author has ſupplied that, in his Pre- 

face to the Treatiſe of the Nature and Arithmetic 

of Logarithms annexed to theſe Elements: It is 
enough to inform the Reader, that my chief Deſign 
in writing this Appendix was, to render their Con- 
ſtruction eaſy, by inveſting various Theorems for 
that Purpoſe, * illuſtrating them by proper Ex- 
amples; all which is performed in the actual - 
tion of making the Logarithms of the firſt 10 Num- 
bers, and of the prime Number 101, which is more than 
ſufficient to inform the meaneſt Capacity how to exa- 
mine or cunſtruct the whole Table. I have alſo ſhewn 
how, from the Logarithm given, to find its correſpond- 
ing Number ; and the Inveſtigation of the Series omit- 

by the Author in Page 3 N. for expeditiouſly find- 
ing the Logarithms of large Numbers, As to thoſe Se- 
ries exhibited by him in his Trigonometrical Treatiſe, 

Page 287, for making the Sines and Coſines; I muſt 

declare, that I have exceeded my firſt Intentions, which 

were to give their Inveſtigation only; but conſidering, 
that as they depended upon the Newtonian Series with- 
out the Inveſtigation of which our Author's Series could 
never be thoroughly: underſtood ; I thought it would 
therefore prove acceptable, if I ſhewed their Inveſti- 
tions too, from which thoſe of our Author eaſily flow. 

n order to which, and to keep the Reader no longerin 

Suſpenſe, let be put for the Radius XE of the Circle 

ABCD; à for the Arc BE, whoſe th is to be in- 

veſtigated ; and 5 equal to the Sine EG : Then is 


FE Sa, and IF =. 
| Aa 4 Then, 


* 
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A 
E 
/ 


| 
| 
D —_ 


K H G 


C 


Then, the Tri K GE, KHL, are ſimilar, be- 
cauſe LH is parallel to EG; — 1 les ELH, 
FLE, are ſimilar, becauſe the LH, FLE, are 
equal, and the Angles KHL, F PEE, Cate 
Angles ; and the Triangles FLE, FEI, are ar, 
becauſe the Angles F FIE, are both Right 
Angles, and the Angle F is common ; Therefore 
the Triangles FIE and KGE are fimilar, whence 


KG (or re-): KE (or r): el FE (or a); 


rs 
that is, g =—Ja_= 


N 2 a 36 Nd 


De. ee, 20Y DM 
„ I 
355% 
. therefore the Fluent thereof, viz, 


| (+ 2 2 Ter ) 


WY _3:3:5:59 _ 82.2 
2. 2-3 n 3-3-4-5-0.7 4 
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c. will be equal to the Arc of a Circle whoſe Radius 
9 e eee 


3 4 3-3-5-5 
24 1 0 5555 5 will ex- 
EXAMPLE. 


Let it be required to find the Length of the Arc of 
30 Degrees, to 6 Places of Decimals, the Radius be- 


ere 5= n; whence the Operation 
A1. By 


S 5000000 | s 
* = ,1250000 95 = 
W = 312500 45 = 
# = Tas 275 — 
3 = 98 1131 593 
9 = 1 = = 109 
5 '= 1220 1572 21 
Nm. Bs = 

| 5235984 


_— the Length of the Arc of Degrees is 
98+. Now if this Arc be — by 6, we 
af have the Length of the Are of the * Semicircie i in 
ſuch Parts as the Radius is I, or of the whole Circumfer- 
ence in ſuch Parts as the Diameter is E, viz. 3,14159+. 
But there is no Series ſo eaſy to be in the 
Memory, „ for o 
the Ratio of the Diameter of the Circle to its Circum- 
ference, as that which is derived from the Tangent. 
For if f be put to the Tangent of any Arc, then 
t- u- ere, Ter 


Now 
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Now the Radius being Unity the Sine of 30 De- 
=+, and conſequently the Cofine = ; and 
becauſe the Coſine is to the Right Sine, as the Radius 
to the Tangent; it will be 4: t:: 1: , the 
Tangent of 30 o ο = t, whence tt = 5. Wherefore, 
if the Root of + be divided continually by 3, and the 
ſeveral Quotients by the odd Numbers ſucceſſively, 
vix. the firſt by 3, the ſecond by 5, &c. the Sum of the 
athrmative Quotients made leſs by all the negative ones, 
will be the Arc of 30 Degrees. | 
And becauſe the Arc i zo Degrees is 3 Part of the 
Semicircumference, if inſtead of / be taken 64/7 
=+/ 12, we ſhall have the Semicircumſerence in ſuch 
Parts as the Radius is Unity ; or the whole Circumfe- 

rence, the Diameter being Unity. 


The OrRRATIOx ſtands thus 4 


1283, 464102 + 3,4664102 
3) 1,1847010 —, 384900 

5) »384goo( + 76980 
7 128300 — 18329 

9) 427670 + 4752 
11) 142560 — 1296 

13) 4752( + 366 
15) 1584( — nos 

17) 528( + 31 
19) 17⁰⁰ 9 
+ 3.540231 —,404040 


Whence 3,546231 —, 404640 = 3,141591 the fame 
as before. The Impoſſibility of expreſſing the exact 
Proportion of the Diameter of a Circle to its Circum- 
ference, by any reccived Way of Notation, has put the 
moſt celebrated Men, in all Ages, upon approximatin 

the Truth as near as poſſible; there being a Neceſſity — 
a near Quadrature, inaſmuch as it is the Baſis upon which 
the moſt uſeful Branches of the Mathematics are built. 
And after the famous Van Ceulen, who carried it to 36 
Places of Decimals (which he order'd to be engraven on 
his Tomb-ſtone, thinking he had ſet Bounds to far- 
ther 1 the firſt that attempted it with 
Succeſs was the indefatigable Mr. Abraham Sharp, 


who, by a double Computation, viz. from the Sine of 
6 Degrees one Way, and from the Sine and 8 
12 De- 
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12 Degrees another Way, carried it totwice the Num- 

ber of Places that Van Ceulen had done, viz. 72. 

And fince that time Mr. Machin, late Profeſſor of 
A 


Royal Society, by a different Method of Computation, 
has carried it to 100 Places, almoſt triple the Num- 
ber that Yan Ceulen had done, which not only eon- 
firms Mr. Sharp's Quadrature, but ſhews us, that, 
if the Diameter be 1,00000, &c. the Circumference 
will be 3,14159. 26535. 89793. 23846. 26433. 83279. 
50288. 41971. 69399. 37510. 58209. 74944- 59230. 
78164. 06286. 20899. 86280. 34825. 34211. 70680 
+ of the ſame Parts. 

Which is a Degree of Exactneſs far ſurpaſſing all 
Imagination; being, by Eſtimation, more than ſufficient 
to calculate the Number of Grains of Sand that may be 
comprehended within the Sphere of the Fixed Stars. 

The late Mr. Cunn's Series for determining the Pe- 
riphery of an Ellipfis (who was my Predeceſſor in the 
Mathematical School, erected by Frederic Slare, M. D. 
and eſtabliſhned by a Decree of the High Court of 
Chancery for qualifying Boys for the Sea-Service) 
being new and curious, this Opportunity is taken of 
making it public. : 

Let A be equal to a Quadrant of the Circle circum- 
ſeribingthe Ellipſis, whoſePeripheryisrequired. Then Ax 

I. 1. 1.30, 1.3.51 „ 1-3-5-7-5- g__ 
, 22 24. T 2.4. b. 160 2.4.0.8. 128 

I-3-5-7-9-7 „% 1.3 -2.9-11.21 „ ; 
2.4.0.8.10.256 F 2.4-0.8.10.12.1024 n 
the Periphery of a Quadrant of the Ellipſis, where 


2 —— t being the Semi- tranſverſe Diameter, 


and c the Semi · conjugate. 

When this Series came to hand, it was imperfect, in- 
aſmuch as there were only the firſt five Terms without 
the Law of Continuation : But, being defirous of ren- 
dering it compleat, after ſome Conſideration, I found the 
Law to be as follows: It is plain by Inſpection, that 
the Numerators and Deneminators of each Term are 
compos'd of Numbers that run in arithmetical Progreſ- 
Gon, except the laſt in each Term, viz. 2, 3, Nes ris 
Ec. and thoſe being found by the continual Multiplica- 

7 tion 


in Greſham College, and Secretary to the 
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tion of theſe Fractions, I x3Xi x4 x4 x2. x2, Ic. 
the Law of continuing tt "who = $a A is 


ing the whole 
evident. Whence, by a well known Method of ſub- 


ſtituting Capital Letters for each Term reſpetively, the 
follewing Series is deduced, vin. Ax 1— 2 2 B 


: 4-4 
re Co Lp. ELLE F, G.. 
6.6 8.8 10.10 I2.12 


where the Law of Continuation is evident alſo, fince 
each Capital Letter is equal to its precedent Term, 
viz. BS ee, CZ, &c. and without doubt 


4-4 
in Practice is preferable to the former Series: But the 
Inveſtigation of that, on which this laſt depends, is 


I expreſſing the of 
the Arc, wiz. s + 7A , Ce. 2 


fhall have the Value of s in the Terms of a, and con- 
ſequently a direct Method for finding the Sine of any 
Arc from its Length given. Thus, 
Ia=s+3+&5 +3; 57, Cc. 
Thens=a—4 & +; ene , Oc. 
a3 as a? 
Or 124 — — + — — ——y &c. 
2.3 2.3.4.5 2. 3.4.5· 0.7 
For put -=Aa+ BA + Ca, Sc. ? 


Then; 5* = 3 A* AB, Ge. 
And 0 = +#&A5 a5, Se. 
And conſequently A a=a; whence A=r : 

Alſo, BT Alo; or B=(—4; A*=)—z : 
Again C A- B+2:A*=0; or C=—1A* b—3,A5: 


S. 


That is CZ NIX Z- e) i» 
Wherefore A'=1, B=—2z C = l and 


a® 4 
conſequently, 5 = @ — F + — &c. From 


which three Terms the Law of Continuation is 


2-345 23755. 
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Wes ee A for and we hl a 
— + | 

| . 6. - 6. 7.8.9 
E * ——— n — DE 
ors Form, for finding te fy Ar, Leng 


by Square of the Radius, made leſs 


becauſe the 
1 uare of the Sine, is equal to the Square of the 

the ſecond Propoſition of our Author's Ele- 
ments of Plane Tri ; it follows, that if from 
the Square of the adius = I be taken the Square of 
| the Sine =a—4 * T1 45, &c. the Square Root 
of the Remainder will be. the Coſine = 1 — + 4 + 
* ed, Se. Thus, 

nn uy 

— Tres, &c. 
| - 8 — + r, Ec. 
| , &c. 
| | +x35 46, &c. 
| $5 =a* — ere, Sc. which, being 
taken from the Squares of the Radius I, leaves I—aa+ 


1 the Square Root of which will be the 


1 -. e . 


Therefe putting A for we ſhall have the Coſine 
A AS ® A* A. 


+ „Oc. according to 
I.2.3-4.5.6 I.2. .6.7.8 
— Ft 6 


But becauſe _ as our Author obſerves, 
converge very lowly, eſpecially when the Arc is nearly 
4 


equal 
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equal to the Radius ; he therefore deviſed (Page 278.) 
other Series, whoſe Inveſtigation may be as follows : 
Let the Arc, whoſe Sine is ſought, be the Sum or 
Difference of two Arcs, viz. A+z, or A—z; and let 
the Sine of the Arc A be called a, and the Coſine 5. 
Now, if the Arc DF=DE, Prop. 5th of the Ele- 
ments of Trigonometry, be called z, then its Sine FO 


wil!, by the Newtonian Series, be =3— = + 
Wn — „Ec. and its Coſine CO 
1-2-3-4-5 1-2-3-4-5-0:7- . 
rd ans Sc. and be- 
12 244 1-2-3-4-5 5.6 
cauſe CD: DK:: CO: OP; therefore OP =a— 
az* az* 2 az* 
147 1.7% | 3-2-2440: : 
Again, becauſe the Triar 2 FOM, are ſi- 
milar, it will be, as CD: CK :: FO: FM; whence 
1 $ 
FM = — = — + — 3 5 See.. 
1.2.3 1.4.3.5 1.4. 
But oP + FM +TEF, the Sine of Ul 
viz. A+z ; conſequently the Sum of 
os | an bz a2 bzs 


. + 
I 1.2 L233" L226 LAS. 
is the Sine of the Arc A+z. And becauſe FM = 
MG, therefore their Difference 3 — FL... 
ST 


ed of the Ave 
1.2.34 1:2.3-4-5 


A—z, viz. EL. 


And again, becauſe CD: CK :; CO: CP; 


therefore CP = =b—=4+ bet - but 


| 12-34 12-34-56 © 
=> Sc. and by reaſon of the hmilar Tri- 

N 

angles CDK, FMO, it will be, as CD: DK:: FO: 


MO. Whence MO=az — a + — 
1.2.3 11 14343 


2 Se. 


But 
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But CP-MO=CT, the Cofine of the Arc Az. 
Wherefore the Coſine of the Arc A+z is b— 
an a . a a a a 


I 14 1 Iz 1. 2. 3.4 1.2.3-4-5 12377 ˙5 


c. | | 
And becauſe MO = PL, therefore CP + MO= 
CL, and conſequently the Coſine of the Arc A—z = 
ax bz* az? bz* + ar 

I * Wl © © LASS: - 44 
Sc. QE. : e er 
Now the Arc A is an Arithmetical Mean between 
the Arcs A—z and Az, and the Difference of their 

bz az* bz3 az* bz3 


Sines are —— ———+ + Sk 
1 1.2 1.2.3 1.2.34. 1.2. 34.5 
azs bz as. a 421 
5 tf, — + — — — — + 
1.2.3-4-5-0 I 1.2 1.2.3 1.2.3.4 
— c. Whence the Difference of 


LI 1.2. 3.45.0 
the Differences, or ſecond Difference, i — — 


1.2 1.2.3.4 
2 2+ Z 


7142. 4. nn 1. 2. 3.4. 5· 6 


Sc. Which Series is equal to double the Sine of the 
mean Arc, drawn into the verſed Sine of the Arc x, 
and converges very ſoon ; ſo that if z be the Arc of 
the firſt Minute of the Quadrant, our Author ſays the 
firſt Term of the Series gives the ſecond Difference to 15 
Places of Figures, and the ſecond Term to 25 Places. 

Whence the following Rule is derived for finding 
the Sine of the Arc A+z, or A—z. 


RULE. 


From double the Sine of the mean or middle Arc, 
ſubtract the ſecond Difference found by the Theorem, 
and from the Remainder ſubtract the Sine of the given 
Extreme, whether it be the greater or leaft; and the 
Remainder will be the Sine of the other Extreme. 


EXAMPLE. 


Let it be 22 to find the Sine of 305 0; the 
Ines of 30 Oo, aud 29 59 being „ 
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only ; as indeed our Author hints they may by the Me- 
thod demonſtrated in the tenth Propoſition of the Ele- 


ments of Tri 3 but this is evidently prefer- 
able to that, tho? a good Method too; and by which 
all the Sines of the I were wont to 


be made, at leaſt as far as 30, or 60 Degrees; for af- 
ter the Sines as far as 60 Degrees are obtained, all the 
others may be had by Addition only; and notwith- 
ſtanding there are other excellent 'Theorems, which 
contribute very much towards finiſhing and confirm- 
ing the Truth of the whole Canon ; yet this deduced 
from our Author's Series, I deem the moſt elegant and' 
fit for Practice, becauſe the Difference of the Differ- 
ences of the Sines being what is always ired to be 
found, there will be ſeven Cyphers, at before the 
fignificantFigures of the ſaid Difference; which is the 
Product made by the Square of z, into the Sine of the 
mean Arc: So that to have the Sine true to ten Places, 
there will not be occafion to find above four or five 
Figures in the Product, which, according to the com- 
mon Method of contracted Multiplication, may be ob- 
tained with very ſe Figures. Thus, for Inſtance, the 
Sine af 30 02' may be had to ten Places by a wonder- 
ful eaſy Operation; the Sines of 30 O and 30 of 
being both given. E X- 


8 
f 
0 
Is 
te 
tr 
0¹ 
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EXAMPLE. 
The Sine of 30% o is „500281 
The Cquwe of = i0vertes 


* — "OT 


40020 
2001 


300 
10 
— — 


42331 


. true to eleven 
Places at leaft. Wherefore if, according tothe Rule, from 
double the Sine of the middle Arc = 1,00050379086 


we ſubtract the ſaid Product, 00000004233 
And. from the Remainder 1,00050374853 
the Sine of 30 o the given Extreme +50000000009 
be ſubtracted 250050374853 


AY 


There will remain, 50050374853 for the Sine of 30® 
o2' the other Extreme ; than which, nothing of this 
Nutzcs can be defied mane eat. 


SCHOLIUM. 


Becauſe the Difference of the Differences of the 
Sines, or ſecond Difference, has always 7 Cyphers be- 
fore the ſignificant Figures ; it fallows, that the whole 
Canon, where the Sines confift but of 6 Places, which 
is 28 far 25 our Tables for common Practice need ex- 
ed chiefly by Addition and Sub- 
Multiples of the Square 


owever, as it may be 


„and ſometimes . 


36g 
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Thus having inveſtigated the 'Newtonian and our 
Author's Series, and exemplified the latter, by making 
the Sines of 3a%ox! and 30? o, and withal ſhewn 
how, from the Sine of the Arc given, to find the 


of that Are and conſeq the Citcumference of 
the — ; 1 — beg Leave, before I treat of 
the Conſtructionot rithms, to ſhew how, from the 
known Ratio of the Diameter to the Circumnference, 
or any other Ratio whatſoever, that a Set of integral 
Numbers may be found, whoſe Ratios ſhall T — 
nem eſt paiſible to the given; ſor which 
to be excuſed, and the rather, becauſe I believe this 


E never ehe pad 


Ne 
4 


Kb. . 
Divide the Conſequent tby the Antecedent, and the 


Diviſor by the Remainder, and the baſt Diviſor by the 
remains. 


laſt Remainder, and ſo on till nothing 
Then, for the Terms of the firſt Ratio, Unity will 


_ be the Antecedent, and the firſt Quotient the 
firſt Conſequent. 


- — — * 99 


Ferne Tias of the ſecond Karte 


Aas the laſt 1 on nnd the 2d Quotient; 


Ros — fans 6 ſo will the 


e, 


: ren. — 


IT and fo will 


J. 1 


S 27 '2 Lb { aq; 34 


ww.» * þ 


Wear if oat oft. 
| 4 — G © ©» - C 1 
©, , * * , 
- or” * . 
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* 
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g 590181 — 1 2 


EXAMPLE. 


Let is be requied to fad > Rank of Ratios, whoſe 
Terms are integral, and the nedreft poſſible to the fol- 
Ratio, viz. of 10000 to 314 16, Om 
nearly the Proportion of the Diameter of the Circle to 
its Circumference. - 
But becauſe to Trans of hn fafoce not prime 
to each other, they —— grmatarE 
leaſt Terms. | 


Whetee 2229 1259 and then run are 


392 
00m 0602230 by the Remainder, &c. will be as 


N ) 3927 (3 F 
„„ 7 © NO 
1 (. 

ane 7: 1185 „ Ae 
So the fuſt Antecedent is 1, and the rſt Conſequent 3 
Anteced: 1 0 7 + 0=7 the ſecond Antec. 
Hz "tx 1= {12 1 


Which 7 and 22 is Archimedes's Proportion. 


Anteced. 7 112 112 4-1=243 the 34Ant, 
3 — 4 * J! b eee 
Which Terms 113 and 355 is Metius's Proportion. 
E { Antecedent Ke 1243+ 721250 
I | Coaſequent 355 3905 + 2223927 


Produding the fame Antecedent and Conſequent as at 
ficſt ; 3 as it is ever the Property 


= wes, at the fame Time, that no Ecrer has 
deen e 1 Tthry' the whole Operation. s 

n a 5 123 Forthe 
Witte lage 3927 3 7:22 (Term f 
113:355 Jof the (33? 
But it muſt be obſerved, that 1 to 3 does not expreſs the 


Ratio ſo near as 7 to 23 nor 7 to aa ſo near as 113 
B b 2 to 
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. by the Rule, whether they are ſuch integral Numbers, 


Again, 2 * 3 4 22 
Again Af Ii ne Oy ce. 


of the red Light. For that great Philoſopher, 
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«SW - 


to35s; that is, auger te firms of 6s Revs are, 


the nearer they approach the Ratio 
Mr. Mehneux, in his Treatiſe tron ptrics, informs 
us, that when Sir. fas Newton ſet 4 by Exper: 
ments,. om a T7 the I%2 of 
dence, to the refrated Angle, by the "_ of their 


reſpective Sines ; be found it to, be, from Air to Glaſs, 
25 300 to 193, or, inthe leaſt round Numbers, as 14 to. 
Now, if it be as 320 is to 193, it will readily appear, 


whoſe Ratio n the near 333 


193) 300 ( 1 
* ſro (x 
21) 86 ( 4 
2) 21 (10 
5 1) 2 (2 
E 


For, dividing the great Number by the leſs, and 
the lefs bythe Remainder, Sc. the Operation will 
fhew-that the Numbers 193 and 300 are prime to each 


other; und. that the firſt Antecedent is 1, as allo the 


firſt Conſcquent. 


Eee 


Hence, the faunk Antecedent nd Conthgrans make 
the Ratio to be as 9 to 14, or, inverſly, as 14 to g; 
which not only agrees with Mr. Molyneux, but at the 


fame Time diſcovers, that they are nearer to the given 


Ratio, than any other integral Numbers, leſs than 92 


and 143; which 12 all to the given 


— 10, as will appear. by repeating the Eroceſs, ac- 
coin tothe Duccuon ot 3 

Newton hignſels determines Ge Hate wr 

— to be as 17, to H; hut then he 


in His 


4 
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Diſſertations concerning Light and Colours, publiſhed 
in the Philoſophical Trunſakliont, has at large demon- 
ſtrated, as alſo in his Optics, Yhiar the Rays of Light 
are not all homogeneous, or of the ſame Sort, but of 
different Forms and Figures, 


fo that ſome are more re- 
fracted than others, tho? they have the fame or equal 
Inclinations on the Glaſs : Whence there can be no 
conſtant Proportion ſettled between the Sines of the 
Angles of Incidence, and of the refrafted Angles. 
ut the Proportion that comes neareſt Truth, for the 
middle or green-making Rays of Light, it feems, is 
nearly as 300 to 193, or 14 to 9. In Light of other Co- 
lours the Sines have other Proportions. But the Diffe- 
rence is ſo little, that it need ſeldom to be ,and 
either of thoſe mentioned for the moſt Part is ſufficient 
for Practice. However, I muft obſerve, that the Notice 
here taken either of the one or the other, is more to 
illuſtrate the Rule, and ſhew, as Occaſion requires, 
how to bow given Ratio in ſmaller Terms, and 
th poſſible, with _ Eaſe and 8882 
than any Deſign in the leaſt of touching upon Optics. 
Whe-efore: leſt this ſmall Di Som the Sub- 
4 Goin, 
ſhould tire the Reader's Patience, I ſhall not preſume 
more, but immediately proceed to the Conſtruction of 
Logarithms. 


Of the Conſtructiom of Logarithms. 


THE Nature of which, tho” our Author has ſuf- 


explained in the Deſcription of the Lo- 


nent or Value of the Ratio of Unity to that Number; 
wherein we conſider Ratio, quite different from that 
hid down in the fifth Definition of the 5th Book of 
theſe Elements; for, beginning with the Ratio of Equa- 
licy; we ſay 1 to 1=0 ; whereas, according to the faid 
Definition, the Ratio of 1 to-1=1 ; and conſequently 
* here yer 7 is of a 3 Nature, 
| being affirmative A realing, as of Unity to 2 
geaer Nimber put ficgative w decreaſing. And 

| | Bbyx | "Wo 
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Valpe, of the Raziq pf Unity ta any. Number is 
the Logan wen. « the tip Pang Number, 
ſo each o is ſup to be me ured by the Num- 
ber of equal Ratiuntulæ contained between the two 
Terms thereof: Whence, if in a continued: Scale of 
mean Proportionals, infinite in Number, there be aſ- 
ſumed an infinite Number of fuch Ratiunculæ, be- 
tween any two Terms in the ſame Scale; tnen that 
infiniie Number of Ratiunculz is to another infinite 
Number of the like and equal Ratiunculæ between 
any other two Terms, as the Logarithm of the 'one 
Ratio is to the Logarithm of the other. 

But. if, inſtead of ſuppoſing the Logarithms com- 
poſed of a Number of equal Ratiunculz proportionable 
to each Ratio; we ſhall take the Ratio of Unity to any 
Number to conſiſt a of the fame infinite Number 
of Ratiunculæ, their Magnitudes in this Caſe will be 
as their Number in the former. Whereforc, li between 
Unity, and any two Numbers propoſed, there be taken 
any Infinity of mean Proportionals, the infinitely little 
Augments or Decrements of the firſt of thoſe $ 
in each from Unity will be Ratiunculz ; that is, they 
will be the Fluxions of the Ratio of Unity to the ſaid 
Numbers; and becauſe the Number of Ratiunculæ in 
both ace equal, their reſpetive Sums, or hole Ratios, 
will be to each other as their Moments or Fluxions; 
that is, the Logarithm of each Ratio will be as the 


Fluxion thereof. Conſequently, if the Root & any in- 


finite Power be extracted out of any Number,'the Dif- 
ference. of the ſaid Root from Unity thall be as the 
Logarithm of that Number. So that Logarithms,*thus 
produced, may be of as many Forms as we pRaſe to 
aſſume inſiaite Indices of the Power whoſe Root we 
ſeek. As, if the Index be ſuppoſed 100000, &c. we 
ſhall have the Logarithms invented by Neper ; but if 
the faid Iudex be 230258, &c. thoſe of Mr. Briggs 
will be produced. 

Whezefore, if 1+xbe any Number whatſoever, and 


2 infioite, then its Logarithes will be as 3 F* — 1 = 

1 „ * TT 8 
2 * — = 13 —2 += &c... For the infinite 
Root of 17 without its Vociz or prefixed Num- 


„ dens 
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| 22 * 2301? 
in thisCaſe rather 3 ee. _— 


— * «„ 23 wy at 6h 
Root of — —— — — — 7 8 * 
I+x 272 2 7 * rags 
Bes ee above Unizy, wint Z.—22 4 2 an 
yt 2 3” * 
&c. is the Augment of the firſt of-the mean Propor- 
tionals between Unity and 1+zx,, which therefoce will 


be as nn 10 1, t e 


48 
ithm of 1+x. But as ITX — 1. b 
cula, it muſt be multiplied by 10000, Hs. iuſimite ly. 
which will educe it to Terms ſu ſor Practice, make - 
ing the Loearithm of the Ratio of 1 10 1 


' S aS > 2 * 
1000. Sr. x * — SS whe e if the, 


— — —F 
of a T a 
Index » be taken 1000, S4 Pb the? 


Sc. But as a may be taken at Pleaſuce, the ſeveral Scales 
of Logarithms to ſuch Indices will be as — Be. „ Or 


PR © ne „ E 
reciproeally as their Indices. | 
Again, if the Logarihm of a gecreaſing Ratio. be 
3 
fought, th infinite kao = 3x en be. 
dla eee 5-267, I 
„ 0 
- Sc. which ſubtract from Unity, and the Decre- 


4n 
ment of ws firſt n Number of —— 


24 bas which 


OO — 


— — —  — — . 7§é—ð5;ĩĩ3ß T — ²˙ÜuX L — — — ̃ — ͤ—  CB—— CC oo 
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, of the-Ratio of 1 to 


1—x or the Logarnhm of 1—x, according to Neper's 

Form, if the Index n be. put = 10000, &c. as before. 
And to find the Logarithm of the Ratio of any two 

Teams, — and þ the it will be as a: 5 


22 A 1+ xz whence 1+x= 718 =(= or) 
the Difference divided by the lefſer Term when 'tis an 
increaſing Ratio, and when''tis 


Br if the Revio of « to b be 
ind to Parts, viz. into the Ratio of à to the arith- 
metical Mean between the two Terms, and the Ratio 
of the ſaid ariththetical Mean to the other Term 5, 
then will the Sum of the Logarithms of thoſe two Ra- 


The AFPENDIRS. 
the Logarithm of the Ratio of-a , whole Differ. 
ence is d, and Sums 5 ;-whieh- Series, without the Iu- 
dex n, is, by- we- ye the Fluent of the Fluxion of the 


Logarithmof g, aſſuming 4, to be the flowing 


Quantity, ae coo! de Lag 2, 


2—.— ee ec. whoſe 


Fluent 2 x —+ x + =w Ss. M 
— — adding 


the Index z. This Series, either Way obtained, con- 
verges twice as ſwift as the former, and conſequently 


is more proper for the Practice of Logarihms; 
on and 5 any Number at Flaatee 3 then 

b—1 2 
1 which aſſume = e, and then l D 
and becauſe © = 6, therefore have we for 


THEOREM 1. 
The Log, ofb= — eee. 


To Nuftrate this Theorem: Let it be required to 
find the Logarithm of 2 true to 7 Places. 


Nate, That the Index muſt be afſumed of a N. 
1s to have. 


EXAMPLE, I 
Here (= =, eee 
2273 and — (2—1=) 1 whance e= 4, and 


The 


Wy 
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7 TW -OrznariOn ſtands thus: 
G 55 48 55 . 
ap" = 32323325 . 233333333 
"= ow | | = ts 

* 11 
= 45725 1223 
; = 5081 3 2 = 565 
+4. * 55 | 7 1 = 51 
e'S 3 1177 — = 2 
1 8 234957359 


Whence Neper's Logarithm of 2 is , 09314718 


But ,69314718, multiplicd by 3, will give 2,079441 54 
for the Logarihm-of.8, inaſmuch as 8. is the Cube or 
third Power of 2; and the Logarithm of 8 + Log. of 
15 is equal to che L.gatithm of 10, becauſe 8 x1: So; 

wherefore to find the n we have 5 


IT +e 
— s and ee 
— x n hence = - 


1 


- OrazarIOn ſtands thus : 
40. 11111171 vo =; 11111111 
4 if = 177774 + 145725 
14693 15 = 339 
1 7157770 
* Neper's Logarithm of 14 ES 
To which add the Logarithm of T 2,07944154 
The Sum, viz. 243 2585 10 
is Noper'y Logarithm of 10. Bus it the WD of 
10 be made I,000000, c. W 
2302585 
done in moſt of the Tables extant; then = 


1,000, Cc. Whence n= 585, g is the Index 
for Briggs Scale of rin ; and, if the above 


Work had been carried on to Places ſulicient, the Index i 


„ would have been 2, 302 566, 50929, 94045; 68401, 
799145 


* 


r PI | 
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79914, &c. and its Reciprocal, Viz. — = 043429, 


44819, 03251, 82765, 11289, &c. which, by the 
Way, is the Subtangent of the Curve exprefling 


Br s Logarithms ; trom the Double of which the 
yr | ps may be had direy. - 


For, becauſe — = = 0,4 342944, C. * —=,868588 | 
9638, X&c. which put m, and then the Logarithm of 


b =IH* = me + 2 48 + a 412 &c 


* 3 5 7 9 


EXAMPLE. 


— 6nd Briggrs Loguriun of 


Here b = iy = 2.5 *£=3 me 
| * + 2. g * 


7 
2 


m = 868588963 
me = ,2bg529055 | me =,289529655 
me. = 32169962 4 ne = 10723321 
mes = 3574440 3 * = 714888 
me? = "397160 | + me. = 56738 
a = 44129 H mes = ** 

„„ == 
„% E 
Whence Briggs's Logarithm of 2 is 0, 301029993 
AGAIN: 
Let it be required to find Brigzys Logarithen of 3. 
Now becauſe the m of 3 is equal to the Logs- 

rithm of 2 plus the of 14 (for 2 x 12 = 
3), therefore find the Logarithm of 13 and add it to 
Logarithm of 2 already found, the Sum will be the 


ET which is better than finding the Lo- 


33 reren 
the ſmaller the Fraction repreſented by e, Which is 


255 
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deduced from the Number whoſe Logarithm is ſought, 
the ſwifter does the Series converge. 


* Hete b=ZZ*<& 4 2. + 2=3— Ze 1 


D 


me =,173717792 
+ me = 2310237 
5 me® = 555 
J me” x 15 
7 me = 30 

D 

176091259 


= 
The Sum is the Logarithm of 3= 0,477 121252 


Again, to find the Logarith Ka 2 becauſe 2X2=4, 
Aarithm of 2 5 itſelf, or multi- 


And becauſe 2% 356; ee. 

Logarichm of 6, 
To the Logarithm of ' 
At he Linnea of» NT —— 


The Sum will be the Logarithm of 6= »778151245 


Which being known, —— .f 
for becauſe 6 therefore — — 

9 429. to of 
>'& ad hs Gans wild ho: the 


's 4. —z e ov ©H 


EXAMPLE 


1 12 $8: SS =, 
14 : 
Artis „* 2 795 and e = Tis. 
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me e 
2 2a 
Fo 2 
ggs” 6 
To hich 2d the Log . . 
The Sum is the Log, of 7= 2845098034 
* — 2 * 2283 — 
To the Logarithm 1 02049 
1 20102999 


The Sum is the Logarithm of 8 »90308997 
— 


To the Logarithm of 3 24771212 

Add the Logarithm of 3 w rig 2222125 
r 258424250 
And the Logarithm of 10 having been determined to to 
be 10, we bave therefore ohtained the La- 


After the fame manner the whole Table may be 
conſtructed ; and as the prime Numbers increaſe, fo 
fewer Terms of the Theorem are I 
Logatithms; for in the common Talis which extend 
but to ſeven Places, the firſt Tetm is ſufficient to 

duce the of 101, which is coinpoſed of the 
Sum of the of-100 and 422, becauſe 300 


x 489 = 101, in which Caſe h A= 35 , = 


1— 

; whence, in making of Logaricthms fo 
preceding ethos, ay ho devel, cert 
and Difference of of the Numerator and Denominator of 
the Fraction whoſe 


tothe —— 


ichm o prime 
1515. TE baving 
or below given. 


SF 4% 
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Tho' if the Logarithms next above ind below that 
Prime ate both * then i its Laparithm will be ob- 
tained Jomewhat .cafier. - For Haff the Difference of 
the Ratios which conſtirares the firſt Theorem, | uz. 
e l &c, * the Logaritha 
of the Ratio of the arithmetical Mean to the geo me- 
trical Mean, which being added to the balf Sur of the 
Lo ne th next above and below the Prime 3 
wil 


for L 


”Y EEC 


—_ beſt for. this Popos is the eng 
which is likewiſe derived from the ſame Ratios as 
rem 10 2 For the EW a Foun do. 
tween 4 22. a $15,840 +5, 9.5, 18348 
tab + 3þb=Za—36 = dd=1, and the Sum 
of the 'T ering 42 5s being = y, therefore 
(fince y in this Caſe = 6 and 4 =1 it follows; that 


2 n — d47 20a 
of thi * Whence 


ai) TT Sc. is che 
r * * 
rithm of the mi ef ov #d'to.2 1, which | 
excevding quick, andis of excellent Uſ for finding the tie 
Logatitbms of prime Numbers, having the Logarithms 
of the Nambers ont above r as in 
rer rr 


bd © Ti 6; iy * — 


EXAMPLE”. 


RR es 
Number 1015 then a = 100, and $= 102; whence. 


J=20401 z ans Sc. Then, 


the Series will and Ld =: os. 
4 F, 


T And 
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And 1 54.3429, U. een 601275907) 


Think he hal Sum of the 


ithma of 1 100 and Ma {radegoootiheo 
Add the faid Quote , 0,00002128790 17 


And the Sum, wiz. 2,0432 3737827 
is the Logarithm of 101 true to 12 Places of — 
and dared the fiſt Term of the Series only ; 
whence it is to perceive what a vaſt Adv the 
ſecond Term would have, were it put in Practice, fincg 
in is to be divided by 3 multiplied into the Cube of 
20401. 
This Fheorem, which we'll call Theorem the third, 
was firſt found outby Dr. 
of its Uſe given by him in the biloſephical Tranſattions 
for making the ithm of 23 to 32 Places, by five 
Diviſions with ſmall Divifors ; which could 
not be obtained to the Methads firſt made 
uſe of, without ind le Pains and Labour, if at 
— on enn ofthe eat Diſicul that would at- 
the managing g ſuch large Numbers. 
25 Author's Series for this Purpoſe is (Page 357) 


a—_— 1 the Inveſti of which 
* 2 z c. gation ; 


= do wen ada to conceal, induced me to inquire 
into it, as well to know the Truth of the Series, as to 
know whether this ot that had the Advantage; becauſe 
Dr. Halley informs us, when his was „that 

ed quicker than any Theorem then madepub- 


u CONVE | 
lic, nnd fs all Probability does ſo ſtill. However that 


be, tis certain our Author's converges no faſter than 


the ſecond Theorem, as I found by the Inveſtigation 
thereof, which be as follows: 

From the foregoing Doctrine, the Uiwence of the 
de "gy 


„* TI c. which put ws 


„n U bf the Ratio of the Arithene- 


tical Mean z: to the Geometrical Mean r is 


we Sos BC 
— — — — &c. Theo- 
r 


and a-ndtable Inſtance 
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rem the ſecond ; for z=+ 5; whence 2 _. 
Let A and Bethe Logarithms of z—1 and 2-+1 re- 


„ATB x I I 
ſpectively; then is + m x 272 * 28. 


2 
the Logarithm of z; and if the latter Part of the Se- 
ries the ſaid Logarithm of = be divided by 
the Series repreſenting the Difference of the 
rithms of z—1 and z+1, the Quotient will exhibi 
the Series required, viz. — - aw Oh 

"a= * 2028 © Joon 
as appears by the following Operation : 


2 


2... ne 
ee e n 25 


— 


Now, becauſe the Dividend is ever equal to the Divi- 
for drawn into the Quotient of the Diviton ; it follows, 


I I x 
m X — + 2 a 
Bur A+B „ 
Fa 
is the Logarithm af z; whereſore 
2.7224 Go ts Uh b to 


The APPENDIX. 


Nate, I make the Author's 5th Term —ͤ 
5 | 252008? 
4 1903 0 | R , . 

v — 4 

To illuſtrate this Theorem by an Example: 

Let it be required to find the Logarithm of 101. 

To the half Sum of the Logarithms of 100 and 102 = 


Add the Difference of the ſaid Loga- 3 

rithms divided by 42 equal to f 8225 
And the Sum, vin. 2:0042213735 
is the Logarithm of 101 true to 9 Places of Figures: 
Whence it appears, that our Author's Series falls ſhoct 
of Dr. Halley's, in finding the Logarithm of the prime 
Number 101, three Places of Figures, by eng, 23 {5 
firſt Terms of the Series; whereas, if two Terms in 
each were uſed, perhaps the Difference would have 
been conſiderably greater. ' 

Nate, This Series of our Author, deduced from The- 
orem the ſecond, is in Effect Dr. Halley's too, but dif- 
guis'd by being thrown into a different Form; which, 
however, has its Uſe, as being very ready in Practice. 


Having thus inveſtigated ſeveral T heorems, whereby 
Tables of Logarithms, of any Form, may be con- 
ſtructed; it remains to ſhew how, from the 
given, to find what Ratio it expꝛeſſes. | 
The Logarithm of the Ratio of 1 to 1 ＋& has been 
Ez , 
proved to be au TT —1= = X — 4K Ta — , 
Sc. n being any infinite Index whatſoever ; whence, if 
EL 
L be put for the ſaid Series, then 1 T — 1=L; con- 
——— $\ 
ſequently 11 K =1 + L, and IT ITL 
I + n L + 2 L* 4 4+ n [3 + t * L, C. 


AGAIN: > 
The Logarithm of the Ratio of 1 to 1 — x has 


likewiſe been proved to be as I — 1 — * = 
-Xx++= +4 + x* + $x*%&c, = L; wherefore 
Cc 1— 
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1 1 
1— 1— 4 2 L; andi—z=1Ti1—L"=1-L 
TTA L*—L LL + er, &c. 

Whence 1+x=1+nL+2m Lo 41 L,. 


is 2 genera] Theorem for finding the Number from 
the Logarithm given of any Species or Form what- 
ſoever; but in the Application of it to Practice we 
Jabour under a great Inconvenĩence, eſpecially if the 
Numbers are large; that is to ſay, it converges fo very 
flow, that it were much to be wiſhed it be con- 
tracted. 

* However, if L. be the Logarithm of the Ratio of « 
the leſſer Term, to h the greater, and either of them 
are given; then the other will be eaſily had, ons ex- 


peditiouſſy enough too: 


For 2 or = 1+ nL +2 L L &c. 
a 


Wherefore it follows, the Help of a Table of Lo- 
garithms, that the correſponding Number to any Lo- 
garithm may be found, to as many Places of Figures 
as thoſe Logarithms conſiſt of : For, putting d equal 
to the Difference between the given ithm and 
the next leſs in the Table, then will the Number 


ſought, viz. N =ax1+nd+3f a+ 4, &c. 
between 


But if 4 be put equal to the Difference 


the given Logarithm, and the next greater, then 
N =bXxX1i—nd+fif df —t , Oc. both 


which Series converge faſter as d is ſmaller. 


But the firſt th erms in each may be contracted 
into two, which is very uſeful, inaſmuch as it faves 
the Trouble of raifing » and 4 in the third Term to 
the ſecond Power: For letting the firſt Term remain 
as it is, the other two are reduced to one, thus; make 
the ſecond Term the Numerator of a Fraction, and 


Unity minus the third Term divided by the ſecond is 


the inator. / 
Whence N XI +nd+ in 


where- 
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ad 1 
Number anſwering to the given Logarithm ; which, 
tho” it differs a little from the Truth, is ſufficient to find 
the Numbers, exact to as many Places as Briggs's Lo- 
garithms confift of, viz. 14, which are the largeſt Ta- 
bles extant. Much after the ſame Method may the 
whole Series be contracted ; by which Means each al- 
ternate Power of d will be exterminated ; or, which is 
the ſame Thing, every two Terms in the Series will be 
reduced to one, making the Whole ſhorter by Half. 


To illuſtrate theſe Conſtructions by an Example: 
- Let it be required to find the Number anſwering to 
e Logarithm 7,5713740282 in Briggs's Form. 
4 7 the = arithm <- 7, 5713740282 
ubtract the Log. of Py 7,5713710453 


next neareſt - Libeno das ._4 
The Remainder is equal to d = ,0000029829 
And becauſe the Number 372710000 1s lefs than 
the Number fought, call it a, which, multiplied by 
,0000029829, and the Product 1,111756659, &c. di- 
vided by m—!d = ,4342929, c. quotes 2559,92 ; 
which, added to 3727 10000, gives 372712559,92 for 
the Number ſought. 

Thus, I preſume, the Doctrine of Logarithms has 
been ſufficiently exemplified, whether we conſider the 
Conſtruction of them for any given Numbers; or, on 
the contrary, the finding of the Numbers from the Lo- 
garithms given. | 

But, before I conclude, I ſhall give an Inftance or 
two of the great Uſe of Logarithms in Arithmetical 
Calculations, and firſt in the purchaſing of Annuities. 

If a be put for any Annuity, p for the preſent Va- 
lue, r the | uh of One Pound for One Year at any 
Rate of Intereſt, and t for the Time or Number of 


Years the Annuity is to continue; then p = 
the Value of the Annuity. 


921 


Ce 2 E X- 
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EXAMPLE. 

Let it be required to find the prefent Value of an 
Annuity of 60 J. per Annum, to continue 75 Years, at 
the Rate of 4 per Cent. per Annum. 

Here ago, t=75, and r=1,04. Now, in order 
to obtain the Anſwer, we muſt find the ſeventy - fifth 
Power of r, or of 1,04; that is, we muſt multiply 1,04 
ſeventy-five Times into itſelf, which is CO i- 
ous by the common Way, as any one may judge; but by 
the Logarithms tis done with the grea Eaſe; for if 
0,0170333 the Logarithm of 1,04 be multiphed by 75, 
the Product 1,2774975 will be the Logarithm of the 
ſeventy fifth Power of 1,04 ; which being ſubtracted 
from 1,7781512, the Logarithm of à equal to 60, will 
leave 0,5006537 the Logarithm of 4107041, which 
being ſubt from 60, and the inder divided 
by r—1=,04 will give 1420,824 = 1420. 16s. 53d. 
for the Value of the Annuity ;; and if 1420,824 be di- 
vided by 60, the Quotient will exhibit the Number of 
Years Purchafe requiſite to be given for any Annuity to 
continue 75 Years upon a Security free of all In- 
cumbrances, the Purchaſe being made at 4 per Cent. 

Hence we ſee the Reaſon s. the long Annuities 
purchaſed in the Year 1708, having about 75 Years 
to come, are valued in Caftain's Bill of Exchanges at 
241 or 25 Years Purchaſe : For, cho ing to this 
Calculation, they are worth but a little more 23 
Years and a Half; 1 becauſe in the public Funds 4 


per Cent. is ever made of Money, and the 
Contingencies it is ſubject to, which thoſe Annui- 
ties, and other Government Securities, are not, makes 
worth 24% or 25 Years Purchaſe. 

Likewiſe i relating to Annuities upon 
Lives, whether for one, two, or three, &c. are almoſt 
as eaſily eſtimated. For Inſtance; it may readily be 
found by Logarithms, that an Annuity for a Man of 
Thirty, to continue during his Life, is worth 11,61 
Years Purchaſe, 1 per Cent. but at 8 per 
Cent. 14, 68. And as the Probabilities of Life's Con- 
COATS — 1 
an algebrai roceſs upon the iments 
of the Doctrine of Chances, and five Years Obſer- 
vations upon the Bills of Mortality of Brefſaw, the 
Capital of Silzfia; ſo there reſults that Truth and 
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uity from the Operations, as t to preſide in all 
ante of this Nature. Wise 82 that all 
other Methods, whoſe Reſolution differs from this 
(eſpecially if the Difference be much), may juſtly be 
deemed erroneous, and conſequently prejudicial to one 
of the Parties concerned. herefore, to prevent Im- 
poſitions thro? Ignorance, great Care ſhould be taken; 
which Precaution, however unneceſſary it mar apyeas, 
tis preſumed, it will be regarded, inaſmuch as no one is 
willing topay more Years Purchaſe than he has Chances 
for living; as, on the contrary, the Seller to receive leſs 
than his Due; which may poſſibly be by following the 
common Methods (where, for the moſt part, Regard 
is had neither to Age nor Intereſt) founded upon Ca- 
ice, Humour, or, if you pleaſe, Cuſtom, the Contract 
ing made, as they can agree, right or wrong ; which 
Methad of Procedure ought to be exploded, fince fo 
liable to Error, and the Conſequences drawn there- 
from ſo often wide of the Truth. | 
The other Inſtance which I ſhall give of the 
Uſe of Logarithms is in the Caſe of Seſſa, as related 
by Dr. Wallis in his Opus Arithmeticum from Alſephad 
(an Arabian Writer), in his Commentaries upon To- 
graius's Verſes ; namely, that one Sefſa, an Indian, 
having firſt found out the Game at Cheſſe, and ſhewed 
it to his Prince Shebram, the King, who was highly 
pleaſed with it, bid him aſk what he would for the Re- 
ward of his Invention ; whereupon he aſked, That for 
the firſt little Square of the Cheſſe Board, he might have 
one Grain of Wheat given, for the ſecond two, and fo 
on, doubling continually, according to the Number of 
the Squares in the Cbeſſe Board, which was 64. And 
when the King, who intended to give a very noble 
Reward, was much di that he had aſked fo tri- 
fling an one, Seſſa declared, that he would be contented 
with this ſmall one. So the Reward he had fixed upon 
was ordered to be given him. But the King was quick] 
aſtoniſh'd, when he found, that this would riſe to ſo v 
a Quantity, that the whole Earth itfelf could not fur- 
niſh out fo much Wheat. But how great the Number 
of theſe Grains is, may be found by doubling one con- 
tinually 63 Times, fo that we may get the Number that 
comes in the laſt Place, and then one Time more to have 
the Sum of all; for the Double of the laſt Term leſs 


Cc 3 by 
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by one is the Sum of all. N this will be moſt ex- 

itiouſly done by Logarithms, and accurately enough 
= for this Purpoſe: For if to the Logarithm of 1, 
which is o, we add the Logarithm of 2 (which is 
0,3010330) multiplied by 64, that is, 19,2659200, the 
abſolute Number agreeing to this will be greater than 
18446, 00000, ©0000, 00000, and leſs than 18447, 
CCOCC, COOOO, OOOOO. 

As I have had the reviſing of theſe Sheets, ſo it may 
be expected that I ſhould give my Opinion concerning 
Mr. Cunn and our Author, in regard to Spherical Tri- 
— wherein tne former accuſes the latter, and 

veral other eminent Authors, of having committed 
many Faults, and, in ſome Caſes, of being miſtaken, 
eſpecially in the Solution of the 12th Caſe of Oblique 
Spherics; in which Mr. Cunn has intirely miſtaken the 
Author's Mcaning, as plainly appears by þis Remark, 
where he conftitutes a Triangle whoſe Sides are equal 
to the given Angles; whereas the Author means, that 
each ans ſhould firſt be changed into its m_ 
ment, and then with the faid Supplements another Tri-- 
angle conſtituted, whoſe Angles, by the very Text of 
the 14th Propoſition of his own Soberical Trigono- 
metry, will be the Supplements of the Sides ſought in 
the given Triangle; to which Propoſition | refer the 
Reader. That this is the Senſe of the Author, is 
evident, if impartially attended to, and which I thin 
could poſſibly have no other Meaning ; and accord- 
ingly aver what is here advanced to be univerſall 
true; but, becauſe I would not be miſunderſtood, ſhall 
illuſtrate the Truth thereof by a numerical Operation; 
which, to thoſe who care not to trouble themſelves 
with the Demonſtration, may be ſufficient ; and, to 
others, ſome Satisfaction. 


EXAMPLE. 


Suppoſe, in the Oblique- Spherical Triangle 
ADE, there are ENS AD E xo i- 
gure, and the Side DE required. 

Nate, Write down the Supplements of the two 
Angles next the Side required firſt ; and then the Ope- 
ration may ſtand thus: | 


The 
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A 
The Supple- CE = 50* Sine Co. Ar. , 115746 
ment of 05 = 150 Sine Co. Ar. o, 301030 
Angle. A = 140 Sine 220 9.937530 
Sum 5 340 Sine 20 0, 534052 
2 — — 
Z Sum = 170 19,888 358 
Zum, minus CE = 120 hh 
the Supple- — 
ment ot the] D= 20 - — , 944779 


Angle. — — 
Which laſt Figures 179 give the Side of 61 34; 
and the Double wah 2h tees od, ſubtracted * 
180 Degrees, leaves for the Supplement 56˙ 52, which 
is the Side of DE required. 

The Rule which Mr. Cum ſubſtitutes in the Room 
of our Author's, is alſo univerſal (but not new); and, 
conſequently, when he ſays, Change one of the Angles 
adjacent to the Side ſought into its Supplement, it is 
very juſt ; though, by the way, I affirm, it is equally 
true, if the Angle oppoſite to the Side ſought were 
changed into its Supplement (which perhaps is what 
has not yet been taken Notice of); only then, inſtead 


of having the Side fought directly, we {hould have its 


Complement to 180 Degrees, as in the preceding Ex- 
ample; but there is a Neceſſity of hanging either one 
or all the Angles into their Supplements, though it is 
beſt to change: only one, which let be either of thoſe 
next the Side ſought, no matter which ; and the Side 
will be had direcUly without any Subduction, as will 
appear by the ſubſequent Operation. 


EXAMPLE. 
Let the Angle E be changed into its Supplement, 


and the Side DE ; which Supplement, and the 
fought; which Supplement, andthe 


c 4 


91 
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other A adjacent to the Side ſought, being written 
down h che Oper ation 1 follows : | 

Sup. of the eE=50 ine Co. Ar.—0,115746 

85 The {D=30 Sine Co. Ar.—0, 301030 

Angle I A=40 Sine 10* 0, 239670 

Sum 120 Sine 30 9, 698970 


Sum 60 Sum 19, 355416 
Sup. 12 

12 up. Angle E 10 

** K D=3 


Which half Sum , 677708 gives the Sine of 28 26, 
and the Double thereof 56* 52 is the Side DE fought, 
the ſame as before, when all the Angles were changed 
into their Supplements. 

Whence it is abundantly manifeſt, that thoſe two 
Methods of Operation, notwithſtanding their Manner 
is ſo different, agree preciſely in Practice; and, conſe - 
quently, we may conclude our Author's Rule to be 
right. Wherefore I wonder Mr. Cunn did not attend 
better to the Words of our Author's Rule, before he 
ventured to attack the Characters of ſa many famous 
Trigonometrical Writers. But to remove the Impu- 
tation of the Charge againſt thoſe Authors who have 
deſerved ſo well of the Mathematics, and to juſtify 
them to the World (for Juſtice ought to have Place), 
it is, that I have ventured to give my Opinion, and 
point out where Mr. Cann was miſtaken : "The Reaſon 
of which is not eaſily aſſigned, fince, to give him his 
Due, it could not be for want of Knowledge, tho', in 
this Caſe, I can't think it intirely owing to Inadvert- 
ence, inaſmuch as it was a premeditated Thing; and 
I am loth to impute it to any contentious Inchnations 
of his, in diſputing the Veracity of our Author's 
Rule, becauſe it did not with all that Plainneſs 
requiſite to prevent carping by the Litigious : Where- 
fore, as I am in Suſpenſe how to determine, I ſhall leave 
the Deciſion thereof to better Judgments. 

4 1 ly Hanes Rule, which directs with — 
ree given to project a Triangle, as if t 
were Sides, is 124 it _— that very 
Account: For with the given Angles, in the preceding 


+ Sum 9,677708 
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— 2 it will be impoſſible to conſtruct a Triangle, 
becauſe tis requiſite, that two Sides together, however 
taken, be greater than the third; whereas, in this Caſe, 
they will be leſs: But the Rule is not only deficient 
in that Reſpect, but really wrong: For tho' what Mr. 
Heynes aſſerts is juſt, viz. that the greateſt Side in the 
ſupplemental Triangle is the Supplement of the greateſt 
Angle in the other TI riangle ; yet, notwithſtanding that, 
the Conſequence drawn therefrom is falle, and fo the 
Solution only imaginary : For, with Submiffion, neither 
the Sides, nor their Supplements, in Mr. Heynes's ſup- 
plemental Triangle, are the Meaſures of the Sides 
ſought. Tis true, when one of the Angles is a Right 
one, and the others both acute, then the faid ſupple- 
mental Triangle is that wanted to be conſtructed, as 
containing all the given Angles; and, conſequently, the 
Sides appertaining thereto are the very Sides required : 
But then this is only one Inftance out of the infinite 
Number of other T riangles that may be conſtructed, 
and which is not ſolved directly by the Triangle firſt 
projected neither; for the greateſt Angle thereof muſt 
be changed into its Supplement, when the Side oppo- 
fite to the Right Angle is requir'd ; and if the Right An- 
gle ftill remains, and either one or both of the other 
given Angles are obtuſe, the Solution is render'd more 
perplex'd : Wherefore there can be no Solution 
ven to any Triangle, by conſtituting a Triangle whoſe 
Sides are equal to the given Angles, except to that parti- 
cular one which Mr.Cunn takes Notice of in hisRemark, 
where each given Angle is the Meaſure of its oppofite 
Side fought, and which therefore needs no Operation. 

This I thought myſelf obliged to obſerve, in Juſtice 
to Mr. Cann, who, we ſee, is not intirely to blame; 
as having juſt Reaſon to object againſt the Veracity of 
Mr. Heynes's Rule, tho' not againſt the Rules of the 
other Authors by him nominated. 

And here I can't but take Notice of ſome Gentle- 
men, who are fo very fond of finding Fault, that, ra- 
ther than you ſhall not be in the Wrong, they will wreſt 

own Meaning from you, and will not ſuffer an 

rror, tho! ever ſo minute, to paſs, without proclaiming 
it to the Public, under Pretence of ing their be- 
ing impos'd upon ; whereas, if the I ruth were known, 
I fear it would appear to be the Vanity of their Hearts, 
an 
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an Over-fondneſs of bei thought wiſer and more 
knowing than the reſt of Mankind ; nay, I think, it 
appears plainly ſo, by their oppoſing che Works of Men 
than themſelves : But if, inſtead of compari 
how far their finite Knowledge extend, or extended 
another Perſon's; they conſider d how much there was 
they knew nothing of; as it would conduce to make 
them humble, fo, I am of Opinion, it would contribute 
very much toward their leaving off that Manner of Wri- 
ting. Beſides, as I take it, the Buſineſs of Writing is not 
bs theo ———j—— the moſt Faults, 
as to ayoid them, and make greater Improvements. 
But, what is the moſt to A at, thoſe who 
are ſo ready in findin t, not without 
* the beſt Part of their Knowledge 
from the Works of thoſe very Authors againſt whom 
chim. The Reaſon that induces me to think ſo 
: Whilſt they are ſtudying an Author, in order to 
* him, then it is, perhaps, they diſcover ſome- 
thing which he was pleaſed to omit, or thought fit to 
conceal, for which 'tis more than probable they take 
Care not to omit © paying paying a —_— to their 
v —— nor ry nd if, by Acci- 
_ ſhould creep in (which is 4 
— deing infallible), then then, to be ſure, he muſt be 
egregiouſly miſtaken, and not underſtand what he was 
about: But, I ſay, this Diſquiſition into the Demerits 
of an Author would never have been made, had they 
underſtood the Subject beforehand ; for, if otherwiſe, 
they muſt be of a ſad Cynical Temper, as well as 
have little elſe to do, to make it their Buſineſs to dif- 


Nor of they do the Public that Service they pretend 
to: For thoſe that are capable, and will be at the Trou- 
ble, of reading a Treatiſe upon a Subject without a 
Maſter, are as well able as themſelves to rectify what 
is amiſs ; and as for thoſe who will- not be at that 
Trouble, there is no Danger of their being led aſtray ; 
fince it is the ſame Thing to them, whether there be 

Miſtakes, or not. 

1 if, after all, there ſhould be a Neceſſity for 

an Admonition, why can't it be done with Candour and 


Humanity? 
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Humanity ? And then, without doubt, an Author,out of 
Regard to Truth, which of all Things ought to be pre- 
ferred, would be thankful : And to reprove otherwiſe, 
is to be ungenerous ; becauſe, whenever thoſe Miſ- 
takes happen, as they are for the moſt part owin 
more to Inadvertency, than Want of Knowledge ; 2 
they ſhould therefore be attributed to the Frailty of 
human Nature (to which we are all more or leſs ſub- 
je), nothing being more common amongſt all Pro- 
feſſions, than the writing of one Thing for another. 
If any think, by my interfering between our Author 
and Mr. Cunn, that I have run into the Tame Error, 
of which I accuſe others in general of being guilty, ler 
them pleaſe to conſider that I have only writ in the 
Vindication of Gentlemen, who were rl wrongfully 
accus'd, and in one Particular, juſtify'd Mr. Cunn For 
ſuch aa Occaſion as this offering, I thought the Dif- 
ference between them lay upon me to decide, left I 
ſhould be taxed with Partiality for not doing Juſtice, 
or with Ignorance in not determining an Afﬀair which 
held ſome in Suſpenſe to know who was in the right 
or ; for there could be no Poſſibility of making a 
Merit in adjuſting a Thing of fo eaſy a Nature; tho', 
perhaps, to conceive thoroughly the Reafon of all the dif- 
ferent Methods of Solution, may not be ſo eaſy neither. 
But, to proceed: As for the Omiſſions our Author 
has made in not determining accuratcly when ſome of 


the Caſes are ambiguous, and when not, I ſhall not 


quarrel with thoſe who think him to blame ; but, if I 
may be allowed to give my Opinion, I think they are 
determin'd for the moſt part, as well, or, at leaft, with 
more Eaſe, from the Conſtruction of the Triangles, be- 
cauſe it fixes an Idea of what one is about, by exhibit- 
ing a kind of an ocular Demonſtration ; and, conſe- 

uently, prevents the laying of that Streſs upon the 
Mems „as all thoſe are obliged to who depend intirely 
upon Me. Cunn's Rules, which to Beginners is not very 
agreeable: Hence, who knows but that what ourAuthor 
wrote relating to the ambiguous Caſes, he thought ſuffi- 
cient ? That is, that the Reader would not ſtop, for want 
of farther Explications, but with more Eaſe ſupply him- 
ſelf with what was wanting when he came to the Prac- 
tice thereof, I mean the Conſtruction of Triangles (for, 
after all, without the Knowledge of that, a Perfon will 

| have 
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have but a mean Notion of this uſeful Branch of the 
Mathematics); and, if fo, he ought in fome meaſure 


to be excuſed, eſpecially if to this we join the follow- 


ing Conſideration, viz. that few or none ever 
Spherical Trigonometry, purely for the Sake of calcu- 
lating Sides and Angles, to determine their Ambigui- 
ties; beſides, what is ambiguous in Trigonometry, is 
very often not ſo in Geography and Aſtronomy, c. 
for which the other is chiefly learnt. 

For Inſtance; If we know the Latitude of London, 
and the Diſtance and Difference of Longitude between 
the ſaid Place and Rome, notwithſtanding there are two 
Sides, and the Angle oppoſite to one of them, given, 
the Caſe is not doubtful when we undertake to find the 
Latitude of Rome; unleſs it be not known whether it 
lies to the Northward or Southward of London; which 
however could not be determined by any Principles of 
Trigonometry. Likewiſe, in Aſtronomy, if the Lati- 
tude of the Place, the Sun's Declination and Azimuth, 
were given, the Quæſitum is not doubtful neither, un- 
leſs the Sun's Declination exceeds the Latitude of the 
Place, and both are of the ſame Denomination, that is, 
both North or both South; in which Caſes, becauſe it is 


poſſible for the Sun to be upon the fame Azimuth Cir- 


cle, twice in the Forenoon, and upon another Azi- 
muth Circle, twice in the Afternoon ; it is doubtful, if 
by Circumſtances, during the Obſervation, we can't diſ- 
cover which of the Times, whether the firſt, or laſt; 


but if thoſe Times fall near each other, it will be quite 


impoſſible to diſtinguiſh which, and therefore ambi- 
ous. Other Inſtances might be produced, but I be- 
= theſe are ſufficient to evince, that thoſe nice Diſ- 
tinctions are not ſo neceſſary in Practice: If there be 
thoſe who think otherwiſe, I ſhall not diſpute it, but 

leave them to their Opinion without Interruption. 
However, what with Mr. Cunn's Rules for deter- 
mining the ambiguous Caſes (which are judiciouſly 
drawn up, as 1 ing all the Varieties poſſible), and 
the Corrections now made by reſtoring what was loſt 
and our Author's Treatiſe of Trigonome- 
9 „ may perhaps appear com- 
p — 4 . 8 . 

ere I t to conc ; for t e 

Novelty, and to illuſtrate the various Methods for ſolv- 
a ing 
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ing the 12:4 Caſe of Oblique Spherics, where the three 
Angles are given to find either of the Sides, I ſhall beg 
Gave to give one Inſtance more, in order to ſhew how 
it may be perform d after a new Manner, by the Help 
of the natural and logarithmical Verſed Sines; which, 
if not intirely new, is not fo publickly known as the 

ing Methods ; at leaft, I never ſaw any-where 
the Method of Operation, and therefore ſhall deliver a 
Rule for that Purpoſe, in the following Words : 


RULE. 


Having, according to the former Directions, chang'd 
one of the Angles next the Side fought into its Supp 
ment; take the natural Verſed Sine of the Difference 
of the ſaid Supplement and the other adjacent A 
and ſubtract it from the natural Verſed Sine of the 
gle oppoſite to the Side ſought, and to the Logari 
of the Remainder add the Square of the Radius; then 
from the Sum ſubtract the logarithmical Sines of the 
above Supplement, and the ſame adjacent Angle ; and 
the Remainder is the Logarithm of a Number, which 
will be the Verſed Sine of the Side ſought. 


EXAMPLE. 


Supplement < E = 50® 
Angle D =30 
Natural ; Diff. = 20=,06030 
V. Sine { <A = 40=,23395 
| 17305 
The Lop. of which Dif. ,1 
with Te Square of Ran fo 29239674 
Sine of the Sup. of the C E 50® = 9,884254 
Add the Sine of the < D 30 = 9,698970 
Sum ſubtract 19,583224 
Remains 9650450 
Which Remainder , 656450 gives the i 
Verſed Sne of DE 50˙ 52, agreeing exactly with the 
a 2 — 
implies ide ſought is greater than a Quadrant; 
wherefore cancelling the Characteriſtic __ out 
for the Number anſwering the remaining ae gg 6a 
a om 


le, 
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from which cut off the Left- hand Figure, or, which 
is the ſame. Thing, abate the Radius (viz. Unity); 
and the Remainder will be the natural Sine of the 
Exceſs of the Side fought above a Quadrant. 

As the natural and logarithmical Verſed Sines are 
not fo frequently met with in Books as the artificial 
Sines, tis poſſible, on that Account, this Rule may meet 
with ſome Objection; for which Reaſon, and not know- 
ing whether it may be thought preferable to the fore- 
going Methods (tho' undoubtedly very eafy in Prac- 
tice), I have omitted its Demonitation ; but have pub- 
liſhed the Rule, with ſome View of introducing the Uſe 
of the former Sines, which ſometimes are preferable to 
the latter: For by the Help of the ſaid Verſed Sines, 
and the Reaſoning uſed in obtaining this Rule, we ne- 
ceſſarily come to the Knowledge of ſolving that Pro- 
blem, where two Sides and 
given, and the _ Side required, at one acres 

uſeful in Aſtronomy and aphy, eſpecially in 
— = when the 1 — i of two 
Places are given to find their Diſtance aſunder : But 
the Rule for performing it, and the Demonſtration 
—_— is alſo omitted for the ng wk Brevity. wx 
; owever, tis to perceive, Angles 

turned into A the preſent Rule — wy the 

Solution of that uſeful Problem in Aſtronomy for 
finding the Sun's Azimuth, having the Latitude of the 
Place, the Sun's Altitude and Di from the ele- 
vated Pole given; by which means the Variation of 
the Compaſs, of ſuch Importance to Navigators, may 
de readily determined in any Part of the World. 

An Exam le of which, comprehending the latter 
Part of the Rule (v:z. 14 
10,000000) is exhibited. 


EXAMPLE. 


Suppoſe on June the 3oth 1 at Londen, in the 
Latitude PN, it OT Gente to find the 
Sun's true Azimuth, when his Altitude was 50* o, 
in the Afternoon. Furſt, | 


From 


contained Angle are 


= we” WW "COON 
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From the Com. of the Altitude - 40 00 
Sub. the Com. of the Latitude - 38 28 


Natural F of the Difference - 1 32 ,0003%5 

v. Sine of theSun'sDiſt.fromthePole67 54 ,62377 

The Log. of which Difference ,62342 62342 
A 1 8 

with the Square ef the Radius, is F 29,794780 

Latitude 51* 2 9.793831 

Coſine of the — 2» 00 - - — 


Sum ſubtract 19, 601898 
Remains 10,192882 


Here the Remainder exceeds 10,000000 ; wherefore 
Ne mg Lannte © 2,5000 + he MG 
ing the remaini I is 1,5 591; of 
which above Unity, VIZ. ,5591, gives the natural Sine 
of 34 O; whence the Sun's true Azimuth is North 
124 oo' Weſt: At which Time, if the Sun's Mag- 
netical Azimuth were North 110* 30 Weſt, the Varia- 
tion of the Compaſs would be 13* 30 Weſt, as appears 
by the following Subtraction. 

9 Azimuth North, 124 oo' Weſt 
Mag. Azimuth North, 110 30 Weſt 


Variation 13 30 Weſt 


Sun's Declination had been South, 
Sine of the Sun's Diſtance from the 
d have been equal to Unity plus the 
Sun's Declination ; which in Prac- 
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Fourteenth, and Fifteenth Books; with the DATA: 
Being the remaining Part of that Work, which were 
not publiſhed by the Dr. Kill, now firſt tranſlated 
from Dr. Gregory's Edition. To which is 'd, 
An Account of the Life and Writings of Eci; 


ith a Defence of his Elements againſt the modern 
Sen By Edmund Stone, F. R. S. | 


An A to the Engliſh Tranſlation of Com- 
mandine's EUCLID; wherein the Eleventh and Twelfth 
Books of the Elements are made to the meaneſt 
Capacity, by exhibiting the Solids to the 
Eye, of their Pictures or Projectior a 


* 


laid down by the ſeveral Writers of Elements of Geo- 

A Tract uſeful and neceſſary for Painters, 
Buil Gardeners, and all Perſons who would in- 
form themſelves demonſtratively in Perſpective, Men- 


